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ABSTRACT. In this paper we construct a Gateaux differentiability space that
is not a weak Asplund space. Thus we answer a question raised by David
Larman and Robert Phelps from 1979.

1. INTRODUCTION

A Banach space X is called a weak Asplund (almost weak Asplund) [Gdteaux
differentiability] space if every continuous convex function defined on it is Gateaux
differentiable at the points of a residual (everywhere second category) [dense] subset.
While it is easy to see that every weak Asplund space is an almost weak Asplund
space and every almost weak Asplund space is a Gateaux differentiability space it
is not so clear whether the reverse implications hold.

In this paper we show that there are in fact some almost weak Asplund spaces
that are not weak Asplund. Our considerations are mainly based around the fol-
lowing classes of topological spaces which are defined in terms of minimal uscos.
A set-valued mapping ¢ : X — 2¥ acting between topological spaces X and Y is
called an usco mapping if for each = € X, ¢(x) is a non-empty compact subset of
Y and for each open set W in Y, {# € X : ¢(x) C W} is open in X. An usco
mapping ¢ : X — 2Y is called a minimal usco if its graph does not contain, as a
proper subset, the graph of any other usco defined on X. A topological space X
is said to be a Stegall [I1] (weakly Stegall [4]) space if for every Baire (complete
metric) space B and minimal usco ¢ : B — 2%, ¢ is single-valued at some point
of B or, equivalently, if for every Baire (complete metric) space B and minimal
usco ¢ : B — 2% ¢ is single-valued at the points of a residual [2] (everywhere
second category [4]) subset of B. For us, the significance of these spaces stems from
the fact that for a Banach space X, if (X*,weak”) is a Stegall space, then X is
weak Asplund [11], and if (X*, weak™) is a weakly Stegall space, then X is almost
weak Asplund [9] Theorem 13] (and so a Géateaux differentiability space). For more
information on weak Asplund spaces, see [2], [3] and [10].
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2. THE CANTOR GAME AND NEARLY STEGALL SPACES

We will say that a o-ideal A of subsets on a topological space (X, 1) is topologi-
cally stableif h(A) € A for each homeomorphism & : (X,7) — (X,7) and A € A. In
this paper, A will always denote a topologically stable o-ideal on ({0, 1}, 7,,), where
Tp denotes the topology of pointwise convergence on N. With this understanding,
we can introduce the following notation.

Given a topological space (X, 7) that is homeomorphic to ({0,1}",7,) and a
topologically stable o-ideal A on ({0,1},7,), we shall denote by A(x ;) the in-
duced o-ideal on X defined by Ax . := {h7'(A) : A € A} for some home-
omorphism h : (X,7) — ({0,1}",7,). (Note: Since A is topologically stable,
the definition of A(x ;) is independent of the particular choice of homeomorphism
h:(X,7) — ({0,1}",7,).) When there is no ambiguity, we shall simply denote
Ax,7) by Ax. In terms of this notation we can introduce a stronger notion of
topological stability. A o-ideal A on ({0,1},7,) is said to be strongly topologically
stable if (i) A is topologically stable and (ii) for each clopen subset Y of {0, 1}"
that is homeomorphic to ({0, 1}, 7,), we have that Ay C A.

2.1. The Cantor game. Let (M, d) be a complete metric space without isolated
points, let R be a subset of M and let A be a strongly topologically stable proper
o-ideal on ({0,1}N,7,). On M we consider the C*(R)-game played between two
players a and 3. Player 3 goes first (always!) and chooses a family By := {Bj :
t = (0} consisting of a non-empty open set BY with d-diam(BY) < 1/2°. Player
a must respond to this by choosing a family Ay := {Af, : ¢ = 0} consisting of a
non-empty open set Ag of Bg. Following this player 8 must select another family
By :={B! :t € {0,1}'} of non-empty open subsets such that:

(i) 0 =BYN B! € BOU B} C A} and

(ii) d-diam(BY) < 1/2! for all t € {0, 1}
In turn, player o must again respond by selecting a family A; := {A} : ¢ € {0,1}'}
of non-empty open subsets such that A} C B! for all ¢ € {0,1}1.

