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ABSTRACT. We prove that algebraic commutants of maximal subdiagonal al-
gebras and of analytic operator algebras determined by flows in a o-finite von
Neumann algebra are self-adjoint.

1. INTRODUCTION

Let H be a complex Hilbert space and let B(H) be the algebra of all bounded
linear operators on H. For a subset F of B(H), we denote by E’ the algebraic
commutant, that is,

E' ={XeB(H): AX =XA, VA€ F}.

If T € B(H), we call {T'}’ the algebraic commutant of 7. The well-known theorem
of Fuglede states that if NV is normal and X commutes with N, so does X*. That
is, the algebraic commutant { N} of N is self-adjoint. Note that { N}’ is the same
as the commutant of the algebra generated by N and I, which is non-self-adjoint in
general. Thus it may be asked which subalgebras have a self-adjoint commutant.
For example, if all elements in a subalgebra are normal or the algebra itself is self-
adjoint, then its algebraic commutant is self-adjoint. In general, this problem is
not particularly interesting. However special cases of this problem are interesting.
F. Gilfeather and D.R. Larson in [6] showed that the algebraic commutant of a
nest subalgebra of a von Neumann algebra is self-adjoint. We note that a nest
subalgebra of a von Neumann algebra is a kind of analytic operator algebra. Thus
it is interesting to consider this problem for general analytic operator algebras.

In [2], W. Arveson introduced the notion of subdiagonal algebras to give a uni-
fied theory of non-self-adjoint operator algebras, including the algebra of bounded
analytic matrix-valued (or more generally, operator-valued) functions and nest sub-
algebras of von Neumann algebras.
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Let M be a o-finite von Neumann algebra acting on H. We denote by M,
the space of all o-weakly continuous linear functionals of M. For a von Neumann
subalgebra © of M, let ® be a faithful normal conditional expectation from M
onto ®. A subalgebra 2 of M, containing @, is called a subdiagonal algebra of M
with respect to ® if

(i) ANA* =D,

(i) @ is multiplicative on 2, and

(iii) A + A* is o-weakly dense in M.

The algebra ® is called the diagonal of 2. Although subdiagonal algebras are not
assumed to be o-weakly closed in [2], the o-weak closure of a subdiagonal algebra
is again a subdiagonal algebra of M with respect to ® (Remark 2.1.2 in [2]). Thus
we assume that our subdiagonal algebras are always o-weakly closed.

We say that 2l is a maximal subdiagonal algebra in M with respect to ® in case
that 2l is not properly contained in any other subalgebra of M which is subdiagonal
with respect to . Put Ao = {X € A: &(X) =0} and 2A,,, = {X e M : P(AXB) =
®(BXA) =0, VA e, Be€Ay}. By Theorem 2.2.1 in [2], we recall that 2, is
a maximal subdiagonal algebra of M with respect to ® containing 2. If there is
a faithful normal finite trace 7 on M such that 70 ® = 7, we say that 2 is finite
subdiagonal.

On the other hand, let & = {@; }1er be a flow of R on M, i.e. {a;}icr is a one-
parameter group of x-automorphisms of M such that, for each X € M, t — az(X)
is o-weakly continuous. Write H*®(a) = {X € M : spo(X) C [0,00)}, where sp,(+)
is an Arveson spectrum (Section 3). Then H*(«) is a o-weakly closed subalgebra
of M satisfying that H*(«) + (H*(«))* is o-weakly dense in M. The structure of
H® («) was studied by several authors (cf. [3, 1314, 16]). It is known that if there
is a faithful normal conditional expectation from M onto H* (a) N (H*°(«))*, then
H*®°(«) is a maximal subdiagonal algebra of M. Moreover, if A is a nest subalgebra
of M, then there is an inner flow o = {ay}ser, that is, « is implemented by a
continuous unitary group {U; : t € R} C M, such that A = H>®(«) (cf. Theorem
4.2.3 in [14]).

In this note we prove that algebraic commutants of maximal subdiagonal algebras
and of analytic operator algebras are self-adjoint.

2. THE COMMUTANT OF A MAXIMAL SUBDIAGONAL ALGEBRA

We consider the algebraic commutant of a maximal subdiagonal algebra 2 with
respect to ®. The following result was proved in [9]. For completeness, we give the
proof here also.

