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ABSTRACT. We give a new estimate on the lower bound for the first positive
eigenvalue of the Laplacian on a closed manifold with positive Ricci curvature
in terms of the lower bound of the Ricci curvature and the largest interior
radius of the nodal domains of eigenfunctions of the eigenvalue.

1. INTRODUCTION

It has been proved by Li-Yau [B] and Zhong-Yang [12] that if M™ is a closed
n-dimensional manifold with nonnegative Ricci curvature, then the first nonzero
eigenvalue A of the manifold has a lower bound

2
T
A> Z
On the other hand, if the Ricci curvature Ric(M™) has a positive lower bound
(n — 1)K for some positive constant K, the Lichnerowicz Theorem states that

(1.1) A>nkK.

The Lichnerowicz-type estimate () is nice and optimal for positive K. But it
gives no information when the Ricci curvature lower bound is zero. Therefore it is
an interesting problem to find a unified lower bound of the first positive eigenvalue
A in terms of the lower bound (n — 1)K of the Ricci curvature and other geometric
quantities for a closed manifold with positive Ricci curvature so that the lower
bound of A does not vanish as the lower bound of the Ricci curvature does. P. Li
conjectured that the lower bound for the first positive eigenvalue A is (n — 1)K +
72/d®. D. Yang [I1] showed that the coefficient before the Ricci lower bound
(n—1)K is 1/4. Along the line of the Li Conjecture, we give a new estimate on the
lower bound of the first positive eigenvalue of a closed Riemannian manifold with
positive lower bound of Ricci curvature in terms of the lower bound of the Ricci
curvature and the largest interior radius of the nodal domains of eigenfunctions of
the eigenvalue. Instead of using Zhong-Yang’s canonical function or the “midrange”
of the normalized eigenfunction of the first positive eigenvalue in the proof, we use
a function ¢ that the author constructed in [§] for the construction of the suitable
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3072 JUN LING

test function and use the structure of the nodal domains of the eigenfunction. We
have the following result.

Theorem 1.1. Let M be a closed n-dimensional Riemannian manifold with Ricci
curvature Ric(M) bounded below by

(1.2) Ric(M) > (n—1)K > 0.
Then the first positive eigenvalue A of the Laplacian A on M has the lower bound

(1.3) T

' —2 4r2’
where r is the largest interior radius of the nodal domains of eigenfunctions of the
etgenvalue.

We derive some preliminary estimates and conditions for test functions in the
next section and construct the needed test function and prove the main result in
the last section.

2. PRELIMINARY ESTIMATES

The classic Lichnerowicz Theorem [6] states that if M is a closed n-dimensional
manifold whose Ricci curvature satisfies (I.2), then the first positive eigenvalue A of
the Laplacian on M has a lower bound in ([IT]). For completeness and consistency,
we use gradient estimate in [3]-[5] and [I0] to derive the Lichnerowicz estimate.

Lemma 2.1 (Lichnerowicz). Under the conditions in Theorem [[T], estimate (L))
holds.

Proof. Let v be a normalized eigenfunction of the first positive eigenvalue A of the
Laplacian A on M such that

(2.1) th\14pv =1 and iJr\14fv =—k
with 0 < k£ < 1. The function v satisfies the following equation:
(2.2) Av=—-Xv in M.
Take an orthonormal frame {ey,...,e,} of M about o € M. At g we have

Ve, (Vo) (o) = Y 20035
=1
and

AV (o) = 2 wijvi +2 > vivij

4,j=1 4,j=1
n n n
= 2 E vijvij + 2 E vivjji + 2 E Rijvi/Uj
4,j=1 4,j=1 5,j=1

= 2 wivi; +2VoV(Av) + 2Ric(Vv, Vo)

ij=1
> 23 v} +2VoV(Av) +2(n — 1)K|Vol?
i=1
2
> E(AU)Q — 2|Vl + 2(n — 1)K| V|2
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THE FIRST EIGENVALUE 3073
Thus at all points z € M,
1 1
(2.3) 5A(|W|2) > EA21}2+ [(n— 1)K — \]|Vo|>.

On the other hand, after multiplying (22) by v and integrating both sides over M,

we have
//\vgdx:—/ vAvdx:/ |Vo|? d.
M M M

Integrating ([2.3]) over M and using the above equality, we get

(2.4) 0> / (nK — )2
M
Therefore (LT holds. O

1
22 dz.

