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ABSTRACT. Let o be the automorphism of the free group Fo which is aris-
ing from a permutation of the free generators of Fio. The o naturally induces
the automorphism & of the reduced C*-algebra C}(F), and also the auto-
morphism & of the group factor L(Fso). We show that the Brown-Germain
entropy ha(co) is zero. This implies that the Brown-Voiculescu topological en-
tropy ht(&), the Connes-Narnhofer-Thirring dynamical entropy he (&) and the
Connes-Stgrmer entropy H (&) are all zero.

1. INTRODUCTION

Two notions of entropy for automorphisms were extended to non-commutative
framework in the theory of operator algebras from the ergodic theory.

The dynamical entropy H (o) was introduced by Connes and Stgrmer in [6] as
an extended version of the Kolmogorov and Sinai invariant for an automorphism «
of a finite von Neumann algebra M. The value depends on a given normal faithful
tracial state 7 of M which is preserved by the automorphism a.

Replacing the trace 7 to an a-invariant state ¢, Connes-Narnhofer-Thirring de-
fined in [7] the entropy hy(a) for an automorphism « of a unital C*-algebra A as
an extension of H(«). They proved that if M is the von Neumann algebra gen-
erated by the image of A under the GNS representation of ¢, and if & and ¢ are
the canonical extensions of a and ¢, then hy(a) = hz(a). Moreover if ¢ is a tracial
state, then hg(a) = H(a).

The topological entropy ht(«) is defined for an automorphism « of unital C*-
algebras which have the approximation property. The definition is based on the
approximation property. It was invented by Voiculescu [15] for nuclear C*-algebras,
and extended by Brown [2] to exact C*-algebras.

These two kinds of “entropy” always satisfy that hy (o) < ht(a) by Dykema [8].

Discrete groups are one of the most basic objects producing many very interesting
examples of operator algebras, that is, the reduced C*-algebra C*(G) and the von
Neumann algebra L(G), which are generated by the left regular representation of
a discrete group G. A discrete group G is called exact if C}(G) is exact ([10]), and
it was shown by Ozawa [I1I] that G is exact if and only if G admits an amenable
action on a compact space (see [I] for the notion of amenability). Based on this
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fact, Brown-Germain [4] defined the entropy ha(«) for an automorphism « of an
exact discrete group.

Let o be an automorphism of a discrete group G. Then « induces the automor-
phism & of C?(G), and & is also extended to the automorphism & of the group von
Neumann algebra L(G).

In this paper we restrict our attention to free groups. Let F,, be the free group
with free generators indexed by the integers Z, and assume that o is the automor-
phism of F,, which corresponds to the shift n - n+1 (n € Z).

As the first typical example of entropy about a highly non-commutative dynam-
ical system, Stgrmer showed in [12] that H(G) = 0 for the free shift & on the type
IT; factor L(F). Later he also proved in [13] that h4(6) = 0 with respect to the
unique J-invariant state ¢ of Cf(Fx).

We also see the same phenomenon for the topological entropy in [3] and [§], that
is, ht(6) = 0.

The purpose of this paper is to show that ha(c) = 0. This implies all the above
results because ht(&) < ha(a) for all automorphisms « of a group by [4].

The key point of our proof is that the automorphism does not change the length
of all reduced words.

2. PRELIMINARIES

In this section, we summarize notations, terminologies and basic facts on the
entropy ha(a) in [4] for an automorphism « of an exact discrete group G.

2.1. Amenable action. Let G be a discrete group and let a“ be the canonical
action of G on [*°(G). That is, a“ : G — Aut(I°°(G)) is a homomorphism given
by

(a?(x))(h) =x(g7th), forall z€l®(G), g,h€G.

Let I1(G,1°°(@G)) be the closure of the linear space of finitely supported functions
T : G — I°°(G) with respect to the norm

7] =11 1Tl |l (-
g

The action a“ is said to be amenable if there exist functions T}, € I*(G,1™(G))
such that T, is non-negative (i.e. T,g > 0, for all ¢ € G), finitely supported,
29 Thg = Li~ () and |[s.T, — Ty|[1 — 0 for all s € G, where

(s.T)g = af(Ts_lg).

2.2. Entropy ha(a). Assume that the action a® is amenable. Let a be an auto-

morphism of G. By [4, Proposition 2.6], the definition of ha(«) is as follows:
Given a finite subset w C G, and 0 > 0, let

ra(w,d) = inf{| supp(T) | : ||s.T —T||1 <6, for all s € w},

where infimum is taken over all finitely supported non-negative functions T : G —
1°°(G) which satisfy that 5 Tg = 1. Here | supp(T) | denotes the cardinality of
the support of T'. Let

log(ra(w U a(w) U---a" Y (w),d))

ha(a,w, §) = limsup
n—00 n
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and

ha(o,w) = sup ha(a,w, d).
5>0

Then
ha(a) = sup ha(a,w).

