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EXISTENCE OF POSITIVE SOLUTIONS
FOR A SEMILINEAR ELLIPTIC PROBLEM
WITH CRITICAL SOBOLEV AND HARDY TERMS

NORIMICHI HIRANO AND NAOKI SHIOJI
(Communicated by David S. Tartakoff)
ABSTRACT. Let N > 4, let 2* = 2N/(N — 2) and let Q@ C RV be a bounded

domain with a smooth boundary 9€2. Our purpose in this paper is to consider
the existence of solutions of the problem:

—Au—uﬁg = \u|2*71 in Q,
u > 0 in €,
u = 0 on 02,

where 0 < p < (852)2.

1. INTRODUCTION

Let N >4, let 2* = 2N/(N — 2) and let Q C RY be a bounded domain with a
smooth boundary 02 and 0 € 2. In the present paper, we consider the existence
of solutions of the problem

—Au—prts = | in Q,
(Pu) u > 0 in Q,
u = 0 on 012,

where p is a given positive constant. These kind of equations give nonlinear
Schrodinger equations with the field having singularity at its origin. The exis-
tence of solutions of semilinear elliptic boundary value problems with Hardy terms
has been studied by many authors (cf. [4], [5], [6], [§], [I0] and [12]). It is known
that problem (P,) has no nontrivial solution when € is star shaped (cf. [1]) for
any g > 0. On the other hand, in the case that (2 has nontrivial topology, problem
(Po) has been investigated by several authors. In [9], Kazdon and Warner proved
the existence of a nontrivial solution of (Pg) in the case that €2 is an annulus. In
[2], Bahri and Coron established the existence of a nontrivial solution of (Pg) in
the case that 2 has nontrivial topology. Our purpose in the present paper is to
show the existence of a solution of (P,) with ¢ > 0 when domain 2 has nontrivial
topology. We now state our main result.
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2586 NORIMICHI HIRANO AND NAOKI SHIOJI

Theorem 1.1. Suppose that 2 is not contractible. Then there exists po € (0, 00)
such that for each p € (0, o), there exists a solution of (P,).

2. PRELIMINARIES

Let H = H{(Q). We put |[v]|*> = [,, |Vo|* dz for v € H and [y = Jq [v]” dz for
p>2and v e LP(Q). For u,v € H, we put (u,v) = [,uv dz. We use the same
symbols |||, |7, and (-,-) in the case @ = RY. For each A C R and z € RY,
d(z, A) denotes the distance of = from A. We denote by B, (z) the open ball in
RY centered at z with radius r. For subsets A, B C RN, A = B implies that A
and B are homotopy equivalent. For each d > 0, Q4 and Q) stand for subsets
of RY defined by Qg = {z € RN : d(2,Q) < d} and Q) = {z € Q : d(z,0Q) > d},
respectively. For each a € R and a functional F : H — R, we denote by F, the
level set Fy, = {v € H : F,,(v) < a}. The Hardy inequality states that

N -2 2 U2 2
5 —5 < |Vul
RN |z RN

holds for u € DY?(RN) = {ve L¥ (RN): |Vo| € L>(RN)} (cf. [12]). For each
bounded domain U € RN and u > 0, we define a functional I(V:*) on H}(U) by

1 o plu 1
199 w) = [ (G Ivuf - 51 - o
v 2

o
52 o ut|" )da for u € Hy(U).
||

I(RN’“)(U) is defined by the same way as above with U = RY and v € DV2(RY).
Here u™(z) = max {u(x),0} for # € U. Then the solutions of (P,) correspond to

critical points of the functional I(>#). Throughout the rest of this paper, we assume
that 0 < p < = (£52)2. Denote 8 = /I — p. For each (z,e) € RN x RT, we put

() cet N
u(zﬁa)(:v) = ~ for z € R™,

N=2_ _4B8_
o =27 (et o — 2] T

where C' is a suitable positive constant. Terracini [I2] showed that for each £ > 0,

uEg’)E) is a solution of problem (P,) with Q = RY. That is, for each € > 0, ugfi)s) is

7
(0.0))

for each > 0 and € > 0. It is also known that for each z € RV and ¢ > 0, UES?E) is

a critical point of T®Y.1) with the same critical value. We put ¢, = I(RN’“)(U

a critical point of I (B™.0) with the same critical value co. One can see that ¢, < ¢
for each p > 0. We put

