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ABSTRACT. We prove the Paley-Wiener theorem for the spherical transform
on the complex Grassmann manifolds U/K = SU(p + ¢)/S(Up x Ug). This
theorem characterizes the K-biinvariant smooth functions f on the group U
that are supported in the K-invariant ball of radius R, with R less than the
injectivity radius of U/K, in terms of holomorphic extendability, exponential
growth, and Weyl invariance properties of the spherical Fourier transforms
f, originally defined on the discrete set A,y of highest restricted spherical
weights.

1. INTRODUCTION

The Paley-Wiener theorem for the spherical transform on noncompact Riemann-
ian symmetric spaces G/K was proved over 30 years ago by Helgason and Gangolli
8] 4].

This theorem characterizes the radial (i.e., K-invariant) smooth functions with
compact support on G/K in terms of holomorphic extendability, exponential
growth, and Weyl invariance of their spherical Fourier transforms.

The analogous problem for the compact dual spaces U/ K is to describe the image
under spherical Fourier transformation of the space of smooth radial functions f on
U/K which are supported in the ball of radius R, where R is less than the injectivity
radius of U/K. Since U/K is compact, the spherical transforms f are defined on
a discrete set, namely the set A,y of highest restricted spherical weights, which
parameterizes the spherical representations of U.

The right candidate for the spherical Paley-Wiener space is known (see Theorem
2.1 below), and one would expect the result on U/K to follow from that on G/K by
analytic continuation. However, it has not been possible, so far, to give a general
proof of the compact result using this method. Particular cases where the spherical
Paley-Wiener theorem has been proved are:

1) U/K of rank one (see [12], Theorem 5.1; see also [I5} 1] for the case of spheres);

2)U/K = K x K/K ~ K, with K a compact simply connected semisimple Lie
group embedded diagonally in K x K, i.e., the group (or complex) case [6];

3) U/K of split-rank type, i.e., tkU =rkU/K + rk K, or equivalently, when all
restricted roots have even multiplicity [3].
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2650 ROBERTO CAMPORESI

Case 3) generalizes case 2) and includes, in particular, all compact semisimple Lie
groups. The split-rank case is rather special since there exists a differential operator
intertwining the radial Laplacian on U/ K to the ordinary Laplacian on the maximal
torus of U/ K, and yielding an explicit formula for the spherical functions in terms
of exponential functions.

In this paper we prove the Paley-Wiener theorem for the complex Grassmann
manifolds U/K = SU(p+ ¢)/S(U, x U,). This case is, in a sense, a combination of
the complex and rank one cases. There exists a differential operator intertwining
the radial Laplacian on U/K to the radial Laplacian on a product of rank one
symmetric spaces, and yielding an explicit formula for the spherical functions in
terms of products of Jacobi polynomials. This formula (as well as the explicit
description of the invariant differential operators) was given in a paper by Berezin
and Karpelevic [2]. A proof of their result can be found in [II]. Using this formula
Meaney [13] computed the inverse Abel transform on the noncompact dual spaces
G/K =SU(p,q)/S(Up x Uy).

By the same methods of [I3], we shall obtain the following formula for the
spherical transform f of f € C®WU)raa:

Clp+p) () = const. F (Wi o Who(fw) oexp(i)leg) ) (+p) (1 € Aspi),

where C' is a suitable polynomial function, F is the usual Fourier transform on
a ~ RP, WY is a tensor product of one-dimensional fractional operators of Riemann-
Liouville type, w? is a part of the density function for the Cartan decomposition
of U/K, and p is half the sum of the positive restricted roots. Moreover, ag is the
maximal open domain of a such that the map X — exp(iX) is a diffeomorphism,
and given a function g on ay we denote by g the extension of g to a that takes the
value 0 outside aqg.

The Paley-Wiener theorem then follows by combining the classical Paley-Wiener
theorem on RP with the results of Koornwinder in [12] about the Jacobi (polyno-
mial) transform.

This paper is organized as follows. In section 2 we briefly recall the definition of
the spherical transform and the inversion formula for a compact symmetric space
U/K. Then we state the spherical Paley-Wiener theorem. For simplicity we assume
U is simply connected, but the statement can be generalized to any Riemannian
symmetric space of the compact type U/K (see, e.g., [3], for the split-rank case).