Lemma 1. Let 2 be a finite subdiagonal algebra with respect to ® of M. Then
A =M.

Proof. Tt is trivial that 21" O M’. Now let X € ' and T € M. Then for any
€ > 0, we have that T*T + €l is a positive invertible operator in M. Note that 2
is maximal subdiagonal (cf. [5]). By Theorem 4.2.1 in [2], there is an invertible
operator A in %A so that T*T + eI = A*A. Then

XH(T'T + €)X = X*A*AX = A*X* XA < | X||PA*A = | X||2(T*T + €I).

It follows that X*T*TX < || X|*T*T by letting ¢ — 0. In particular, X*EX <
| X ||2E for every positive projection E in M. It follows that (I - E)X*EX(I-E) <
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0, which implies that EX(I—F) = 0. Thus EX = X E for every projection E € M,
which implies that X € M’. The proof is complete. O

We next recall Haagerup’s reduction theory [7]. Since M is o-finite, there exists
a faithful normal state ¢ of M such that ¢ o ® = ¢. Let 0¥ = {0 }1er be the
modular automorphism group of M associated with ¢. We know that 2 is {0} }1er
invariant from Theorem 2.4 in [10]. Let G be the discrete subgroup J,,~; 27"Z of
R. We consider the crossed product M x,» G with respect to 0. Then we have
that M X, G is a von Neumann algebra on ¢?(G,H) generated by the operators
m(X), X € M, and A(s), s € G, defined by the equations

(T(X)E)(t) = 0Z,(X)E(t), €€ P(GH), teG,

and
A()E)(t) =&t —s), £€l(GH), teg.
Note that 7 is a normal faithful representation of M on ¢2(G,H). Let ¢ be the
dual weight of p on M x5+ G. Then ¢ is again a faithful normal state on M x,¢ G.
Haagerup’s reduction theorem asserts that there is an increasing sequence {R, }n>1
of von Neumann subalgebras of M Xx,. G with the following properties:
(i) each R, is finite;
(ii) U,>1 Rn is o-weakly dense in M X,¢ G;
(iii) for each n > 1 there is a faithful normal conditional expectation &, from
M Xz G onto R, such that po &, =@, E,0&1 =&, n>1, and
lim o0&, — v =0 forall y € (M x50 G)..
We refer the readers to [7] and [17] for more details.

We now can extend ® to a normal faithful conditional expectation ® from
M X0 G onto ® X, G, which is naturally identified as a von Neumann subalgebra
of M %, G.

Let 2 be the o-weakly closed subalgebra generated by {m(X) : X € A} and
{\(s) : s € G}. Since A is 0¥ |;cr invariant by Theorem 2.4 in [10], 2 is the o-weak
closure of the set of all linear combinations of A(s)7(X), s € G, X € A. The
following lemma was proved in [I7].

Lemma 2. 2 is a mazimal subdiagonal algebra with respect to d.
Let A, = R, N2A = &,(A). We have the following lemma (Lemma 2 in [17]).

Lemma 3. 21, is a finite subdiagonal algebra in R, with respect to <i>|7gn and
Ups1 n is o-weakly dense in 2.

‘We now have the main theorem in this section.

Theorem 1. Let M be a o-finite von Neumann algebra and let 2 be a mazimal
subdiagonal algebra with respect to ® of M. Then the commutant ' of A is self-
adjoint, that is, A' = M’.

Proof. We first claim that 2 = (M xge G)’. In fact, let X € 2. Then X € 2,
for all n € N. By Lemmas 1 and 3, we have X* € 2/ . Note that for every Y € 2,
we have £,(Y) € A, forall n € Nand Y = lim &, (Y) o-weakly from Haagerup’s

theory. Then it follows that X*Y = Y X*, which implies that X* € 2'.
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Now let X € 2. We define an operator X on (2(G,H) by
(X&)(s) = XE(s), s € G, £ €2(GH).
Then we have that X € 2. In fact, for &€ € (2(G,H), t, se Rand Y €,
(Xm(Y)E)(t) = X (r(YV)E)(t) = X2, (Y)E()
= 0%, (V)X¢(t) = 0%, (V) (XE) (1))
= (m(Y)X&)(t)

and

It follows that (X)* € 2, which implies that (X)*7(Y) = n(Y)(X)* for all Y € 2.
Note that (X)* = (X*). Then (X*fr(Y) = n(Y)(X*) for all Y € 2. In particular,
X*Y =Y X*. Thus we have X* € 2. Note that 2 + 2A* is o-weakly dense in M.