I 1,2mN . vQ,MMZ r = o da
&{eD ®N0) s [ (90l ) Aﬂ'd}

|

for each p > 0. We put S,(2) = S, N H. One can see that for each ;> 0 and
v € DV2(RN)N\ {0}, there exists t,, > 0 such that t, ,v € S, (cf. [7]). From the
definition of S,,, we find that

(2.1) <VI(Q’“) (U),v> =0 forallv € S,,.
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Then each nontrivial critical point of 1¢*#) is contained in S,.. For each i, we have

1 2 1 .
¢, = inf f/ (\VU|2—u|vl )da:——*/ lv]? de:ves, ;.
2 RN |:I;‘ 2 RN

From the definition of S, we also find

2
(2.2) cﬂinf{mO/RNqu?le ):vGSﬂ},

||
where mg = 22*_2_*2. It also follows from the Hardy inequality that ¢, — co as

p — 0. Then we can choose p' € (0,7) such that 2¢, > ¢ for each p € (0, 1').
Lemma 2.1. Let p € (0,4/). If ¢ € (0,1) and v € DV2(RY) such that

2

2 |v] Cu

| — p—s)dr < g—,

/(e poe e

then
2 |U|2 2* —(2—2%)/2 2 ‘U‘Q
(Ivol" —p—z = o[ ) = (1 —q ) [ (vol” = pis).

RN Ed RN Ed

Proof. Let pu € (0,1') and q € (0,1). Let v € DV2(RM)\ {0} such that

2
2 |v] ¢
9o =) < o

] mo

We put ¢ = t, ,,. Then by the definition,

2
2 2 ﬂ — 2" |02 S
S =) = 2
and then t > ¢—/2. Therefore
T . S
[ ool = =) = =) [ (el )
- B - B
2
> (1= ¢ [ (ol -pl. o
R ]

Lemma 2.2. Let pn € (0,1") and assume that there exists no solution of (P,). Let
{vn} C §,(Q) satisfy

(2.3) lim I (p,) =¢< ¢y and lim I (v,) = 0.

Then there exist {e,} CRY and {x,} CRY such thatlim,, . |z,| =0, lim, . &,
(1)
=0.

Un = Uz, c,)

=0 and lim,,_, ‘

Proof. The proof of the assertion is based on the standard argument for the case
that g = 0 (cf. Struwe [II]). Fix u € (0, ¢’) and assume that there exists no solution
of (P,). Let {v,} C S,(92) be a sequence satisfying ([23)). From the definition of
Sus

|Un|2

[(Q,u)(vn) = mo/(|vvn|2 — | |2 )dx for n > 1.
O x
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2588 NORIMICHI HIRANO AND NAOKI SHIOJI

Then since lim,, o I**) (v,) = ¢, we have by the Hardy inequality that {v,} is
bounded in H. Then we may assume that v, — v weakly in H, v,, — v strongly
in L2 ~1(Q) and v, — v a.e. on Q. Then we find that v is a solution of problem
(P,). If v # 0, this contradicts the assumption. Therefore we have that v,, — 0
strongly in LQ**l(Q) and v, — 0 a.e. on . Let kg, k1 be positive integers such
that Bs(0) can be covered by kg balls with radius 1, © can be covered by ki balls
with radius 1, and ¢y < 2ko < ky. Let {(z,,7,)} C RY x R* be a sequence such
that

2
rnmin{r>0:m0/ (\an\quw"L):c—o forsomemGRN}
By (2) EI

and
2 |Un‘2 Co
mo (|an| — M 2 ) = k_
B, (n) |z 1

for each n > 1. Since v, — 0 a.e. on ), one can see that r, — 0 as n — oo.
Here we put

wy(x) = rﬁlN_Q)/Qvn(xn + ) for x € RV.

Then w,, € H}(Q,), where Q, = {z e RY : z,, + r,z € Q} . It also follows from

23) that

T"'nWn _ w2l

n — 0 asn-— oc.

