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ABSTRACT. In this note, we use generalized Tchebychev polynomials to define
a trace function which satisfies certain conditions. Such a trace will be called
the Markov trace. In particular, we obtain formulae for the weights of the
Markov trace. As a corollary, we get a combinatorial identity. This generalizes
Jones’s 1983 result on Temperley—Lieb algebras.

1. INTRODUCTION

The Temperley-Lieb algebras were first introduced in [§] in order to study the
single bond transfer matrices for the Ising model. Later, they were independently
found by Jones in [5] when he characterized the algebras arising from the tower
construction of split semisimple algebras in the study of subfactors. In that case,
the weights of a trace function defined on a Temperley—Lieb algebra play the key
role. Such a trace is called the Markov trace.

In [6], Xi and the author introduced a class of finite-dimensional algebras called
cyclotomic Temperley—Lieb algebras of type G(m,1,n). When m = 1, it turns out
to be the usual Temperley—Lieb algebra. Using generalized Tchebychev polynomials
in [6], Xi, Yu and the author gave a criterion for the semisimplicity of a cyclotomic
Temperley—Lieb algebra in [7]. When m = 1, such a result can be found in [2]. See
also [9].

Recall that a trace function is a central function, hence a linear combination
of the irreducible characters, and the weights are the coefficients of the irreducible
characters in such an expression. In [5], Jones shows that the weights of the Markov
trace on the Temperley—Lieb algebra can be expressed via Tchebychev polynomials.
It is natural to ask whether we can use our generalized Tchebychev polynomials
to determine the Markov trace on the cyclotomic Temperley-Lieb algebra. In this
note, we will answer this question. We hope that such a trace will be useful in the
future.

We organize this note as follows. In section 2, we collect some of results on
cyclotomic Temperley—Lieb algebras in [6] and [7]. We also state Theorem [2.9]
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the main result of this note. We study the decompositions of induced modules in
section 3. This will give the relationship between certain primitive idempotents.
Via such relations, we can give a simple proof of Corollary 2.11], the existence part
of the Theorem 2.9

2. PRELIMINARIES AND THE MAIN THEOREM

In this section, we recall the notion of a cyclotomic Temperley—Lieb algebra in
[6] and state the main result in Theorem

Definition 2.1 ([6]). Suppose R is a field containing elements g, d1, -+ ,dpm—1.

The cyclotomic Temperley—Lieb algebra T'L,;, ,(d0,- -+ ,0m—1) is an associative alge-
bra over R generated by ej,es, -+ ,e,_1 and tq,ts, -+ ,t, subject to the following
conditions:

(1) eeje; =€, if j=i+1,

) €i€; = €€, ifj?éiil,

)t =1,if 1 <i<n,

) tth:t]tz,lf].SZ,_]S’ﬂ,,

) eitfei:(Skei,ifOSkSm—land1§i§n—1,
) titiyie; = eititipr = €5, if 1 <i<n—1,

) eitj:tjei, lf]#l,l+1

Later on, we use T'L,, ,, instead of T'L,, (0o, ,0m—1). When m =1, TL,, ,
is the usual Temperley—Lieb algebra in [§].

2.2. Suppose x1,x3,- - , &, are indeterminates over R. Let A, = (a;;) be the
n-by-n matrix with a;; = x;, a;; = 1 for |[i — j| = 1 and a;; = 0 in the remaining
case. Following [0], we call

(2.1) Py (z1,xa, - ,x,) := detA,

the n—th generalized Tchebychev polynomial in indeterminates x1,za, -« , Zy.

2.3. Suppose R contains &, a primitive m-th root of unity. For any 1 <i < m,
define §; € R by a system of linear functions

m
(2.2) §; =Y dpul, for 0<j<m—1.
k=1
2.4. Fix two positive integers m, n. Following [6], write A(m,n) = {(i1, 42, - ,in) |

1<i;<m,1<j<n}.

The following result gives the necessary and sufficient condition for T'L,, ,, to be
semisimple. When m = 1, such a result can be found in [2]. See also [9]. Note that
the proof given in [7] is not valid for m = 1 although Theorem still holds true
in this case.

Theorem 2.5 ([7, 4.7]). Suppose m > 2. Let R be a splitting field of x™ —1. Then
TLy,.n is split semisimple if and only if

(a) char R{m.

(b) 8; #0,1 <i<m.

(c) Suppose2 <1 <mn. Forany (i1,iz,--- i) € A(m,l) withm | (ij4+ij11),1 <

]Sl_la Pl(6i17 [ ’5il)#0'
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2.6. From here on, we assume T'L,,,, is split semisimple. By Theorem 25(b),
there is at least one parameter which is not equal to zero. We will always assume
0o # 0 later on.