In section 3 we recall the basic facts about restricted roots and spherical weights
for the complex Grassmann manifolds, and give the formula for the spherical func-
tions.

In section 4 we compute the spherical transform as outlined above, and prove
the Paley-Wiener theorem.

2. THE SPHERICAL TRANSFORM ON COMPACT SYMMETRIC SPACES

Let U be a compact semisimple simply connected Lie group, K the (necessarily
connected) fixed point group of a (nontrivial) involutive automorphism of U, and
U/K the corresponding Riemannian symmetric space of the compact type. Let
G/K be the noncompact dual symmetric space, with G and U analytic subgroups
of the complex semisimple simply connected Lie group G¢ = U® whose Lie algebra
is the complexification g© of the Lie algebra g of G.
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THE SPHERICAL PALEY-WIENER THEOREM 2651

We regard the Lie algebra u of U as the subspace of g€ given by u = £@ip, where
g = € P p is the Cartan decomposition of g, p being the orthogonal complement of
t = Lie(K) in g with respect to the Killing form.

Let a be maximal abelian in p, let A = expa C G, and A’ = expia C U.
Let ¥ = X(g,a) be the set of restricted roots, and W = W(g, a) the associated
Weyl group. Fix a Weyl chamber in a, and let ¥ be the corresponding system of
positive restricted roots. We denote by (,) the inner products on a,a* induced by
the Killing form, and by | - | the corresponding norm. We define the inner product
on p’ =ip so that |[iX| = |X|, VX € p, and induce the corresponding Riemannian
structure on U/K.

Let Aspp, be the set of highest restricted spherical weights, given by

Aspr = {p € a* <Mo:| o) €Z", fora e X}

For each u € Agpp, let §,, be an irreducible spherical representation of U with highest
restricted weight 1, acting in a space H,, with inner product (,). Let ¢, be the
associated spherical function on U given by v, (u) = (§,(uv " vk, vk) (u € U),
where v € H,, is a unit vector fixed under ¢,,(K).

The space C*°(U),qq of smooth K-biinvariant functions on U may be identified
with the space of smooth radial (i.e., K-invariant) functions on U/K. Define the
spherical transform of f € C>°(U )md by

(2'1) / f '(/}u _1 du (M € Asph)a
where du is the normalized Haar measure on U. Then one has the inversion formula
(2.2) F=> duf(uy,

HEAsph

where d,, = dim H,,. Let Ry be the injectivity radius of U/K. (If U/K is irreducible,
then it follows from [9], Thm. 11.2, p. 334, that Ry = w/|d|, where § is the
highest restricted root.) For 0 < R < Ry, let C%(U)rqq be the space of functions
f € C°°(U)yqq that are supported in the (closed) K-invariant ball of radius R in
U, namely the set

Bg(e) ={kiaks : ki,ks € K, a=exp(iH), H €a, |H| <R}

Let af be the set of complex-valued linear functions on a, and let p = % Zaez+ maQ,
where m,, is the multiplicity of the restricted root a. The Paley-Wiener theorem
states that a function f is in CF(U)yqq if and only if its spherical Fourier trans-
form f , originally defined on Ag,, extends to a holomorphic function f on ag of
exponential type R (cf. [10], p. 15) satisfying

(2.3) fsOA+p)—p)=F(N), VseW, VAeak

More precisely, letting PWgr(ag)w be the space of holomorphic functions of expo-
nential type R on af satisfying (23], we have

Theorem 2.1 (Spherical Paley-Wiener theorem) Let 0 < R < Ry. For each
f € C¥(U)raa the spherical tmnsform f extends to a holomorphic function f €
PWg(af)w such that the map f — f is a bijection of C¥(U)raa onto PWgr(af)w
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2652 ROBERTO CAMPORESI

As mentioned in the Introduction, this theorem has not yet been proved for gen-
eral symmetric spaces U/K, but only in some particular cases (rank-one, complex,
split-rank). In section 4 we shall give a proof for U/K = SU(p+ ¢)/S(U, x Uy).