It then follows that X € M’. Hence ' = M’. The proof is complete. O

3. THE COMMUTANT OF AN ANALYTIC OPERATOR ALGEBRA

In this section we consider the algebraic commutant of an analytic operator
algebra determined by a flow on M. We need Arveson’s theory of spectral subspaces
and, so we recall the definitions here. Let a@ = {a:}ier be a flow on M, ie. a
o-weakly continuous one parameter group of x-automorphisms of M. For each
element X € M and a function f € L'(R), we define the convolution f * X by

+oo
frX = /f(t)at(X)dt.

For f € LY(R), let Z(f) = {t € R : f(t) = 0}, where f(t) = +fooe_i3tf(s)ds is the

Fourier transform of f. For X € M, we define the Arveson spectrum of X with
respect to the flow a to be the set

2 : fxXx =0}

and denote it by sp,(X). For any subset S of R we define the spectral subspace
M*(S) to be the o-weak closure of the set {X € M : spo(X) C S}. We refer
the readers to [3, [} 13| [14] for the elementary properties of spectra and spectral
subspaces. Put H*(a) = M*([0,00)) and H§® () = M*((0,00)). It is known that
H§® (@) is a two-sided ideal of H*(a). Let © = H> (o) N (H*(«))* be the fixed
point subalgebra of a. We recall that M is said to be R-finite relative to « if there
is a separating family of a-invariant normal states on M. At the opposite extreme,
we say that M is completely non-R-finite relative to « in case there are no invariant
normal states.

Lemma 4. If M is completely non-R-finite relative to o, then H>® () = H® ().
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Proof. Since M is o-finite, without loss of generality by choosing an appropriate
representation for M, we may assume that M has a cyclic and separating vector
in H.

If H*(a) # H§°(e), then there is an element f € M, such that f(A) = 0 for
all A € H§°(«) and f(T) # 0 for some T € H>®(«). Since M has a separating
vector in H, there are vectors x,y € H such that f(A) = (Ax,y) for all A € M by
Proposition 7.4.5 and Corollary 7.3.3 in [I2]. Let 9 = [Az : A € H*>(«)] (resp.
Moy = [Az : A € H§®(e)]) be the closed subspace generated by {Az : A € H*®(«a)}
(resp. {Az : A € H?(«)}) of H. Then both 9 and My are invariant subspaces for
H*(a). We have 9y G M since (Tx,y) # 0 for some T' € H*(a) and (Tz,y) =0
for all T € H®(«). Tt is trivial that H5®(a)M C My since HF®(a) is a two-sided
ideal of H*(«). On the other hand, since M is completely non-R-finite relative to
«, by Corollary 5.7 in [14], 90t is completely normalized in the sense of Definition
5.1 in [14], that is,

M=\ [M([s,00)M] = \/ [M*([s, 00))M].
5<0 5>0
Note that M%([s,00)) C H§°(«) for all s > 0. We then have that [M*([s, 00))M] C
Mo for all s > 0 which implies that 9t C 9. This is a contradiction. Hence
H>(a) = H§°(r). The proof is complete. O

We recall that the crossed product M x4 R determined by M and « is the von
Neumann algebra on the Hilbert space L?(R,H) generated by the operators m(X),
X € M, and A(s), s € R, defined by the equations

(X)) = a-(X)f(t), feL*RH) tER,
and
AN = f(t=s), feL*(RH), teR,

It is clear that 7(a:(X)) = A(t)m(X)A(¢)* for all X € M and ¢t € R. For any
Y € M x4 R, we define 8:(Y) = At)YA(t)*, V&t € R. Then 8 = {B:}ier is an
inner flow on M x, R. We know that H>°() is a nest subalgebra in M x, R by
Theorem 4.2.3 in [I4].