If wy Cwy C --- are finite sets with the property that G = (U, U ez @" (i), then
ha(a) = sup; ha(o,w;) by [@, Proposition 5.4].

3. RESULTS

Let I be a set, and let F; be the free group with generators which is indexed by
the set I. Let {s; ; ¢ € I'} be a set of free generators of Fy, and let S = {s;, sfl ;1€
I}. Each element 2 € Fy has a unique expression as a finite product = z125 - - - 2%,
with ; € S (i = 1,2,--- ,k) and x;_ll # x; for all i < k — 1. The expression is
called the reduced word in the letters S, and the number k is called the length
of the reduced word z, which is denoted by | = | . We denote by e the empty
word with the length 0, which is the identity of Fj. For a subset J C I, we let
Sy ={si,s;'; i€ J}. We denote by W,,(J) the set of the reduced words = in the
letters S; with | # |= n. For a reduced word x = x5 - -+ (the length does not need
to be finite), we let x}; jj = 23241 -+ x5, where 1 <@ < j.

3.1. Example. Let J C I be a finite subset, and let r be a positive integer. We
define the map Ty, : F; — I°°(F7) as follows:
We fix a reduced word with infinite length w = wyws - - - , which satisfies that

w; €Sy and w; ¢ {wy,wa,--- ,w;—1} (mod 2| J|), for all .
Case 1. Assume that z € F7 is either the empty word e or the first letter of z is
not contained in Sy, i.e., 2 = 2129 - - - zq with z; ¢ S;. Then we let
Y(J,r52) ={wp, 2095 W2, 205 -5 Wi, 201}
and we let
rl ifyeY(J,r;2),
0, otherwise.

TJ,ry(Z) = {

Case 2. Assume that a reduced word z € Fj satisfies that z = g2/, where g is a
reduced word in Sy and 2’ is a reduced word such as in Case 1. Welet g = g192 - - - gq
(gi€S). From the ordered set {g1, gp1,2, - » 95 JW[, 2r] W2, 24]5 - - - }» We choose
the set Y (J,7 ; 2) of the first r different reduced words. That means,
2-1) If r < d, then
Y(J,’f' 72) = {gla g2 g[l,r]}'

2-2) If d < r, then

Y(J,T’ ;Z) = {gl, g2, "y 9 gWN, 2r]y W2, 2¢]5 s GW[r—d, 2r]}-
We let
rl ifyeY(J,r;2),
0, otherwise.

TJ,ry(Z) = {
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3.2. Amenability of a7. The following shows that the a7 is an amenable action
of Fr on I (Fy).

Lemma. Let J C I be a finite subset. Let x € Fy, and let r be a positive integer
with |z| < r. Then the map T, is non-negative,

> Toey = lie(ry,
yeFT
@[J|-1)" -1
T, | =g 22 =) T2
|Supp( J7)| “]| ‘J|—1

and 2|
X
” TJ,’!‘ - x-TJ,'r' ||1§ .

Proof. It is obvious that 7'y, is non-negative and Zye I Tyry=1.
Since | W, (J) |[=2 | J | (2| J | —1)""" for all n €N and since

Supp(TJ,r) = U Wn(‘])a
n=1

we have that
2|J|-)r-1

| J -1

To prove that || Ty, — Ty, ||1< @, we show that Y (J,r;2) NzY (J,r;2712)
contains at least (r — |z|) reduced words for all z € F.

Let m = |z|, and let * = x1 - - - 2y, where x; € S for all 4.

Case 1) Assume that z € Fy is such a reduced word as in Case 1 in Example 3.1.
Since m < r, we have

| supp(Ts,r) =] T |

m

Y(J,?“ ;x_lz) = {x_l T ax_lv x_lw[l,Qr]a ] x_lw[rfm, QT]}

and
{wpy, 20y w2, 2005 <5 Wiem, 2} S Y (J,152) N Y (J,rx12).
Case 2) Assume that z = g2/, where g = g1g2---ga (9;: € Sy), and 2’ is such a
reduced word as in Case 1 in Example 3.1.
2-1) Assume that r <| 27 1g|.
2-1-1) If 1 # ¢1, then

Y(‘LT ;x_lz) = {xy_nlﬂ e 7'1:_17 m_lgh T x_lg[L ’I‘fm]}

and
{91, 921 -5 9p, remy} S Y (J,752) N Y (J,r 2 12).
2-1-2) If there exists an ¢ with z = gi for all k (1 < k < 4) and x;41 # git1
(z;41 may be the identity), then

