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A CLASS OF NEVANLINNA FUNCTIONS
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ABSTRACT. The class of Nevanlinna functions consists of functions which are
holomorphic off the real axis, which are symmetric with respect to the real
axis, and whose imaginary part is nonnegative in the upper halfplane. The
Kac subclass of Nevanlinna functions is defined by an integrability condition
on the imaginary part. In this note a further subclass of these Kac func-
tions is introduced. It involves an integrability condition on the modulus of
the Nevanlinna functions (instead of the imaginary part). The characteristic
properties of this class are investigated. The definition of the new class is mo-
tivated by the fact that the Titchmarsh-Weyl coefficients of various classes of
Sturm-Liouville problems (under mild conditions on the coefficients) actually
belong to this class.

1. INTRODUCTION

The class N of Nevanlinna functions is the collection of functions Q(z) which are

holomorphic on C\ R, have the symmetry property Q(z) = Q(z), and for which

the kernel
QR QM) . Lec\R z#a
Z— W
is nonnegative. The general Nevanlinna functions Q(z) € N coincide with the
Titchmarsh-Weyl coefficients of 2 x 2 trace-normed canonical systems of differential
equations on the half-line [0, 00); see [I]-[4], and also [I3]. The Kac class N is the

collection of all Nevanlinna functions @(z) for which

(1.1) /100 Im Qliy) C’z(iy)

The subclass Ny of N consists of all Nevanlinna functions Q(z) for which

sup yIm Q(iy) < oo.
y>0

dy < 0.

For more on these classes, see [I1], [I2], [7, Section 1]. It has been shown recently
(see [8l Theorem 3.1], [9 Theorem 4.1]) that under mild conditions all but one
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of the Titchmarsh-Weyl coefficients of a Sturm-Liouville operator —DpD + ¢ on
the half-line [0, c0) in the limit-point case belong to the Kac class N;. This state-
ment remains valid for a class of Sturm-Liouville problems where the eigenvalue
parameter appears rationally in the leading coefficient; cf. [I0, Theorem 5.1].

In fact, the arguments in [8], [9], [I0] show that the corresponding Titchmarsh-
Weyl coefficients have additional properties. To describe these properties, the class
M, is introduced, which consists of all functions Q(z) € N for which there exists a
number ¢ € R such that - '

Q) =cl ,

1 Y
This class parallels the class My of all Q(z) € N for which there exists a number
¢ € R such that

sup y|Q(iy) — ¢f < oc.

y>1
In this note the characteristic properties of functions in the classes My and My are
investigated.

2. NEVANLINNA FUNCTIONS

Recall that Q(z) € N if and only if Q(z) has the integral represention

(2.1) Q(z)=ﬁz+a+/R(i—#

where 8 > 0, o € R, and o(¢) is a nondecreasing function on R for which

(2.2) /R:i"f)l < 00

cf. [Bl p. 20], [12]. The fractional linear transformation
z2—T

2. L.(z) = ) R ,
(2 ()= 2L, TERU{oo)

leaves the class N invariant, i.e. for each Q(z) € N

A function Q(z) € N belongs to N; if and only if Q(z) has the integral represen-
tation

)do(t), 2 € C\R,

(2.4) Q) =+ [ 70

where v € R and o(t) is a nondecreasing function on R for which
d
o(t) <0,
R [ +1
in which case v = limy,_,o Q(iy); see [12, Theorem S1.3.1]. Note that in this case
the integral representation (2.I]) reduces to the form (2.4]) with

t

Moreover, Q(z) € Ny if and only if Q(z) has the integral representation (2.4) and
the function o(t) satisfies

(2.7) /Rda(t) < 00;

, 2€ C\R,

(2.5)
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see [7, Proposition 1.3]. The fractional linear transformation ([233]) leaves the class
N; invariant, with one exception: if Q(z) € Ni and lim, ., Q(iy) = v, then
Q-(z) € Ny for all 7 € RU {oo} with 1 +7v # 0, but for 7 = —1/v (7 = co when
~v =0), it follows that Q,(z) € N \ Ny; see [7, Proposition 1.5].