Continuing this procedure indefinitely the players o and 8 produce a sequence
{(An, By,) : n € w} of ordered pairs of indexed families of non-empty open subsets
with A, = {AL : t € {0,1}"} and B, := {B! :t € {0,1}"} that satisfy the
following conditions:

(i) 0 =B, nBiL, CBY UBIL,, C Al C Bl forall t € {0,1}" and
(i) d-diam(Bt) < 1/2" for all t € {0,1}".
Such a sequence will be called a play of the C*A(R)-game. We shall declare that
a wins a play {(A,, B,) : n € w} of the CA(R)-game if the set K\R € Ay, where
K :=N,_, K, and K,, := |J{B}, : t € {0,1}"}. Otherwise the player 8 is said to
have won this play. By a strategy o for the player o, we mean a ‘rule’ that specifies
each move of the player « in every possible situation. More precisely a strategy
0= (o, : n € w) for a is a sequence of functions such that:
(i) on(Bo, B1,...,By) = {0l (B, B1,...,By) : t € {0,1}"};
(ii) 0 # ol (Bo, B1,...,By,) C B for all t € {0,1}"; and
(iii) ot (Bo, Bi,...,B,) is open for all t € {0,1}".
The domain of each function o, is precisely the set of all finite sequences
(Bo, B, ..., By) of indexed families B; := {B} : t € {0, 1}9} of non-empty open
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subsets that satisfy the following conditions:

i) 0 = B;?rl N B;}rl C B;f(jrl U Bﬁrl C 05(Bo, Bi,. .., Bj) for all t € {0, 1}
and 0 < j <n and
(i) d-diam(Bf) < 1/27 for all t € {0,1}7 and 0 < j < n.

Such a finite sequence (By, By, ..., By,) [infinite sequence (B,, : n € w)] is called a
partial o-play [o-play]. A strategy o := (0, : n € w) for the player « is called a
winning strategy if each o-play is won by «.

To expedite the proof of the following theorem we shall introduce the following
notation. Given an indexed family of sets {A? : ¢t € {0,1}"} with n € N and

i € {0,1} we define
[{A*:t € {0,1}"}]" := {Ai/ :t' € {0,1}" '}, where Ai/ = A" for all ' € {0, 11

Theorem 1 (Splicing Theorem). Let (M,d) be a complete metric space without
isolated points, let {R,, : n € N} be a family of subsets of M and let A be a strongly
topologically stable proper o-ideal on ({0,1}N,7,). If for each n € N the player
a has a winning strategy in the C*(R,,)-game played on M, then there exists a
winning strategy for the player o in the CA(N°2, R,)-game played on M.

n=1
Proof. For each k € N, let *o := (o, : n € w) be a winning strategy for the
player « in the C4(Ry)-game. To prove the theorem we first need to construct a
candidate strategy o := (0, : n € w) for the player o in the C4("2, R,,)-game
and then show that it is in fact a winning strategy. The idea behind the strategy is
simple. If the player 3 selects By, then the player a responds by using 'oy. Then
after player (3 chooses By, player a responds by first applying o (once) and then
200 (twice). In general if 3 chooses B,, at the n'® stage, then « replies by using 'o,
(2° times), 20,1 (2! times), 30,5 (22 times) and so on down to applying "*loy
(2™ times). But we need to be more precise.

First, if 8 chooses By := {B} : t = 0}, then « sets OQ% := By and defines
00(Bo) := {A4 : t = 0} where A) := 162(°Q0). Now suppose that ij and o; have
been defined for each partial o-play {Bo, Bi,...,B;} with s € {0,1}}~! and 1 <
k <j+1<nso that:

(i) OQ? = Bj;
(i) {* ' _,,.... s,
and 1 <k <j+1;