2.7. Let Ay = {(k,%) | 0 < k < |n/2],4 € A(m,n —2k)}. Tt is proved in [6]
that the simple T'L,, ,~modules are indexed by A, ,, if T'L,, , is semisimple. In
this case, let p( 5y be the primitive idempotent with respect to the simple module
A(k, 1) defined in [6]. We remark that A(k, %) is a left T'L,, ,—module.

2.8. The cyclotomic Temperley-Lieb algebras are defined via labelled Temperley-
Lieb diagrams in [6]. Furthermore, Xi and the author prove that this definition is
equivalent to Definition 2.1 in [6l, 3.4]. Consequently, T'L,, ,—1 can be considered
as a subalgebra of T'L,, ,, by adding a vertical arc to the right side of each labelled
Temperley-Lieb diagram D in TL,, ,—i. This embedding can be visualized as
follows:

D4>DI

Let X(x,) be the irreducible character with respect to A(k,7). Recall that a
linear function on an R-algebra A is called a trace function if f(zy) = f(yx) for
all x,y € A.

Theorem 2.9. Suppose g # 0 and T'L,, ,, are split semisimple over the field R for
all n. Then there exists a unique R-linear function tr: UZO=1 TLy,n — R satisfying
the conditions (a) to (e) below. We use tr |rr, . to denote the restriction of tr to
TLpp.

m,n

) trlre,,, (w)=trlrp, . (W) if weTLhyn,
) tr(1) =1,
(c) tr(wen) = 65 tr(w), if w € TLpn,
) tr(wtk 1) = 0x0g 'tr(w) if w € TLyy p,
) tr lrr,, ., is non-degenerate for all n.

(e
Proof. By [6l, 3.4, 2.4, 2.2], we have, as a free R—module,

m—1

(23) TLm,n = @ TLm,n—ltgL @TLm,n—len—lTLm,n—L
7=0

This implies that a trace function on T'L,, , satisfying Theorem 29(b)-(d) is
unique. Condition (a) in Theorem 2.9 shows that ¢r is well defined on J; | T' Ly .-
The existence part of the theorem follows from Corollary .11l which will be proved
in section 3. g

Remark 2.10. (a) The trace in Theorem will be called the Markov trace on
UZO:1 T Ly, Consequently, tr |7r,, . is the Markov trace function on T'L,, ,,. By
Corollary [ZTTl we know the weights of Markov trace with respect to all (k,%) €
A,

(b) The trace function studied in Theorem [Z9] and Corollary 2111 is a general-
ization of Jones’s trace function in [5]. Also the Jones’ trace is descent to T'Lq ,, of

Ocneanu’s trace on the type A Hecke algebra. However, it is unclear whether there
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is a similar relationship between the cyclotomic Temperley-Lieb algebras and Ariki-
Koike algebras in [I]. The reason is that we do not know whether the cyclotomic
Temperley-Lieb algebra is a quotient of the Ariki-Koike algebra.

(c) There is another version of type B Temperley-Lieb algebras called blob alge-
bras by mathematical physicists, which has been much studied in [4), §5]. However,
a blob algebra is not the same as our T'Ly ;. One can compare our generators t;
with ¢o in [4] 5.3].

(d) We have that TL,, , are split semisimple for all n if and only if Theo-
rem 2.5(a) holds together with P;(d;,,0;,, -+ ,0;) # 0 for all positive integers [
and (i1,1%2,---,4;) € A(m,1). Also, we have T'L,, j is split semisimple if T'L,, ,, is
semisimple and k < n. This follows directly from Theorem 2.5.

Corollary 2.11. Suppose 6y # 0 and T L, , are split semisimple over the field R
foralln. For any (k,%) € Ay p—ak, let 4 be divided into (31,1, ,01,5,,02,1, * 92,jss
yirj,.) such that
(1> erzljl =n—- Zk;
(2) mlip,g+ipgt1 for L<p<randl<gq<jp,,
(3) m{ipj, +ipp1,1 for 1<p<r.
For any m,n, let Ty, pn : T Ly, — R be the trace function defined by setting

(2.4) T = O 00" [T Piivas G+ 2 8i, )X (ki)

(ky8)EAm,n

) Tm n+1(w) n(UJ), sz S Tme

) Tm n( )

) Tmn+1(w )_50 Tmn( ), ZfMETLm’n

) Tm n+1(wtn+1) = 5k§ Tm, n( ), ifwe Tme.
(5) Tim.n is non-degenerate.

Consequently, Ty n =1tr |7L where tr is the trace function in Theorem 2.9l

m,n’?