3. NEW SUBCLASSES OF NEVANLINNA FUNCTIONS

Let Ml denote the class of Nevanlinna functions Q(z) € N satisfying
(3.1) / % dy < 0o
1

for some ¢ € C. Due to the symmetry condition Q(z) = Q(Z), this is equivalent to
the condition

—1 N =
[ d
ooyl
The class of all functions Q(z) € N for which (B holds with ¢ € R will be denoted

by Ml.

Theorem 3.1. Let Q(z) € M, with the integral representation @I). Then:
(i) p=0;

(i) the number ¢ in BI) is uniquely determined and it satisfies Imc > 0;
(ill) of limy oo Q(iy) exists, then it is equal to c;
(iv) Q(z) € My if and only if (Z3) holds;
(v) if Q(2) € My, then Q(z) € Ny, lim,_., Q(iy) exists and equals v in (2Z4).
Proof. (i) Since Q(z) € N, it follows from
5= lim Qiy) _ . Qiy) —c

(see [, (1.7)]) and (BJ]) that 5 = 0.
(ii) Assume that (BJ]) holds with ¢; and ¢o. Then

ler — e2] <1Q(iy) — 1 — (Qiy) — c2)| < [Q(iy) — ea] + |Q(iy) — 2

shows that -
c1—c
/ 7| ! 2| dy < o0,
1 Y
which implies ¢; = co. Since Q(z) is a Nevanlinna function, it follows from

Im Q(iy) > 0 for y > 0 that
—Ime <Im (Q(iy) — ¢) < |Qiy) — ¢,
and (3] implies Imc > 0.

The proof of (iii) is similar to the proof of (ii).
(iv) If Q(z) € My, then ¢ € R, and

Im Q(iy) = Im (Q(iy) — ¢) < |Q(iy) — ¢|

implies that Q(z) € Ny, so that ([Z3) holds. Conversely, if ([Z3) holds, then it
follows from (i) and (21I) that Q(z) has the form (24 and that

4
—a— [ = do(t)eR
v=« /11&752 1 o(t) €
(see ([20)), so that lim,_ Q(iy) = v € R. Hence, by (iii), ¢ € R and Q(z) € M;.
(v) This follows from (iv) and [12, Theorem S1.3.1]. O
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2888 SEPPO HASSI, MANFRED MOLLER, AND HENK DE SNOO

As to (iii) in Theorem B it seems to be unknown if there is a function Q(z) €
M, for which Q(iy) does not have a limit as y — oco. Observe that (v) in Theorem
B implies that M; C Nj. The following example shows that this inclusion is
strict.

Example 3.2. Let the function o(¢) be defined by

0 for t < 2,

t) = t
o(t) / ds for t > 2.
2 (logs)?

/OO LI
o t(logt)? o

Then

IA

Hence, the function

Q(z)z/Rd"“), €T\ [2,00),

t—=z

is well defined (i.e. the integral is absolutely convergent), and Q(z) € Ny. Further-
more, lim, o, Q(iy) = 0. Now assume that Q(z) € M;. Then, by (iii) and (v) of
Theorem [B.1] it follows that
[,
1

Y

However, observe that for y > 1,
o t
R, ) = ——dt
Q) = || Gy
e t 2
>4 dt = ,
- /z (t* 4 y?) (log(t* + ?))? log(y? + 4)

and thus

% j % 2 ) 1
1 Yy 1 ylog(y? +4) 1 y*+4log(y? +4)

Therefore
o .
i
[F19ly,
1 Y
a contradiction. Hence, Q(z) ¢ M;. As a consequence, the inclusion M; C Ny is
strict.

The introduction of the classes Ml and M is motivated by the fact that, un-
der mild conditions on their coefficients, the Titchmarsh-Weyl functions of various
classes of Sturm-Liouville problems (depending rationally on the eigenvalue param-

eter) in the limit-point case belong to the class M, (with ¢ = 0); see [9] proof of
Theorem 4.1] and [10, proof of Theorem 5.1].