(iff) *Q3 i= [Fo(pom (PTG, FTIQ8 R0 for each @ € {0,1},

s€{0,1}*tand 1 <k < j;
(iv) 0;(Bo, Bi, ..., B)) = {AL : t € {0,1}7}, where At := I+ (7Q}) for each
te{0,1}7.
If the n'" move of 3 is B, := {B! : t € {0,1}"}, then « responds in the following
way:
(i) First a sets °Q% := B, and then inductively defines.
(i) *Q3 == [Fo(up1opn 1O, .. B8 F710s)]" for each i € {0,1},
s€{0,1}*Tand 1 <k < n.
(iii) Then o observes that with this definition, for each s € {0,1}*~! and
1<k<n+1, {105 |,....k71Qs |, #7103} is a partial ¥o-play.
(iv) Finally « defines 0,,(Byg, B1,...,Bn) = {Al : t € {0,1}"} where A! :=
nHg0(mQL) for all t € {0,1}".

F=105} is a partial Fo-play for each s € {0,1}571
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This completes the definition of o := (0, : n € w). It remains to show that o :=
(opn : n € w) isindeed a winning strategy for the player « in the C““(ﬂff:1 R,)-game.
To accomplish this, it will be sufficient to show that for any o-play (B, : n € w)
and m € N, K\R,, € A where K := (), K,, and K,, := [J{B, : ¢t € {0,1}"}
for all n € w. To this end, let (B, : n € w) be a fixed o-play and let m be a fixed
member of N. For each s € {0,1}" 7! let

K= ({U{B te oy ands<thh= () ™o

jz(m-1) jz(m-1)

Now {"7'Q%:j > m — 1} is a ™o-play and so

() ™ '2)\Rpm = K*\Rpy, € Ag C Ag,

jz(m-1)

since for each s € {0,1}™~! K* is homeomorphic to ({0,1},7,) and a clopen
subspace of K. Therefore,

K\Rn,, = (W{K;:j>m—1}\Ry=J{K":5€{0,1}" "} \Rn,
= U{KS\RM -s€ {071}m—1} E.AK.

This shows that o := (0, : n € w) is a winning strategy for the player « in the
CA(N=, Ry)-game played on M. O

Given a strongly topologically stable proper o-ideal A on ({0,1}",7,) and a
topological space X we shall say that X is nearly Stegall with respect to A if, for
every complete metric space M without isolated points and minimal usco ¢ : M —
2% | there exists a winning strategy for the player « in the C*(R)-game played on
M, where R is the set of points at which ¢ is single-valued.

It is not difficult to show that for any strongly topologically stable proper o-
ideal A on ({0,1}",7,) we have the following: if X is a Stegall space, then X is
nearly Stegall with respect to A; if X is nearly Stegall with respect to A, then X
is weakly Stegall.

The following theorem is now a simple consequence of the Splicing Theorem.

Theorem 2. Let p be a metric on a topological space X and let A be a strongly
topologically stable proper o-ideal on ({0,1}N,7,). Then X is a nearly Stegall space
with respect to A if (and only if) for each € > 0, each complete metric space
M without isolated points and each minimal usco ¢ : M — 2%, there exists a
winning strategy for the player o in the CA(R.)-game, where R. := {m € M :
p-diam[p(m)] < <},

In the proof of our main result we will need the following basic properties of
nearly Stegall spaces. Since the proofs of these assertions are similar to those given
in Theorem 3.1.5 of [2], we shall not give them here.

Theorem 3. Let (X, 7) and (Y, 7) be topological spaces and let A denote a strongly
topologically stable proper o-ideal on ({0,1},7,).
(i) Let f: X — Y be a perfect mapping onto Y. If X is a nearly Stegall space
with respect to A, then' Y is a nearly Stegall space with respect to A.
(ii) Let {X, : n € N} be a cover of X. If each X,, is a closed subset of X and
is a nearly Stegall space with respect to A, then X is a nearly Stegall space
with respect to A.
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(iii) If each {X, : n € N} is a nearly Stegall space with respect to A, then
[1,2, X, is a nearly Stegall space with respect to A.

3. A WEAKLY STEGALL SPACE THAT IS NOT WEAK ASPLUND
Let A be an arbitrary subset of (0,1) and let
Ka:=[(0,1] x {0}] U [({0} U A) x {1}].