Proof. The last assertion follows from the fact that the trace function on T'L,, ,
satisfying conditions (2)—(4) is unique. We will prove the first assertion in section 3.
U

When m = 1, the sequence (1,1,---,1) can be divided into only one part and
a generalized Tchebychev polynomial is the usual Tchebychev polynomial. In this
case, Theorem 2.9 was proved by Jones in [5], §5]. The following result follows from
Corollary ZTT and [6, 5.5], immediately.

Corollary 2.12. Let TL,, , be split semisimple over a field R and let 6y # 0 in
R. Then

—-n n n r - — _
1= Z 50 m" |:<k‘> B (k—1>:| Hle(5i1,1a5il,2"" a(sil,jl)-
(kvi)eA'm,n =1

3. PROOF OF COROLLARY 2111

In this section, we assume 6y # 0 and T'L,y, ,, are split semisimple over a field R
for all n. One can translate the latter assumption into a condition on the parameters
6; explicitly by Theorem 2.5.
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Definition 3.1. Let A, ,, be the subalgebra of T'L,, ,, generated by e1, -, ep—_2,
ti,te, -+ ,tn. Then A,, ,, = TLy, n—1 Qr Gp, where G,, is the group algebra of the
cyclic group (t,). Since T'L,, ,, is split semisimple for any n, so is Ay, ».

3.2. By a general result on the tensor product of two algebras, we see that the
simple A, ,—~modules are of forms A(k, %) ® A(j), where (k,2) € Ay, n—1 and A(7)
is the simple G,,—module on which t, acts as u; = &°.

Lemma 3.3. Suppose (k,%) € Ap,,. Then
(2) Ak, 3) 1= @)% Ak — 1,5 UD) @ A(m — 1) & Ak, i\ {in-2}) @ Alin-ax).
Here A(k,t) | denotes the restriction of the T Ly, ,—module A(k,2) to Ap.n-

A ka LU j ) f J - 'n7 )
0) Alki) © AG) 1= {40 R

Ak, iU @Ak +1,8\in—2r), if J=m—in_ok,
where A(k,1) @ A(j) 1 denotes the induction of the Ay, n11-module Ak, 1) @ A(j)
to TLm’nJrl.

Proof. Tt is not difficult to see that (b) follows from (a) and Frobenius reciprocity.
We can prove (a) by the similar arguments in the proof of [6], 7.1]. We just point
out the difference and leave the details to the reader.

The T'L,, ,—1-submodule of A(k,%) given in the proof of [6, 7.1], which is iso-
morphic to A(k, ¢\ {in—ax}), is isomorphic to A(k, ¢\ {in—2x}) ® Ain_2k) if the sub-
module is considered as an A, ,~module. This can be verified easily by considering
the action of ¢,, on it.

The TL,, ,—1-homomorphism § in the proof of [6, 7.1] is an A,, ,~homomor-
phism if we let ¢,, act the same as t;l on B(D), where {j,n} is the horizontal arc
at the top row of D. The trick is relation (6) in Definition 2.1, which is equivalent
to saying a dot will be replaced by m — 1 dots if it moves from one endpoint of
a horizontal arc to another (see [6 §3] for details). This implies that the short
exact sequence given in [7, (2.3)] is an A,, ,—module short exact sequence and ¢,
acts on A(k — 1,7 U j) as the scalar u,,—;. In other words, there is an A,, ,—
module isomorphism A(k —1,4Uj) 2 A(k—1,iUj) Qg A(m — j). Since A,, ,, is
semisimple, the short exact sequence given in [7, (2.3)] is split. This completes the
proof of (a). O

Lemma 3.4. Let B, n12 be the subalgebra of T' Ly, 4o generated by T'L,, , and
ent1- Let A(l,()) be the simple (en41)—module on which e, 1 acts non—trivially,
where (en11) is the subalgebra generated by e, 1. For any (k,t) € Ap, n, A(k,1)®R
A(1,0) 122 A(k + 1,4), where A(k,4) @ A(1,0) T is the induction of @ By pio-

module A(k,1) @r A(1,0) to TLy, nyo.

Proof. We first point out that By, n42 is split semisimple since T'L,, , is split
semisimple and Jp # 0. By [0, 5.4] and the definition of a cell module in [3],
the induced module A(k,4) ®z A(1,0) 1 contains a simple submodule which is
isomorphic to the T'Ly, n,i2-module A(k + 1,%). Recall that p( ;) and 561(3”“
are primitive idempotents with respect to the simple modules A(k,4) and A(1,0).
Since p(ri)€nt1 = €nt1P(k,i)s 5071p(k)i)en+1 is an idempotent. Noting that A(k, 1)
is irreducible, we have

(3.1) Py T Linnp (ki) = R
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It follows from [7, 3.1] that e 41T Ly nt2€n+1 = €nt1T Ly n. Consequently,
p(k;i)en—i—lTLm,n+2en+1p(k,i) = p(k,i)en+1TLm,7Lp(k,i)
= €ny1P(k,s) T Lim nP(k,5) = R by B.)).