—Awy, — p———
|z + rra|

We also have that

2 2 2
2 |un 2 o |wh| Co
R S I =1
B,, (zn) |z B1(0) [T + rnal 1Mo

for each n > 1. Then since r, < 1 for each n > 1, w,, — wg € DY2(RY) weakly
in DL2(RY). We will see that w,, — wy strongly in D%2(Q’) for any bounded
domain €' C R¥. It is sufficient to show the case that ' = B;(0). For each n > 1,
we can construct functions {¢,} such that ¢, = w, —wg on B,(0) for each n > 1,
where p € (1,2) and H"O"”D“(]RN\BP(O)) — 0 as n — oo (cf. the proof of Lemma
3.3 of [I1]). Then by using the Brezis-Lieb lemma we have that

2 2
. 2 77 |onl
lim (IVenl” —p—""""—)
n—oo [pN |$n+7“n$|
2 re |90n|2
= lim (IVenl” — p—"—=)
T JB,(0) |xn +rpz|
. 2 T?L |wn|2
= lim ([Vwn|” = p—"——)
T U B,(0) |27 + T
2
. V.
< tim (7oal? - ul22l)
nTee B27‘n(75n) |x|
koco
- klmo.
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Since 2ot < o < %= we have by Lemma 2] that there exists C' > 0 such that

kimg 2mo mo
. T?Lwn@n *_
0= lim (Vwn V7 on — p—"2 —wl “oy)
n—— JgN | Ty + T
. 2 7“721 |wn—wo\2 2%
= lim (|7 (wn — wo)[* — p—————5= — |wy, —wol" )
T JB,(0) |xn + Tnx|
2 r’ | |2 2%
= lim (I7enl —un72—|@n| )
T JB,(0) ‘xn + 7ﬂnx|
2
. 2 |90n| 2%
= lim (IVenl” —p———5 —lenl™ )
n—oo [pN x—“—FI‘
. 2 |90n‘2
> dim [ (veal - n—22l )

Then we have by the Hardy inequality that lim,, . |vg0n|§ =0 and then w,, —
wo strongly in DV2(B;(0)). Therefore we have that w,, — w strongly in H} (')
for each bounded domain €' C RY. We may assume by subtracting subsequences
that z,,/r, — zo € RY or |z, /r,] — oo holds as n — oo. If |2, /r,| —
holds, then recalling that

Wp, *_q

(2.4) —Aw, — i ‘2 —w? ™t —0 asn— oo,

Tn
rn—"_x

we have wy € DV2(RY) is a solution of the problem
—Aw =w? 1 on RV,

Then we find
co > lim 1@ (v,) > lim 170 (wg) = ¢p.

n—oo n——oo

This is a contradiction. Therefore we have that x,/r, — z¢ € RY. This implies
that lim, . |z,| =0, and wy is a positive solution of problem
w «
—Aw—,u72:w2 -1 on RV,
|0 + |
By the translation, we may assume without any loss of generality that g = 0. Then
limy, o &) (wp) > TEY ) (wo) = ¢, Suppose that lim,, o |7 (wn, — w0)|§ >
0. Then noting that
. 2 2 . 2
lim ‘V(wn - w0)|2 + \Vw0|2 = lim \an|2,
o0 n—-oo

n—

o
2%

. 2% 2% .
lim |w, —woly. + |woly. = lim |wy,
n——oo n——oo

and

|w, — wo|? |wol” w,|?
Ry T T
n—oo Jry |z RN |z n—oJa ||
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we find

2
. Wy — W *
tim [ (9w —wo)? — p 2200, w2y =0,
n—oo [pN |1»|

Then we have
lim inf 7B ) (wn, —wo) > ¢y

n—-mao©0

Therefore we find that

lim inf I(RN7“)(wn) > I(RN7“)(wo) + lim inf I(RN7“)(wn —wy) > 2¢,.

n—-:ao~0 n—-mao~0

This is a contradiction. Thus we have w, — wp strongly in DY2(RY) and

Eg)e) for some ¢ > 0. Then from the defini-

tion of w,,, we find that the assertion holds. O

[(RN>“)(wo) = ¢,. Therefore wy = u

In case p = 0, it is known that analogous results to Lemma hold. We state
a lemma for the case = 0. The proof is quite same as that of Lemma 2.2 above.

Lemma 2.3. Let {v,} C H be a sequence such that

lim |V'Un|2 = lim ‘Un gi and lim I(Q’O)(Un) < ¢p.
Then there exists a sequence {(zn,e,)} C RN x RY such that lim,, ... e, = 0 and
(0)
- =0.

Un u(zn>5n)

lim, . ‘

Here we choose a positive number d > 0 such that Qg = Q. We put
g |Vo(z)|* do

f) Jo |Vv(x)\2 dx

for each v € H\ {0}.
Lemma 2.4. There exists pg € (0,1') such that for each pu € (0, o), and each
v € 8,(Q) with I (v) < ¢q, B(v) € Qa.