Lemma 2.2. Let v be, as above, the normalized eigenfunction for the first positive
etgenvalue A. Then v satisfies the following:
2
Vol
b2 _ 12 <A

where b > 1 is an arbitrary constant.

(2.5)

Proof. Consider the function

(2.6) P(z) = |Vo|* + Av?,

where A = A(1+¢) for small € > 0. Function P must achieve its maximum at some
point xg € M. We claim that Vu(zg) = 0.

If on the contrary Vou(zg) # 0, then we can rotate the local orthonormal about
o such that

[v1(zo)| = [Vu(zo)| # 0 and vi(xg) =0, i>2.
Since P achieves its maximum at zg, we have
VP(zg) =0 and AP(zg) <0.

That is, at 2y we have

1 n
0= EVzP = Zvjvji + Avvi,
j=1
(2.7) v = —Av and v1; =0, 1>2,

1 n
0o > EAP(]ZQ) = Z (’Ujﬂ/ji + ;054 + Av;v; + Avvii)
i,j=1
= Z (UJZZ + v; (Uii)j + Rji’UjUi + AU?Z + Avvii)
ij*l
= Z v3 + VoV (Av) + Ric(Vo, Vo) + A|Vo|? + AvAv
4,j=1
> vl 4+ VoV(Av) + (n — 1) K|Vo|? + A|Vo|? + AvAv
= (—Av)2 = \|Vv]? 4+ (n — 1)K|Vo|? + A|Vu|? — A Av?
= (A= X+ (n—1)K)|Vo|? + Av?(A - N),
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3074 JUN LING

where we have used (27) and ([I2)). Therefore at xg,
(2.8) 0> (A—N)|Vol> + A(A — \)v?,
that is,
|Vo(zo) 2 + M1 + €)v(zo)? < 0.
Thus Vv(zg) = 0. This contradicts Vu(zg) # 0. So the above claim is true.
Therefore we have Vu(xg) =0,

P(zo) = [Vo(wo)|* + Av(zo)* = Av(z0)* < 4,
and at all z € M
|Vo(z)|? + Av(z)? = P(z) < P(z) < A.
Letting € — 0 in the above inequality, the estimate (2Z3]) follows. O

We want to improve the upper bound in (Z3]) further and proceed in the following
way.
Define a function Z on [—sin~*(k/b),sin~!(1/b)] by
Vol

Z(t) = A
®) xEM,t:gjrlla‘)i(v(a:)/b) b? — v2/

From (2.5 we have

(2.9) Z(t) <1 on [—sin~*(k/b),sin "' (1/b)].
For convenience, in this paper we let
1
(2.10) o= g(n -1)K and §=a/\
By (1) we have
n—1

2.11 0 < .

( ) - 2n

We have the following conditions on the test function Z.
Theorem 2.3. If the function z : [—sin~*(k/b),sin" ' (1/b)] — R satisfies the
following:

(1) z(t) > Z(t), t € [—sin'(k/b),sin"*(1/b)],
(2) there exists some xo € M such that z(ty) = Z(to) at point to=sin""(v(20)/b),
(3) z(to) >0, and
(4) Z/(to) Sil’lto Z O,
then we have

1
(2.12) 0< iz”(to) cos® tg — 2/ (to) costosinty — z(tg) + 1 — 28 cos? to.

2
J(x) = { b|2v—v|v2 - )\z} cos? t,

where t = sin~ ! (v(z)/b). Then
J(x)<0 forzeM and J(xo) =
If Vo(xzg) = 0, then

Proof. Define

0 = J(20) = —Azcos’t.
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THE FIRST EIGENVALUE 3075

This contradicts condition (3) in the theorem. Therefore

Vou(xg) # 0.

The Maximum Principle implies that

(2.13) VJ(zo) =0 and AJ(zp) < 0.
J(x) can be rewritten as

1 2 2

J(x) = b—2|Vv| — Az cos” t.