3. SPHERICAL FUNCTIONS ON COMPLEX GRASSMANN MANIFOLDS

Let U = SU(p+q), let K = S(U, xU,), and let U/K be the associated complex
Grassmann manifold. As in [I3], we fix ¢ > p > 2 and let k = ¢ —p > 0. The
noncompact dual space is G/K, where G = SU(p, q), with Lie algebra g = su(p, q).
We fix the Cartan decomposition g = £ @ p and the maximal abelian subspace a
of p as in [II]. We identify the Lie algebra u = su(p + q) of U with the subspace
u=~Et@ip of g* and let A =expa C G, A’ =expia C U.

Since Tk G/K = p, we can identify a and its dual a* with RP as follows. For
a suitable definition of the linear functionals §; (1 < j < p) on a, we have the
following standard choice of positive restricted roots:

St={p;,18, 1<j<p), LB:=£p) 1<i<j<p)}

with multiplicities mg;, = 1, mg, /o = 2k, and m(g,+5,)/2 = 2 (see, e.g., [L1]). Given
the longer roots fi,...,0, in T, let Xi,..., X, be the elements of a such that
Bi(X;) = 0;;. We then identify a and a* with R? by identifying {3;} and {X;}
with the canonical basis of RP. We normalize the inner product on a,a* (induced
by a multiple of the Killing form) so that

(Bi ) = (X5, Xj) =035 (1 <4,5 <p).

Let | - | be the corresponding norm on a,a*, and let the inner product on p’ = ip
be such that [iX| = |X| (X € p). This corresponds to the normalization of the
Riemannian metric on U/K in which the injectivity radius Ry is just m (the highest
restricted root being § = 1, so that |§| = 1).

The positive Weyl chamber of a ~ RP corresponding to the given choice of
positive roots is

Ct={X=(21,...,2p): @1 >T2> >z, >0}
The Weyl group W = W (g, a) is given by [11]
W={s: s(z1,...,2p) = (E1%6(1), .- -, EpTo(p)), €j = £, 0 € Sp},
i.e., W is the semidirect product of the permutation group S, acting by z; — x,;),

and the group {£1}?, acting by z; — €;z;. Note that |[IW| = p!2P.
As is well known, the set A,y is given by

P
Asph = {/L = erﬂ-j, Ty € ZJr; V1 SJ Sp},

j=1
where the fundamental spherical weights 71, ..., 7, are given by

P S .
mi=11.  00,...,00=6+-+5 (1<j<p).
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THE SPHERICAL PALEY-WIENER THEOREM 2653

We can then write any pu € Agpp in the equivalent forms

P
,u:erwj:(r1+~-~+7“p,7"2—|—-~-—|—rp,...7rp,l—i—rp,rp)
1

P
= (ma1,ma,...,mp) = ijﬁj,
1

where the numbers m; € Z* satisfy m; > mg > -+ > m,, > 0.

Let p, po be the half sums of the positive restricted roots for, respectively, U/K,
and the symmetric space which is the product of p copies of the complex projective
space P?¢*+2(C). This is a reducible symmetric space with positive roots By, %ﬂj
and multiplicities mg, = 1, mg, ;2 = 2k (1 < j < p). We easily get

poz(%a"w%% p:p0+(p_1vp_277170)

In order to write the Berezin and Karpelevic formula, consider the spherical
functions on P2**2(C) in the normalization in which the diameter is 7. These are
normalized Jacobi polynomials of indices (k,0):

pr0)
ﬂ =F(—n,n+k+1,k+1,sin? §),

ivH) =P, =
¢n(expizH) ) (COS ) Pflk’o)(l) 5

where n € Z*, x is the Riemannian distance from the point exp(ixzH )z to the
origin xg, and F(a,b,c, z) is the usual hypergeometric function. (See [I0], Thm.
4.5, p. 543. Here H € a; is the element such that S(H) = 1, where § is the
longer root in X7, the subscript 1 denoting rank one.) The functions Pn(cos x) are
eigenfunctions of the radial Laplacian on P?**2(C) with eigenvalue —c(n), where

(3.1) c(n) =n(n+k+1) = (n+ 52L)> — (k1)

The Berezin and Karpelevic formula gives the spherical functions on U/K,
Yu(expiX), X € CT, in terms of a determinant whose entries are the polynomials
P,,(cosx;), namely

i

det (15” (cos xj))

(3.2) YulexpiX) = ¢ : Lshisp
g w(expiX) ][, ;(c(ni) — c(ny))
where
(3.3) w(expiX) = H(cos x; — Ccos ),
i<j
p—1
¢ = 9p(p—1)/2 Hj!(j + k)P,

j=1

and the indices nq,...,n, satisfy n; > ng > --- > n, > 0 and are related to the

indices m; of p =Y m;B; by n; =m; +p — j. That is,
(3.4) (n1,n2,...,np) =(m1+p—1,ma+p—2,..., mp) = p~+p— po.