Proof. Suppose to the contrary that there exists a sequence {(vp,pn)} C H X RT
such that lim, oo pn, = 0, v, € Sy, I6%1) (1) < ¢o and B(vy,) ¢ Qq for all
n > 1. We may assume without any loss of generality that 3(v,) — 2o € RVN\Qq.
Since p, — 0, we have by Hardy’s inequality that
02
Pn | —5 —0 as n — 0o.
Q |zl

Then we find that

lim |voa> = lim |v, 3 and lim I (v,) < co.
n——-mao n——aoo n——ao0o

Then by Lemma 23] we find that there exists a sequence {(z,,e,)} € RV x

R* such that lim,— oo &, = 0 and lim,,_, oo ‘ Uy — uEZ) . )H = 0. From the as-
sumption, we have that lim,_ .. 2z, = 2zo. But since zg ¢ 4, we have that
lim,, . an = Uz, ,e,) H > 0. This is a contradiction. ([l

Here we choose d; > 0 such that Q = Q) . We put

)\:inf{u/|x|2:x€§2d} > 0.
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We fix a function ¢ € C*°(R™T : [0,1]) such that ¢(z) = 1 for z € [0,d;/2] and
¢(z) =0 for z € [dy,00). For each (z,e) € RV x RT, we define a function v, .y by

Viee) (@) = Ty p(m — 2)uls) (2)  for 3 € RY,

where 7, ) is a positive constant such that

9%
2% "

2 2
oo " =Mooy = Ve
Lemma 2.5. Let p € (0, o). Then there exists € > 0 such that

sup {I(Q’“) (tv<z,5>,uv(z,s)) 1z € le} < ¢p.

Q) =3 [ (o =A1o) = g [ ol

for v € H. Then by the results of Brezis and Nlrenberg [3], we have that

B co — ACe + o(e) for N =5,
(2.5) Qv(z0)) = { co — ACeloge + O(g) for N = 4.

Proof. We put

Then we can choose ¢ > 0 sufficiently small so that Q(v(..)) < ¢o for all z € inl

Let z ¢ RY. We put t = ¢
that

v(e.cp.n Then noting that p/ |z|> > A for z € Q, we have

t2
5/(|vv(z,5)\2—/\Iv(z,s>|2) > 5 | (vveal’ —n
Q

) / (|V“<z7e>}2 - A |U<z,a)}2)-
Q

Then ¢t < 1. Therefore we have that

2

(2" - 2) 2 U(z.e

I(Q,u)(tv(z’s)): 5 o (‘vu(zﬁ)b_u/ ‘ ( 2)‘ )
o |z

(2"-2) 2
< 2.9" ’vvzs)|2 )\‘U(zaf)|2)
- Q(U(z,s)) < Cp,
and this completes the proof. O

Proof of Theorem 1.1. Fix p € (0, o). Let p : S,(2) x [0,00) — S,(2) be a
pseudo-gradient flow associated with I¢*#) (cf. [I1]). That is, p satisfies:
(1) For s,t € RY with t > s and v € S, with s7I(%#)(v) # 0,

I (p(t,v)) < T (p(s, v));
(2) tlim TC1) (p(t,v)) > —oc implies that tlim I8 ((t,v)) = 0.

Here we put V = {tv(zyswv(z’g) 1z € Qél}, where ¢ is the positive constant
obtained in Lemma 2.5l From the definition of v(, ;), we have that v . € HL(Q)
for z € Q4 . Then V C §,(Q). Then since {1 (p(t,v)) : t > 0} is bounded from
below for each v € V, we have that lim,, ., 71 (p(t,v)) = 0 for each v € V.
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2592 NORIMICHI HIRANO AND NAOKI SHIOJI

Then we have by Lemma 22l that for each v € V, there exists {(2¢,¢)},59 C @xRT

such that lim; o |2;] = 0 and lim;_ Hp(t, v) — UEZ) ) ‘ = 0. This implies that

tlim Blp(t,v))=0€Q forallv e V.
We also have by Lemma [2.4] that

[B(p(t,v)) 1 v € V} € Q.
Since {B(p(0,v)) :v eV} = Q) , we have that Q) is contractible in Q4. This
contradicts the assumption that € = Q = Q; and that Q is not contractible.
Then we obtain that there exists a positive solution u of (P,) in S,. O
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