Thus (ZI3) is equivalent to

2
(214) b72 Zvivij

= Acost[z cost — 2z sint]t;
o Zo

and

2 2
(2.15) 0o > 5 Zv?j + 13 Z vivij; — M2Vt + 2/ At) cos® t
0,J 0,J

+4)\7' costsint|Vt|? — \zAcos? t

Zo

Rotate the frame so that vi(xg) # 0 and v;(xg) = 0 for ¢ > 2. Then ([ZI4]) implies

Ab
(2.16) v = ?(z’ cost — 2zsint) and wvy;| =0 fori> 2.
0 Zo Zo
Now we have
|Vol? = M’zcos’t|
o Zo
Vo|?
A%k _ =\z| ,
‘ ‘ ) b2 — 0?2 ¥ To
A
d = Asint = costAt —sint|Vt]?| |
b o Zo
1 Av
Atl = —(sint|Vt* + =
Zo cost(Sln VH™+ b )
1 A
= ——[Azsint— =v]| , and
cost b lao
2
9 _ v 2 9 2
Acos”t = A (1 - b_2> = —b—2\Vv| - b—Q’UAU
= —2X\zcos’t+ 3)\112
b2 o
Therefore,
2 2 2
2 ~ Vi I p2 i
2
= 7(2’)2 cos’t — 2)\%z7' costsint 4+ 2X22% sin?t| |
xo
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3076 JUN LING

2
) > vivij;
i

_ b% (Vo V(Av) + Ric(Vv, Vo))

o
2 2
> b—Q(Vv V(Av) + (n — 1)K|Vv|?)
= —2X%2zcos?t+ darzcos®t|
o
A |Vt]> + 2/ At) cos® t
L)

= —X\222" cos®t — A\222' costsint

1
+ 5)\22/’() cost

Zo

and

4\2' costsint|Vt|? — AzA cos® t

zo
2
= 4X%22 costsint 4+ 20222 cos® t — 5)\221} sin t
xo
Putting these results into [2I5]) we get

)\2
0 > —A\22"cos®t+ 7(2")2 cos®t + A2z’ cost (zsint + sint)

(2.17) + 20222 — 2)\%2 + dadzcos?t|

Zo

where we used (2I6). Now

(2.18) 2(tg) > 0,
by condition (3) in the theorem. Dividing two sides of [.I7) by 2A%z| , we have
Zo
1 1 int
0o > —gz”(to) cos® ty + §z'(t0) costy (sinto + ZI(HTO())) + z(to)
1

—1+25cos’ty + m(z’(to))2 cos? tg.
Therefore,

1

0o > —52”(t0) cos® tg + 2 (to) costgsinty + z(tg) — 1 + 26 cos® tg
1 1 1

2.19 '(to))? cos® to + =2/ (to) sintg cos to[—— — 1].
(2.19) + T20t) (2'(tg))” cos” tg + 5% (to) sintg cos O[Z(to) ]

Conditions (1), (2) and (4) in the theorem imply that 0 < z(tg) = Z(to) < 1 and

Z'(to)sintg > 0. Thus the last two terms in ([2I9) are nonnegative and (2.I12))

follows. O
3. PROOF OF THE MAIN RESULT

Proof of Theorem [T  Let

(3.1) z(t) =1+ §4(¢),
where ¢ is the function defined by ([33]) in Lemma 3.1l We claim that
(3.2) Z(t) < z(t) on [—sin~!(k/b),sin"!(1/b)].
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Lemma B implies that for ¢ € [—sin™*(k/b),sin~!(1/b)] we have the following:

1
(3.3) —2"cos’t — 2/ costsint — z = —1 + 26 cos> ¢,
(3.4) Z'(t)sint >0,
w2 n—1 w2
. 1-(Z -1 <1 (T —1)5=2(0) <
(3.5) 0< ( 1 ) o = ( 1 )6 =2(0) < z(¢t), and
(3.6) 2(t) < z(%) = 1.
Let P € R! and ty € [—sin™*(k/b),sin"!(1/b)] such that
P= max (Z(t) — 2(t)) = Z(to) — 2(to).

te[— sin—1(k/b),sin=1(1/b)]
Thus
Z({t) < z(t)+ P forte [—sin (k/b),sin ' (1/b)] and Z(to) = z(to) + P.
Suppose that P > 0. Then z + P satisfies the conditions in Theorem 23] ([Z.12))

implies
z(to) + P = Z(to)
1
< 5(2 + P)"(to) cos’ tg — (z + P)(to) costosinty 4+ 1 — 28 cos® tg
1
= 52"(750) cos? tg — 2/ (tg) costosinty 4+ 1 — 28 cos® tg
= Z(to).
This contradicts the assumption P > 0. Thus P < 0 and (32]) holds. That means
Vit
(3.7) VA > Vel

V)