Let Mo denote the class of Nevanlinna functions Q(z) € N for which

(3.2) sup y|Q(iy) — ¢ < oo
y>0
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for some ¢ € C. It is clear that My C M; with the same numbers ¢ in (31) and
B2), and that B2) is equivalent to

sup |y| |Q(iy) —¢| < oo.
y<0
Finally, let My be the class of functions Q(z) € N for which ([B:2) holds with ¢ € R.

Theorem 3.3. Let Q(z) € M, with the integral representation (21). Then:
(i) 8=0;

the number ¢ in [B2) is uniquely determined, and it satisfies Imc > 0;

Proof. (i) and (ii) follow from Theorem Bl since My C M.
(iii) The statement follows immediately from the definition (B:2), which implies

that
lim |Q(iy) — ¢| = 0.
Yy—00
(iv) and (v) can be shown as in the proof of Theorem Bl O

Corollary 3.4. The following identity holds:
My = Ny.

Proof. The inclusion My C Ny is clear from the definitions. Now let Q(z) € Ny.
Then (Z4) and (Z7) imply that for all y > 0

. Y
szy—v=/ ‘dUt’
Qi) 1= [ - dott
Y
< | ——=do(t) < / do(t) < oc.
/]R V12 +y? R
Hence Q(z) € My, proving the inclusion Ny C M. O

Example 3.5. For ¢ € C, Im ¢ > 0, define the function Q(z) by

c if Imz >0,
¢ if Imz <0.

Q(z) =
Then clearly Q(z) € N and, in fact, Q(z) € My. However, Q(z) ¢ Ny.
If Qo(z) is a Nevanlinna function and ¢ € C with Im ¢ > 0, then also
c+ Qo(z) ifImz >0,
Qe =TeE
€+ Qo(z) ifImz<0

is a Nevanlinna function. Clearly, if ¢ € R, then Q(z) € N implies Qo(z) =
Q(z) — ¢ € N. However, the situation is different for ¢ ¢ R, as the following
example shows.

Example 3.6. Let « = 3 = 0 and do(t) = (1 — cost)dt in 2I). Then the
integrability condition ([22) is satisfied and the Nevanlinna function Q(z) in (21
is given by

1 t
= _— 1-— S == ; .
Q(2) /R<t—z t2+1)( cost)dt, z=xz+1iy, y>0
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In order to calculate this absolutely convergent integral, observe that

Q(2) :/R((t 7tx;2m+y2 - t2il) (1 —cost)dt

1
+1 ————— (1 —cost)dt, z=uz+1y, > 0.
y/R(t_x)ngyg( ) Y,y

In ([B3) replace cost by et and apply the calculus of residues. One obtains

(3.3)

Q(z) =me Ysinx +mi(l —e Ycosz), z=x+1iy, y>0,

and, in particular,
QUiy) = mi(l — %), y>0.
Hence Q(iy) — mi = —mie” ¥, which shows that Q(z) € M, with ¢ = i, and
limy o Q(iy) = ¢ € R. Furthermore this shows that Q(z) — ¢ ¢ N.
4. CHARACTERIZATIONS OF M;

Recall that if Q(z) € My, i.e. (BI) holds with ¢ € R, then Q(z) has the integral
representation (2:4), where o(t) is a nondecreasing function which satisfies ([2.0))
and where v = c¢. It has been shown that the class M, is a proper subclass of Nj.
A precise characterization of M; is now given.

Proposition 4.1. Q(z) belongs to M if and only if Q(z) belongs to Ny, and the
measure do in the integral representation [24) satisfies

<1
/ ‘/ ‘dy<oo
ﬂ+y

Proof. The statement is an immediate consequence of (ILI]) and

@lin) 1 < | [ =z doto) + ImQin) < 2Q(in) 1.
since M; C N; by Theorem B.11 O

Theorem 4.2. Let Q(z) € M have the integral representation (24). Then

1 2 +1
(4.1) lim log +

L 7( ) +1da(t)

exists and is finite.