The value of the constant c is determined by the requirement that 1, (e) = 1 us-
ing, e.g., [I1], Lemma 4.1. One can also check that for ;1 = 0 one gets ¢y (expiX) =
1, VX €a.
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4. THE SPHERICAL TRANSFORM AND THE PALEY-WIENER THEOREM

We keep the notations of section 3. The spherical transform of f € C®°(U);qq is
defined in (2. In our case the spherical functions are real, so ¢, (u™") =9, (u) =
¥, (u). Using the integral formula for the polar decomposition U = KA'K (see [T,
Prop. 1.19, p. 385) we obtain

f = | (Fo@)IDG@)ad

where c is a fixed constant depending only on the normalization of the Haar mea-
sures, and the density function D(a’) (o’ € A’) is given by

D(expiX) = H (sina(X))™ = 27PP~D 2 (expiX) ﬁ (X €a).

aext

Here w is given by ([B3), and A(z;) = sinz;(sin %)% is the density function for

the space P2#*2(C) corresponding to the j-th coordinate on a.
Let ap be the maximal open domain of a such that the map X — exp(iX) is a
diffeomorphism of ay onto A’ = exp(ia) minus a zero measure set. Then

/ F(a')da' = / F(expiX)dxy ---dx,
’ ao

for all e C(A’), and we can rewrite f(u) as

P
(4.1) f(p):const./(fw ¥,)(expiX) H (x;)| dxy - - - dxp.

ao

The domain ay can be described explicitly as follows. Sinﬁ U=SU{pp+q)is
simply connected and U/K is irreducible, we have ag = WQy, where Qg is the
polyhedron

Qo={Xca: u(X)>0,V1<j<p, §X)<n)}
={X =(z1,....2p) €RP: w>21>20>-->2, >0}

(See [10], p. 191. Here {p;} are the simple restricted roots.) Thus @y is the union
of p!2P copies of Qy, and we have ag ~ (—m, 7)?. Note that if F' is a Weyl invariant
function on ag, then fuo F = plor fQo F. If the function F is invariant under the

subgroup {+1}? of W, then [ F = 2” [, F, where Co =~ (0,7)" is the domain
such that dg = {£1}?Cp, namely Cy = S, Qo.
Substitution of (3.2) in (@II) gives

[ (etns) = clm) fr = const. [ (fw)(expix)

i<j 4o

(4.2) X det( ,(cosx;) )ﬁ A(zj)|dxy - - - dxp.
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The right-hand side of (@2) is a sum over all permutations o € S, of integrals

/u (fw)(expiX)( H ( (cos o)) | Ao j))|) dzy---dz)

P
/ (fw)(expiX) H ( (cosx; \A(xj)|) dxq - - dzp,
aop =

where we have used the fact that w o exp(i-) is skew under S,:
w(expiocX) = (—1)°w(expiX), VoeS, Xe€a
The spherical transform of any f € C°(U);qq is then given by

[Te(n) =) £

(4.3) P

- const./ (f &) expiX) [T (B, (cosz))|A(ay)]) das - d.
ap j:l
Since the integrand is invariant under {+1}?, we can restrict the integration in
(Z3) to the domain Cy ~ (0, 7)P.

We now recall some results of Koornwinder [12]. Let f be a smooth even function
on [—m, 7], and define its Fourier-Jacobi transform with respect to P, (cosf) by

(4.4) / f(O)Pu(cos®)AB)d  (necZt).

The polynomials P, (cos @) admit the integral representation given in [12], formula
(5.7), with («, 8) = (k,0), where we take k > 0 for now. (Note the misprint in the
inner integral in dy, which should be from 0 to ¢ rather than from 0 to ¢. Compare
with formula (11) of [5].) Using (5.7) of [12] in (£4)) we get (cf. [12], formula (5.10))
A k+1/2 i 1/2

(5)  fo) = Z5EE | eos (- B5e) (W20 Wuf) (o)

Vf € C([—7, 7|)even, where the operator W7 (o =1/2,1) is defined for all v > 0
by

(4.6) (W7 F)(p) = T(w)~" / 7 H0)(cos o — cos o) Td(cos o) (0 < < ).