Let A be the o-weakly closed subalgebra of M x, R generated by {m(X): X €
H>(a)} and {A(¢t) : t € R}. Since m(a (X)) = Bi(n(X)) for X e M and t € R, A
is a subalgebra of H* (). It is noted that A + A* is o-weakly dense in M x4 R
since H*(a)) + H*®(a)* is o-weakly dense in M by Theorem 3.15 in [14].

Lemma 5. H°(8) C A.

Proof. We know that HZ°(/3) is the o-weak closure of the set {X € M x, R :
spp(X) is compact in (0,+00)} by Lemma 2.8 in [I6]. Let X € M x, R be such
that sps(X) is compact in (0,+00). Choose f € L'(R) with compactly supported
Fourier transform such that support suppf of f is in (0, 00) and such that f :;X =X.

Note that since A + A* is o-weakly dense in M %, R, there are nets {4;}, {B;}
in A such that im(A4; + B}) = X o-weakly. It follows that lim(f * A+ f i Bf) =

fEX = X. However, we have f;B;f = 0 since spg(f;;Bf) C suppfN spp(BF) = 0.
Note that A is {§; }:er invariant, it follows that f ;g A; € A and then X € A. The

proof is complete. (I
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The next result might be known, but we were unable to find a reference for it.
Lemma 6. If M is R-finite relative to «, then M X, R is R-finite relative to (3.

Proof. By considering a covariant representation of the pair (M, «) in the sense
of Definition 2.5 and Proposition 2.6 in [14], we may assume that o = {oy }ter is
implemented by a continuous unitary representation ¢ — U; of R on H, that is,
o (X) = U XU for all € M. Then by Definition 13.2.6 in [12], the crossed
product M x, R is a von Neumann algebra on L?(R,H) (= H ® L%(R)) generated
by {A®I :a € M} and {U; ® l; : t € R}, where [; is the shift operator on
L?(R) defined by (I;f)(s) = f(s —1t), t,s € R, f € L*(R). It is known that 3 is
implemented by {U; ® l; }1er-

Since L?(R) is separable, there is an orthonormal basis {e, : n = 1,2,---} of

L2(R). If we define p(T) = 3 5 (Tepn, e,), VI € B(L?(R)), then y is a faithful

normal state of B(L?(R)). Let ¢ be a faithful normal state of M such that poa; = ¢
for all ¢t € R. It follows from Proposition 11.2.7 in [12] that ©®y is a normal state
on M®@B(L?*(R)) D M x, R. We claim that ¢®@pu is faithful. In fact, we way
identify M®@B(L?*(R)) with{(A;;) € B(H ® L*(R)) : A;; € M} by Remark 11.2.3

n [12]. For any (4;;) € M®RB(L*(R)), we define ¢¥((A;;)) = 3 3=¢(Ann). Then

n=1
1 is a faithful normal state on M®B(L*(R)). Since for any A € M and T €
B(L*(R)), A® T identifies with (¢;;A), where t;; = (Tej, e;) for all i,j = 1,2,---,
eROWART) = o(A)u(T) = ((ti;A)). It follows that p®u = ¢ and then p®u is
faithful.

We note that if A € M, then pRu(Bs(A® I)) = p@u(A ® I) for all s € R.
On the other hand, §;(Us ® ls) = Us ® ls; then o@u(8:(Us ® I5)) = p@u(Us ® ly),
s,t € R. We now have that ¢®yu is a faithful normal state on M %, R such that
eRuofBs = eRu for all s € R. It follows that M x,, R is R-finite relative to 3. The
proof is complete. ([

Lemma 7. H*(8) = A.