If we equip this set with the order topology generated by the lexicographical (dic-
tionary) ordering (i.e., (s1,s2) < (t1,t2) if and only if either s; < t; or s = ¢; and
s2 < tg), then with this topology K 4 is a compact Hausdorff space [B, Proposition
2]. In the special case of A = (0,1), K 4 reduces to the well-known “double arrow”
space.

For any subset A of (0,1) we shall denote by BV4[0,1] the space of all real-
valued functions of bounded variation on [0,1] that are right continuous at the

points of (0,1)\ A and map 0 to 0. We will consider this space endowed with the
total variation norm, i.e., for each a € BV,4[0, 1],

||| := Var(a) = sup{z la(ty) — a(tpg—1)| :

k=1
{tx : 0 <k <n}is a partition of [0, 1]}.

For a non-empty subset A of [0,1] we shall denote by 74 the topology (on
BV4[0,1]) of pointwise convergence on AU {1}. If A is dense in [0,1], then 74
is a Hausdorff topology. Moreover the closed unit ball in BV4[0,1] (with respect
to the total variation norm) is 74-compact. The following proposition reveals the
relationship between the spaces C(K4) and BVy4[0, 1].

Proposition 1 ([0, Corollary 1]). For a dense subset A of (0,1), the closed unit ball
Bpv,j0,1) in BVA[0,1] with the Ta-topology is homeomorphic to (B (k ,)«, weak”).

A more detailed analysis of Proposition 1 may be found in [9, Theorem 7]. Next,
we give some technical results that will be needed in our main theorem.

Lemma 1 ([6] Lemma 2]). Let ¢ : X — 2Y be a minimal usco acting between
topological spaces X and Y and let f :' Y — R be a continuous function. Then
there is a residual set R in X such that the composition mapping f o : X — 28
defined by (fop)(z) :={f(y) : y € o(x)} is single-valued at the points of R.

The following result is a consequence of Proposition 5.1 and Proposition 5.3 in
[12).

Proposition 2 ([9, Proposition 1]). Let ¢ : B — 2% be a minimal usco act-
ing from a Baire space B into a topological space X. If K is a Borel set and
o Y K):={be B:pb)NK # 0} is second category, then there exist a non-empty
open subset U of B and a dense G5 subset G of U such that ¢(G) C K.

For each av € M4[0,1], the set of all non-decreasing functions in Bpy, [0,1], and
each m € N we define

S(a,m) :={t€[0,1]: a(t") —a(t™) > 1/m}

where a(t) := limy _;+ a(t') for t € [0,1), a(17) := a(1), a(t™) = limy_;— a(t))
for t € (0,1] and a(07) := a(0) = 0.
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Lemma 2 (Basic Lemma). Let A be a dense subset of (0,1), let & € Ma[0,1],
letm € Nandlet 0 < a <b <1 IfS(am)niab =0, then there exists a
neighbourhood U(a) of a in (M40,1],74) such that S(B,m) N [a,b] = 0 for each
BeU(a).

Corollary 1. Let A be a dense subset of (0,1), let o € Ma[0,1], let m € N and
let U be an open subset of [0,1]. If S(a,m) C U, then there exists a neighbourhood
U(a) of a in (M4[0,1],74) such that S(8,m) C U for each § € U(a).

We are now in a position to present our main theorem.

Theorem 4. Let A be a strongly topologically stable proper o-ideal on ({0,1},7,)
and let A be a dense subset of (0,1) such that CN A € Ac for each set C C [0, 1]
that is homeomorphic to ({0,1},7,). Then (BVa[0,1],74) is nearly Stegall with
respect to A. In particular, (BV[0,1],74) is weakly Stegall.

Proof. First, let us note that by Theorem 3, part(ii), we need only show that
the closed unit ball Bgy,jo,1] of BV4[0, 1] is nearly Stegall with respect to A. In
fact, we need only show that the (74-compact) set My4[0, 1] of all non-decreasing
functions in By, [0,1], endowed with the 74-topology, is nearly Stegall with respect
to A. Since if My4[0,1] is nearly Stegall with respect to A, then by Theorem
3, part(iii), M4[0,1] x M4[0,1] is nearly Stegall with respect to .A. However,
by the Jordan decomposition theorem Bpgy,[0,1] € A(Ma[0,1] x M4[0,1]), where
A M4J0,1] x Mal0,1] — BV4]0,1] is defined by A(f, g) := f—g. Hence the result
follows from Theorem 3, part(i), since A is a perfect mapping.
For any «, 8 in M4[0,1] we define

pr(a.B) =Y |(a=B)(an)|/2" and py(a,f) = [(a = B)(t") = (a = B)()]
n=1 teA
where a1 :=1 and {a,, : n > 2} C A is dense in [0, 1].