Y(J,r o) ={at x[_z}rl m],xflg[l) 1]y s xilg[l) r—m—2i] }-
2-1-2-1) If r < d, then
{90417, "+ 5 911, min(r, r—mt2i)} C Y (Lry2) NaY (Jryztz).
2-1-2-2) If d < r, then
{90,417 5 9[1, rema2i} CY(Lri2) NaY (Jra'z).
2-2) Assume that | z71g |< 7.
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2—2—1) If I 7é g1, then

Y(J,?" ;x_lz) = {x;lla T 7x_17 m_lglv T ax_lga
$719“}[1, 2r]y " axilgw[r—m—d, 27“]}
and
{917 g[1,2]7 g, g’w[l7 27“]7' o 7.9‘/LU[1"—'rn—d7 27‘]} g Y(J,’I",Z) me(J,’I";x_lZ).

2-2-2) If there exists an i with xp = g for all k(1 < k < i) and ;11 # ¢it1
(z;41 may be the identity), then

Y(J,T' ;xilz) = {x;nla ) x[;}kl, m]’ xilg[l, i+1]s T xilga

xflgw[l, 2]y 7$719w[r—m—d+2i, 2] }-
2-2-2-1) If r < d, then
{g[l, i+1]y " g[l, ’r‘]} c Y(Ja r; Z) N xY(J,r;x_lz).
2-2-2-2) If d < r, then
{90, 4135 59 W, 20)5 7 PWmin(r—d, r—m—d42i), 2]}
CY(J,r;2)NaY (Jrszt2).

Thus Y (J,r;2) NaY (J,7; 27 12) always contains at least (r — |z|) reduced words

for all z € F7.
Denote the symmetric difference of two sets Y7 and Y5 by Y7 7 Ya. Since

{y € Fr:Typay(x™'2) = Tyy(z) # 0} CaY(J,ra'2) v Y(J,r;2),
we have by the definition of T,
STy y(a™ 2) = Typy(2) |

yeFT

|2Y (J,r 527 t2) v Y (J,r 5 2)|
- r

2|z|
< 2

,
Hence
_ _ 2|z
| Ty = 2.T50 lhi= sup 37 | Trp(z) — Topaty(e2) < 22

z€FT yEFT r

O

3.3. Entropy of automorphisms by permutations. The following theorem
gives as the special case that the free shift automorphism of the free group Fi
has zero entropy.

Theorem. Let o € Aut(Fy) be the automorphism arising from a permutation o of
the index set I. Then ha(o) = 0.

Proof. Given a finite subset J C I and a positive integer m, we let
w(J,m) = U Wi (J).
i=0

Then ;- ; Unpe_ow(J,m) = Fy.
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Hence it is sufficient to show, for all finite subsets J C I and m € N, that
ha(o,w(J,m),d) =0 for any 6 > 0.
Let S(J,n) = U~y o*(J). Then
n—1
U o' (w(J,m)) C w(S(J,n),m).
i=0
Given § > 0, we choose r € N with 2m < dr.
Then by the Lemma, T5 (), satisfies that

2 2
] < Tm <0, forall ze€w(S(J,n),m).

| Ts(gn)r — 2 Ts00m) 0 1< - <

Since | (J,n) |[<n | J |, it follows again by the Lemma that

n—1
} on | J| 1) —1
T‘CL(U o' (w(J,m)),0) <| supp(Ts(sny,r) |<n|J | ( 7‘1 | L | _)1
i=0

Hence

ha(O',W(J, m),(s) < hmsupl log( n | J | (27’L | J | —].) —1

=0.

O

3.4. Applications to entropy in the operator algebras. As applications of
the above theorem to the theory of operator algebras, we have the following:

Corollary. Let o € Aut(Fy) be the automorphism arising from a permutation o of
the index set I. Then

ha(o) = ht(6) = hty(6) = hy(6) = H(6) = 0,
where ¢ is a & invariant state of C}(FT).

Proof. Let a be an automorphism of an exact discrete group G. It always holds
that ha(a) > ht(&) by 4, Proposition 3.3]. If 3 is an automorphism of an exact
C*-algebra, then ht(3) > he(8) by [8, Proposition 9], and also for the modified
dynamical entropy ht,(8) of ht(3), we have that ht,(8) < ht(8) by [5] (cf. [9]).

O

Furthermore, if ¢ is a tracial state, then hg(8) = H(B) by [7].

The author thanks the referee for kind comments and advice in writing the proof
of Lemma 3.2 in detail.
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