Proof. We first assume that M is R-finite relative to {a;}teg. Then there is a
faithful normal expectation ® from M onto D. Now there is a faithful normal
expectation ¥ from M X, R onto A such that ¥(7(A4)) = 7(P(A)) for all A € M
by Lemma 6, where N is the fixed point algebra of 3. We have that N is generated
by {m(A) : A€ D} and {\(t): t € R}. In fact, take any D € N. There is a net

A; = 30 mw(XI)A(tE) such that lim A; = D o-weakly, where Xi € M and ¢ € R.
j=1 :
We then have

D =¥(D) =lim¥(4;) =lim Y ¥(m(X})A(t)

i J J
Jj=1

= lim D m(@(XD)AE).
j=1
It now follows that N' = H>(8) N H*(8)* = AN A*. We know that H{°(3) C A
by Lemma 5. Thus H>(3) = N + H§°(3) C A and therefore H*(3) = A.
For the general case, there is a projection F in the center of © such that EME is
R-finite, while (I —E)M(I—F) is completely non-R-finite relative to o from Remark
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3.4 in [I4]. We note that in this case 7(E) (M x4R)m(E) is R-finite by Lemma 6, and
(I—m(E)(Mx,R)(I—n(E)) is completely non-R-finite relative to 5. By considering
« restricted on EME, we have m(E)H*>(8)n(F) C n(E)An(FE) C A by Lemma
6 again. On the other hand, if we consider a on (I — E)M(I — E), then we have
(I=m(E)H>(B)(I-7(E)) = (I-7(E))Hs"(8)(I —m(E)) C Hg® (). In particular,
I—7(F) € H§(B) and then (I —w(E))H>®(B)+ H*(8)(I —n(F)) C Hy(B) C A.
Thus we have H*(3) C A, and the proof is complete. O

Theorem 2. The commutant of H®(c) is self-adjoint, that is, (H®(c)) = M.

Proof. Let 8 = {f;}:er be as above. We recall that H>(/3) is a nest subalgebra of
M x4 R. Then the commutant of H*°(f) is self-adjoint by Theorem 2.5 in [6]. Let
X € (H*™(a))'. Define an operator X on L?(R,H) by

(XE)(t) = XE(t), V€€ L*(R,H).

Then it is trivial that X is bounded. We claim that X € (H>(53))". By Lemma 7,
it is sufficient to show that X € A’. For any Y € H*®(a) we have

(Xm(V)E) () = Xa_o(Y)E(t) = a—e(Y)XE(D)
= a_(Y)(XE)(t) = (n(Y)XE)(1).
Then X7(Y) = n(Y)X. On the other hand, for any s € R,
(XA($)E)(1) = (Xt - 9)
= A(5)(XE)(1) = (A(5)X)(8)-

It follows that A(s)X = XA(s) for any s € R. We thus have X € (H>(3))’. By
Theorem 2.5 in [6], (X)* € (H*°(8))’. In particular, (X)* commutes with (Y’ for
any Y € H*®(a). Note that (X)* = (X*). Given u in H, let f be a continuous
function in L?(R) such that f(0) =1 and let £(t) = f(t)u. Then & € L2(R,H) and

)
(XJr(Y)E) (1) = X oy (Y)E(H) = XFa (V) f(H)u
= (V)X () = a (V)X f(t)u.

When ¢ = 0, we have X*Yu = Y X*u for all u € H. Hence X* € (H*(«)) and
(H*®(a))’ = M. The proof is complete. O

Remark 1. We know that if A is either a subdiagonal algebra or an analytic operator
algebra of M, then we have that A + A* is o-weakly dense in M. However, if we
assume that a subalgebra only satisfies this condition, it may not follow that the
algebraic commutant is self-adjoint. For example, from Corollary 1.4 in [}, we
know that there is a subalgebra A of B(H) such that A + A* is o-weakly dense in
B(H) and such that A is similar to a proper von Neumann subalgebra of B(H). It
easily follows that the algebraic commutant of A is not self-adjoint.

Remark 2. We considered two classes of non-self-adjoint operator algebras, subdiag-
onal algebras and analytic operator algebras determined by flows in von Neumann
algebras. If H is finite dimensional, we know that these two classes of operator
algebras are nest subalgebras of von Neumann algebras (cf. Theorem 2.1 in [I1]).
However, if H is infinite dimensional, these two classes are different. The analytic
operator algebra H>(«) determined by a flow « is a maximal subdiagonal algebra
if and only if the flow « is R-finite. There are subdiagonal algebras which are not
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analytic operator algebras determined by any flows. We refer the readers to see
some examples given in [§].
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