This is a fractional integral of Riemann-Liouville type (see, e.g., [I4]). It is anal-
ogous to the operator in (3.10) of [12], with the hyperbolic functions replaced by
trigonometric ones, and with the boundary point at infinity in the upper limit of
integration replaced by m. Note that lim,_.» W7 f(¢) =0,V f € C([—m,7]), Vv > 0.

If f is supported in [-R, R] with 0 < R < 7, i.e., f € CF([-7, 7])even, then we
can define W7 (0 =1/2,1) for v <0 by

(47) M€ﬁWﬂ=NV+M“/w%;wﬂ®®%aw—wwm”””ﬂwwm,

where n € Z* is such that v +n > 0, and 97 = (9/dz)". This amounts
to integrating by parts n times in (LO). In particular, we get W f = f and
W f(@) = 0o s f (®). As in the noncompact case one has the semigroup prop-
erty

(48) ;o W ’f Wg+u’f’ VV, Vlv Vf € C%O([iﬁaﬂ—])even-
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It follows that W7 is a bijection of C% ([, 7])even onto itself, with inverse given
by We, (cf. [12], remark 8). For general functions f € C°([—7, 7])even one defines
wWef for v < 0 by the same procedure, and one gets n boundary terms in the right-
hand side of ([#1). The semigroup property (8] then holds for all v,/ except
when v/ = —j (j € Z1); see [14], p. 14.

Note that ([4E) also holds for £k = 0 (with VVl/2 Id). Indeed for k& = 0 the
polynomials P, (cos ) reduce to the Legendre polynomials P, (cosf). Using the
Dirichlet-Mehler integral representation of P,(cosf) (see [5], formula (9)) in (@),
one gets precisely ([@3) with k = 0.

We now go back to [@3). Using (£4)) and (£5) for each variable z1,...,z, in
the integral over Cy = (0, 7)P, we get for all f € C®°(U);qq

[Tctni) = e(ny)) f(r) = const. W,/ 0o W1, ((fw) o exp(i))(X)

i<j (o,
(4.9) X Hcos n; + 5)z;) dy - - day,
where WY is the tensor product of the one-dimensional operators W7 (x;) (1 < j <
p). It is defined for ¢ =1/2,1 and v > 0 by the formula

W7g(X) =W/ (z1) @---@W](zp) g1, .., wp)

P
/ / 9(y1s-- -, Yp) H(cos ox; —cosay;)’ td(cos ay;),
j=1
where 0 < z; < 7 and g is a smooth function on @y ~ [—7,7]P invariant under
{£1}?,ie., g € C([—7,7]P) +13». Again if g is supported in the ball
Br(0) ={X €ea~RP: |X|<R},

with 0 < R < 7, we can define WY for v < 0 by

W7g(X) = u+n/ / H

P
X H (cosox; — cosoy;)" T d(cos oy;),

where v +n > 0. Then the semigroup property holds, and W¢ is a bijection of
Cy([—m,mP ){il}p onto itself, with inverse W7, for all 0 < R < 7.
Let C : a* — R be the polynomial function defined by

p
C) =]](A7=22), where A=Y \;3 €a”.

i<j j=1

Then [[;_;(c(n;) — c(ny)) = C(u + p), since (u+ p); = n;j + Bt (cf. BI) and
B4)). The function C(\) is skew under S, and invariant under {£1}?.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



THE SPHERICAL PALEY-WIENER THEOREM 2657

For any function g on ag define the function g on a by

- | g9(X), for X € ag,
g(X)—{ 0, for X ¢ ay.

We can then rewrite formula (£3]) as follows: for all u € Agpp,

(410)  Clu+ p)f () = const. F ((W}/? o Wi (@) 0 expli)las) ) (1 + ),

where we have used the invariance of the integrand under {£1}? to replace the
multidimensional cosine transform by the usual Fourier transform F on a ~ RP.
Formula (ZI0) holds for any f € C°°(U),qq4. Note that the function which is acted
upon by F in (fI0) is skew under S, and invariant under {£1}”. We can now
prove the Paley-Wiener theorem (Theorem 2.1).