Note: {t € A : |(a — B)(t") — (o — B)(t)| > 0} is at most countable. Then
we define p(a, ) := pr(a, B) + ps(a, 8). With a little thought it should be clear
that p defines a metric on the set M4[0,1]. We now proceed via Theorem 2. To
this end, let € > 0, let M be a complete metric space without isolated points, let
¢ : M — 2Mal01] be a minimal usco and let R, := {x € M : p — diam[p(z)] < €}.

Step 1. It is not too difficult to check that p; is a continuous pseudo-metric on
M4l0,1], i.e., for each o € M4[0,1] and r > 0 the set {5 € M4[0,1] : pr(e, B) <1}
is T4-open in M4[0,1]. Hence it follows that p; “fragments” M4[0, 1]. In particular
this means that there is a residual set R C M such that p;-diam[p(z)] = 0 at each
point « € R (see the proof of Theorem 5.1.11 in [2]). One immediate consequence of
this is that for each x € R, we may unambiguously refer to the left-hand and right-
hand limits of ¢(x), since if o, B € ¢(z), then both the left-hand and right-hand
limits of o and (3 coincide on [0, 1].

Step 2. In this step we decompose the space M4[0, 1] into countably many parts,
{Mpnr : (myn, F) € N> x F}, but first we introduce some notation. For each
o € M4[0,1] and m € N we define

L'aym):= > [o(th) —a(t)].

teS(a,m)
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The notation S(a,o0) and L'(a, 00) will have the expected meaning. For each
m € N, we define M,, := {a € M4[0,1] : L*(a,m) > L(cr,00) — £/2} and for each
partition P := {t; : 0 < k < n} of [0, 1], we let I (P) := [tg_1,tx], forall 1 <k < n.
Then for each n € N, we let P, denote the uniform 1/n-partition of [0,1] and we
define

My, n i ={a € M,, : PN S(a,m) =0 and
card[S(a,m) N I(P,)] < 1for k € {1,2,...,n}}
where P} := P,\{to,t,}. One can now check that U{M,,, : (m,n) € N>} =

M4[0,1]. Now with m and n fixed, we further decompose M40, 1] as follows. For
each fixed non-empty subset F' C {1,2,...,n}, we consider the set

Mpn.p = {a € My, ,, : card[I(P,) N S(a,m)] = 1if and only if k € F}.
If we let F denote the family of all subsets of {1,2,...,n}, then F is finite. Hence
{Myynr: (m,n,F)€N?x F} is a countable decomposition of M4[0, 1].

Step 3. We claim that for each (m,n,F) € N> x F, M,, ,, r is a Borel subset of
(M4[0,1],74). We begin by noting that with the aid of Lemma 2 it is not difficult
to justify the fact that for each m € N, the mapping o — L!(a,m) is upper
semi-continuous on (M4[0,1],74). Now L!(a,00) = limy, .o, L'(a, m), therefore
the mapping o — L'(a, 00) is Borel measurable on (M4[0,1],74) and hence for
each m € N, M, is a Borel subset of (M4[0,1],74). Next, for each partition
P:={t,:0<k<n}of[0,1] and F C{L,2,...,n}, let

M, (P, F) := {oc € M,, : S(a,m)NP* =0 and S(o,m) C U Ik(P)}
keF

where P* := P\{to,t,}. By again appealing to Lemma 2 it should be easy to see
that for each partition P of [0, 1] and subset F' C {1,2,...,n}, M,, (P, F) is T4-open
in M,,. Now, for each partition P on [0,1] and subset F' C {1,2,...,n} let

M} (P, F):={a € Mp(P,F):S(a,m)NI(P) # 0 if and only if k € F};

then M (P,F) = M, (P, F)\|U{M(P,F’) : F' is a proper subset of F'}. Thus
M (P, F) is a Borel subset of M,, (P, F') and hence a Borel subset of (M4[0,1],74).
With m, P, F and § > 0 fixed define

M (P, F,6) ={ae M (P,F): diam[S(a,m)NI(P)] <0 forall k € F}.