Proof. Proposition [£.]] implies that

"1 t
lim = -
= )iy </R t2 +y? dU(t)) w

exists and is finite. Since

It]
/ /t2+y t)dy < oo,

the above integral can be rewritten by Fubini’s theorem as

/:i(/Rﬁda(t))dy:/Rt(/:mdy) do(t).
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/’“;d _1/’“(1_ [y _ L P
@ YTy T ) YT e e

proves the statement about the limit in (4.1]). O

Then

Observe that if o(t) is a nondecreasing function on R such that
log(t* + 1
(4.2) !/Eg—ijdd0<w,
R t]
then the integrability condition (ZH) is satisfied.

Theorem 4.3. Let Q(z) € N have the integral representation (24]) with v € R,
and assume that the integrability condition (&2) holds. Then Q(z) € M;.

Proof. An obvious modification of the argument in the proof of Theorem [£.2] shows

that
1 t
/1 E(A‘—teryz‘da(t)) dy < oo

is equivalent to ([£2]). An application of Proposition [£1] gives that Q(z) € M;. O

The conditions ([@1]) and ([@2)) are clearly integrability conditions at +0o0. There-
fore, if do is supported on a half-line (—oo, b] or [a,00), one only has to verify the
conditions ([@1l) and ([@2]) when the integration takes place over [0, 00) or (—o0, 0],
respectively; in this case the conditions (@) and ([{2]) are equivalent.

Corollary 4.4. Let Q(z) € N and assume that the domain of holomorphy of Q(z)
contains C\ (—oo,a] or C\ [a,00) for some a € R. Then Q(z) € My if and only if
Q(z) has the integral representation (2.4), where v € R and o satisfies (£2).

If there is some yo > 0 such that Re Q(iy) — v does not change sign for y > yo,
all steps in the proof of Theorem can be reversed.

Corollary 4.5. Let Q(z) € Ny and let yo > 0 be such that Re Q(iy) — v does not
change sign for y > yo. Then Q(z) € My if and only if

t?+1

1
li =1
im 7 log

T™—00 R

exists and is finite.

5. FRACTIONAL LINEAR TRANSFORMATIONS

Proposition 5.1. Assume that Q(z) € My, i.e., assume that Q(z) € N satisfies
BI) with c € R and lim,_,o Q(iy) = ¢. Then for all T € RU {oo} with 1+ 7c # 0,
one has

Q-(z) eM; and lim Q,(iy) = L-(c).
y—00
Moreover, for the exceptional value of T = —1/c¢ (T = 0o when ¢ =0),

Q.,-(Z) g Ml.
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Proof. Consider for 7 € R and 1 + 7¢ # 0 the identity
. . 1+ 72
(51) QT(Zy) - LT(C) = (Q(Zy) - C) (1 +7’C)(1 + TQ(Zy))

and observe that

1+72 142 .
(5.2) (1+71e)(1+7Q(>iy)) (1 +7c)? +o(1), .

It follows from (&) and (2] that
1 .
[ 2]@rti) - L] dy < .
RY

so that Q(z) € M. When properly interpreted, this result extends to the case
7 =00 and ¢ # 0. Finally, for the exceptional value of 7 it follows that

ylggo Q- (iy) = Lr(c) = oc.

In this case @, (z) cannot have the representation (Z4]), which implies that Q,(z) ¢
N; and hence Q,(z) ¢ M;. O

Remark 5.2. If Q(z) € M; with ¢ € C\R and lim,, .., Q(iy) = ¢, then Q,(z) € M

for all 7 € RU {oo}. A similar statement is valid for functions in the class My.

In Sturm-Liouville problems the functions @, (z) appear as Titchmarsh-Weyl co-
efficients associated with appropriate boundary conditions. The exceptional value
7 = —1/v in Proposition Bl corresponds to the generalized Friedrichs extension;
this extension coincides with the usual Friedrichs extension if the underlying sym-
metric operator is semibounded; cf. [6], [7], [8], [9], [10].
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