Let f € C¥(U)raa, with 0 < R < 7. Then f|as is supported in the ball
Bpr(e) N A’, and the function (fw) o exp(i-)|a is supported in Br(0) C ap. Since
W,lg/2 ° W%/z is a bijection of C'%(@g)+1}» onto itself, the function

(W2 o Wha(f ) o expliv)ag

is in CF(a){+1y». By the “easy” part of the Paley-Wiener theorem in RP, the
function on the right-hand side of ([{I0) extends to a holomorphic function on
at ~ CP of exponential type R in u + p, hence in p, which is invariant under
{£1}? and skew under S, (these properties being preserved by F). Let us denote
this function by F, so that the right-hand side of [@I0) is F(u + p). Clearly F())
vanishes at the hyperplanes A\; = £, and it is divisible by C'(A). Then the function
f(p) itself extends to a holomorphic function f on af such that CAfA—p) =
F(X), YA € a. Since C'(A) is a polynomial, the function f is of exponential type
R (see, e.g., [3], Lemma 3.3). Finally, since the functions C'(\) and F'()\) are both
skew under S, and invariant under {+1}?, the function A — f (A —p) must be Weyl
invariant, or equivalently, (2-3]) holds.

We have proved that the map f — f maps CH(U)raq into PWgr(af)w. This
map is clearly injective (by the inversion formula (Z2])). There remains to prove
the surjectivity.

Let h € PWg(ak)w, with 0 < R < 7, and define the function f on U by

f= 3 duh(p) vy

BEAspR

~

It is easy to see that f is smooth and K-biinvariant, i.e., f € C°°(U);qq, and
moreover f(p) = h(u), Vi € Agpp (cf. [3], Lemma 3.10). To prove that supp f C
Br(e) we reason as follows. The function A\ — h(A — p) is W-invariant. Since C is
a polynomial, the function A\ — C(A\)h(\ — p) is holomorphic of exponential type
R, and it is skew under S, and invariant under {£1}”. By the “difficult” part
of the Paley-Wiener theorem in RP, there exists a function g1 € C%(a){+1}» such
that Fg1 = C(-)h(- — p). Since W,lc/2 o Wi/z is a bijection of C'F (ag){+13» onto
itself, there exists a function go € CF (a){+1y» (skew under S, like g;) such that

<W,1€/2 o W}/2 gg\%) = g1. Define a skew function g3 on A’ by

(4.11) ga(expiX) = Y (X +7) (X e€a)

YEaK
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where ax = {y € a: expiy € K}. Since U is simply connected, by [9], Thm.
8.5, p. 322, we have ag = ay = sa., where a, = {y € a: expiy = e} is the
unit lattice, and ay is the lattice in a spanned by the vectors 274, /|a|? (a € 2),
where A, € a is determined as usual by (X, A,) = a(X), VX € a. In our case one
easily computes ay, = {27 ) n;0;, n; € Z} = 2rZP. Since a. = 4nZP C 277", g3
is a well-defined function on A’ ~ ia/ia,. Moreover, gs defines a function on the
“maximal torus” A’-xy ~ ia/iag of U/K (x¢ the origin of U/K). Since g3 oexp(i-)
is skew under S, and invariant under {£1}” and under translations in the lattice
ax, the function g3 must be divisible by the function w in A’. This can be proved
as in [10], p. 504.
We then define a W-invariant function g on A’ by g3 = gw, or more precisely

(4.12)

(ge)(expiX) = const. 30 (W5 0 W2 (FH(COMC =) bs) (X +7),

YEaK

where the constant is the same as in the right-hand side of ([AI0). In ({II) and
(@.12) only one term in the »__ is nonzero for each X € a, the function g» in the
sum being supported in Bgr(0). Clearly g is supported in Br(e) N A’, and we can
define g € CF(U)raa by g(kr1a'ks) = g(a’) (k1,ke € K, o’ € A’). The spherical
transform of g is easily computed to be §(u) = h(u) = f(u), using the fact that
C(p+p)#0,Vu € Agpp,. Thus in fact g = f.
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