Now from Corollary 1 it is clear that for each § > 0, M (P, F,0) is relatively open
in M} (P, F). Therefore,

Mpymr = {a€ My, card [Ix(P,) N S(a,m)] =1if and only if k € F'}
= (WM;(Pa. F1/4) - j €N},
which is a Gs-subset of M}, (P, F') and so a Borel subset of (M4]0,1],74).

Step 4. In this step we describe the strategy for the player a in the CA(R.)-
game played on M. First, suppose 3 chooses By := {B{ : t = (}. Then for each
(m,n, F) € N? x F we define

Ry ri= {x € Bg so(x) N My p # (Z)}.
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Now since BY = U{Rmnr : (m,n,F) € N2> x F}, it follows that for some
(m/,n',F') € N> X F, Ry g is of second category in Bf) and so by Proposi-
tion 2 there exists a non-empty open subset U of By and a dense G5 subset G of
U N R such that ¢(G) C M, pr. For each k € F' C {1,2...,n'} we define the
function g : G — [0,1] by gi(z) := S(p(x),m’) N I;(P,). Note: this definition is
sensible since for each x € G and «a, 8 € p(z), S(a,m’) = S(B,m'). It now follows
from the T4-upper semicontinuity of ¢, Corollary 1 and the definition of M, ,/ p
that each gy is continuous on G. Player o now selects a non-empty open subset Ag
of U C BY such that for each k € F’ either gy is constant on A NG or g is not
constant on W N G for any non-empty open subset W of Ag. Then « sets
Fl:={k e F': gy is constant on A} NG and g, (AD) N A = 0};

Fy:={k € F': gy is constant on A NG and g,(49) C A}; and
Fj:={k € F'": g} is not constant on G N W for any non-void open set W C Ag}.
For each k € F}, a defines t; := gi(z) for z € AN G. Then by Lemma 1 there
exists a residual set R* C G N Ag such that each of the uscos (tx o) : GN Ag — R
defined by (txop)(x) := {a(ti) : @ € p(x)} are single-valued on R*. Next o chooses
a sequence of dense open sets {O,, : n € N} of A} such that 32, 0,, € R* C GNA}

and notes that for each k € F{ U F} and = € R*, p(z)(gr(z)) is a singleton.

Then « defines 0o(By) := {A} : t = 0}. In general if 3 selects B, = {B} :
t € {0,1}"}, then a responds by choosing non-empty open subsets A%, C B! N O,
such that gx (A% )Ngp(AY) = 0 for all k € F} and all ¢, ¢’ € {0,1}" with ¢ # ¢/. Then
a defines 0,,(By, B1,...,By) = {Al : t € {0,1}"}. This completes the definition
of o := (0o :n Ew).
Step 5. We now show that the just described strategy o is a winning strat-
egy for the player « in the C(R.)-game. To this end, let K = ("~ {U{B} :
t €{0,1}"}} C R* and, for each k € Fj, let

AGR) = 7 () VK = g7 (u(K) 0 A),

Since g;,(K) is homeomorphic to ({0, 1}, 7,), g (K)NA€ Ay, (k) and so A(k) € Ak.
We claim that K\R. C |J{A(k) : k € F}} € Ak. To see this, first note that it is

sufficient to show that pj-diam[p(z)] < € for each x € K\ |J{A(k) : k € F}}. Now
fix zg € K\ U{A(k) : k € F}} and consider «, 8 € p(x0); then

pr(a.B) = [(a=p)t") = (a=B)H) = D [a=B)(t")~(a=B)E)
teA teS(a,00)