Therefore, A(k,1)® RA(l, 0) 71 is irreducible, which implies the desired isomorphism.
O

By [7), 2.6] and Frobenius reciprocity, we have the following result.

Lemma 3.5. For any (k,i) € Ay, p, there is a T Ly, n+1-module isomorphism

m

A(kﬂ’) Tg @A(kvl U {]}) D A(k + 17 i\{in72k})a

j=1
where A(k,1) T denotes the induction of the T Ly, ,~module A(k,%) to T Ly, pt1-

3.6. Proof of Corollary 2.1l We verify 7., y41(w) = Ty n(w) for all w € TL,, ,,
at first. Without loss of generality, we can assume w is a primitive idempotent, say
Pkay- By Lemma B3, persy = D070 D(k,i(s}) T Plkt1,i\{in_o})- Since m > 1, for
1 < j < m, there is a unique number, say jo, such that m | i,_or + jo. It follows
from (24) that

L Tm,nJrl(p(k,iU{]} - 6 6 HP]l 07,19 zl PR agil‘jl)y .7 7é jOa

¢ Tt (Privien) = 5o_n_1pjr+1(5ir‘1agir,2, 504, 5 04,)

X H PJZ (57;1,1)51';127 te 752‘%” ),

¢ Tt (Pt 1,i\{in_2x}) = 56n71Pj7-71(5i7,1751‘7»,2, 0 0)
X H sz (52'1,1751'1,2’ e ’gil,jl)'
1=1
By the definition of generalized Tchebychev polynomials in (2.1), we have
4 Pn(xla Lo, 7$n) = 1'7LP7L—1($171'2; ce 7]:”—1) - Pn—Z(xla T, 7xn—2)-

Consequently,

Tt 1 (D) = D Tt (Pein(sh)) T Tt (Dot L\ (im0 }))
j=1

= (5077171 Z 5JHle(SiL,175iz‘27"' )

J#jo  1=1

+(5 " 16J0H 1117 ”2,"'751’171'1)

=

il,jl)

=4 " Hle (Sil,l’g’b'lQ? T 752’;,”) by 2.2)
=1

= Tm,n(p(k,i))-
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This shows (1). In particular, 7, (1) = 7p,1(1). Since 1 = 37", pj, where
p; is the primitive idempotent with respect to the simple module A(j), we have
Tmi(1) = 250 Tma(ps) = 5o >0t 0; = 1 by [22). Now, we prove (4). By
Lemma B3|(b),

D(k,30{5}) if mtin_or +7J,
(32) Pk,)Pj = (k807D J[ n
P(k,iU{5}) T P41\ {in_o1}) otherwise.

Using (82), (2-2) and the recurrence formula for generalized Tchebychev polynomi-
als, we have Tm7n+1(p(k,i)tﬁl+1) = 5;5617m’n(p(;€’i)), proving (4). In order to prove
(3), we need to consider three cases as follows.

Case 1: w € TLy,,—1 - Without loss of generality, we can assume w = p 4,
(k,%) € Ay n—1. By Lemma[35] (5071p(k’,-)en = P(k+1,4) for any (k,4) € Ay 1. So,

r

Tm,n+1 (p(k,i)en) = 507'm,n+1(p(k+1,i)) = 606()77171 H le (gim ’ Siz,w e 751';‘“)
=1

= 0o Tt (Pk,i))-

Case 2: w € TLy, ,—1 . We have

Tm7n+1(wtilen) = 50717'myn+1(wtilei) = 561(5[Tm)n+1(wen)
= 60725;7'%71,1(11)) = 50717'myn(wtil).

The second equality follows from the relations (2), (5) and (7) in Definition 2.1. The
third equality follows from the result in Case 1. Finally, the last equality follows
from (4), which has already been proved.

Case 3: w = wie,_1w2, W; € T'Lp, ,,—1 . We have
Trmont1(Wen) = T pt1 (W1€p_1Woey) = 50_17'm7n+1(w16n_1U)2€%)
= 50_17m,n+1(wlenen_1enw2)
= 50_17m7n+1(w1w26n) = 50_27'm7n_1(w1w2) by Case 1.

By induction assumption on n, Ty p(wien_1ws2) = 50717m7n,1(w1w2). Therefore,
Tmont1(Wep) = 60_17m7n(w). By the results in Case 1-Case 3 and (23], we see
that (3) holds true. Finally, we have (5) by Theorem since T'L,, , is split
semisimple. O
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