Note that the eigenfunction v of the first nonzero eigenvalue has exactly two
nodal domains DT = {z : v(z) > 0} and D~ = {z : v(z) < 0} and that the nodal
set v1(0) is compact (see [1] and [2]). Take g; on M such that v(g;) = 1 = sup,, v
and g2 € v~1(0) such that distance d(qi,g2) = distance d(q1,v~1(0)). Let L be
the minimum geodesic segment joining ¢; and ¢o. We integrate both sides of (B7)
along L and change variable, and let b — 1. Let r4, r_ be the radius of the largest
interior ball in DT, D~ respectively, that is,

_ : -1
Ty = a?elaDi dist(x,v™"(0))

and
_ : -1
r- = max dist(z,v~7(0)).
Set 7 = max{ry,r_}. Then
(3.8)
3
w/2 2 1
E dt m\3 2
m/Xz/ V4 dl:/ L s (ﬂ/oZ ) 1 z( B ) |
L /(1) o z(t) (Jo'= z(t) dt): ST () dt
Square the two sides. Then
3
ISR
8r2 [ 2(t)dt
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Now
3 3 T
| smar= [T sewa=Fa-o,
0 0 2
by BI2)) in Lemma Bl That is,
72 1 72
> > ~(n— —.
/\74742(175) and )\72(n 1)K+4r2
This completes the proof. ([

We now present a lemma that is used in the proof of Theorem [l
Lemma 3.1. Let

cos®t + 2tsintcost + t2 — 2
(3.9) £(t) = L oo [-2.5].

cos? ¢
Then the function £ satisfies the following:

1
(3.10) 55” cos’t — & costsint — & = 2cos’t in (—%, =),
(3.11) ¢ cost — 2¢sint = 4t cost,

(3.12) /05 () dt = —g,
7'(2

1= =€) <€ <=5 =0 on[-5. T

¢ is increasing on [—g, g] and f’(ig) = 12?77,

€(t) <0 on (-%,o) and € (t) >0 on (0, g ),

D) =2 0) =23~ 1) and €'()>00n -3, 7]
(glf))’ >0 on (0,7/2) and 2(3 - %2) < glit) <3 onl-2.00,
£(5) = %,g’”(t) <0on (3,0 and €"(1)>0 on (0,2).

Proof. For convenience, let ¢(t) = £'(t), i.e.,

(3.13) g(t) = €'(t) = 2(2t cost + t?sint + cos? tsint — ’TTQ sint)

cos3 t

Equation ([B.I0) and the values {(£%) =0, £(0) = 1 — ’TTQ and ¢'(+%) = £ can
be verified directly from ([B3) and ([B.I3). The values of £” at 0 and £7 can be
computed via (310). By @.II), (£(t) cos?t)’ = 4t cos® t. Therefore

£(t)cos?t = fé 4scos? sds, and

s

5 B 3 B Z 1 Z )
. E(t)dt = /0 §(t) dt = 8/0 (cosZ(t)/t 5cos sds) dt
£ ° 1 2 2 .
=-8 ————dt) scos“sds = —8 scosssinsds = —.
0 o cos?(t) 0
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It is easy to see that ¢ and ¢’ satisfy the following equations:

1
(3.14) §q" cost — 2¢’ sint — 2gcost = —4sint
and
cos?t 2costsint 4
(3.15) (¢)" - (¢) —2(¢") = -

2(1 + cos?t) 1+ cos?t 1+ cos?t’

The last equation implies that ¢’ = £” cannot achieve its nonpositive local minimum
at a point in (=%, 7). On the other hand, £”(+7) = 2, by equation B.10), {(+5) =
0 and &'(+7) = £%7. Therefore £’(t) > 0 on [—g 7] and ¢’ is increasing. Since
§'(t) = 0, we have ¢'(t) < 0 on (—35,0) and £'(t) > 0 on (0, ). Similarly, from the
equation

l\?

cos? t ( //)// _ cos t sin t(3+2 cos? t)( //)/ _ 2(5 cos? if-‘,-COS4 t)( //)
2(14+cos? t) (1+cos? t)? q (1+cos? t)? q

(8.16) = - Bt

we get the results in the last line of the lemma.

Set h(t) = £"(t)t — &' (t). Then h(0) = 0 and A'(t) )t > 0 in (0,
Therefore (£ (t)) h(t) > 0in (0,7). Note that 5/(_?5) t) lt=0 = &"(0
23— T) and ET(t)|t=ﬂ/2 = g. This completes the proof of the 1emrna.

l\?l=l
—

()

O
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