However, if t € S(a,m’), then |(a— B)(t+) — (a— B)(t)| = 0 because a(tT) = B3(t1)
(by Step 1) and «(t) = S(t) since a(gr(zo)) = B(gr(zo)) for all k € F’. On the
other hand, if we write Stai := S(a, 00)\S(cr,m’), then we have

Yo lla=pt) —(@=p)1) < DY ath)—al)+ Y BET)-A()

tE€Stail t€Stail tE€Stail
< Y ath)-a@)+ 3 A - AE)
t€Stan t€Stail

< g/24¢€/2=c¢.
Thus p(a, 8) < € and so p-diam[p(xg)] < €; which completes the proof. O

To apply Theorem 4 we need to consider some small subsets of R.
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Lemma 3. There exist a dense second category subset A of (0,1) and a strongly
topologically stable proper o-ideal A on ({0,1}N,7,) such that CNA € Ac for each
set C C [0,1] that is homeomorphic to ({0, 1}, 7).

Proof. Let & be the least ordinal of cardinality 2%, let {(f¢ : n € N) : a < &}
be an enumeration of all the sequences of continuous one-to-one functions from
({0,1},7,) into [0,1] and let {E* : o < k} be an enumeration of all the non-
meager Borel subsets of (0,1). Inductively, we may choose

o € B\{f?(z3):ne€Nand 3 <a} and x, € {0,1}" such that
[ (xq) # ag for any n € N and 3 < o

Set A :={aq : a < k}. Then A is not meager and for any sequence (f,, : n € N)
of continuous one-to-one functions from ({0, 1}, 7,) into [0,1], (f,;1(A) : n € N)
does not form a cover of {0,1}". So, if we take A to be the o-ideal generated by
the inverse images, f~1(A), as f runs over all the continuous one-to-one functions
from {0, 1} into [0, 1], then A will be a strongly topologically stable proper o-ideal
on ({0,1}Y,7,) such that CN A € A¢ for every set C' C [0, 1] that is homeomorphic
to ({0,1},7,). O

Corollary 2. There exists a Banach space (X, ||-||) such that (X*, weak™) is weakly
Stegall but (X, - ||) is not weak Asplund. In particular, (X,| -|) is a Gateauz
differentiability space that is not weak Asplund.

Proof. Let A be the set constructed in Lemma 3 and let A be the corresponding
o-ideal on ({0,1}",7,). Then A satisfies the hypotheses of Theorem 4 with respect
to A. Hence (BV4[0,1],7,) is nearly Stegall with respect to A. Therefore, by
Proposition 1, (C(K 4)*, weak™) is nearly Stegall with respect to A and so weakly
Stegall. On the other hand, if (C(Ka), || - ||co) is weak Asplund, then by [I], every
closed subset of K 4 contains a dense completely metrizable subspace. However by
Proposition 5 in [5] this implies A is meager (in fact perfectly meager); which it is
not. Therefore, (C(K4),| - ||oo) is not weak Asplund. O

Remark. We note here that the statement of Theorem 4 can be recast in terms
of the following definition. If A is a proper o-ideal of subsets on {0,1}" and N
is a subset of a complete metric space M, then we say that N is A-negligible if
7~ 1(N) € A for each v belonging to a residual subset Ry of C({0,1}N, M); the
continuous functions from {0, 1} into M equipped with the topology of uniform
convergence. [Note: the residual set Ry will in general depend upon the set N

Theorem 4 can then be rephrased as: “Let A be a proper o-ideal on {0, 1} and
let A be a dense subset of (0,1) such that v~(A4) € A for every homeomorphic
embedding of ({0,1}",7,) into [0,1]. Then for every complete metric space M
without isolated points and minimal usco ¢ : M — 2BVal01l "o ig single-valued
except on an A-negligible subset of M. In particular, (BV4[0,1],74) is weakly
Stegall”.

Let us also note that a subset N of a complete metric space M that has the Baire
property is A-negligible if and only if it is of the first category. Hence the interesting
A-negligible sets are necessarily among those sets that are not very topologically
respectable.
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NOTE ADDED IN PROOF

Since this manuscript was first submitted in 2002, a simplified proof of Corollary

2 has appeared in [g].
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