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ABSTRACT. The classical Beurling-Nevanlinna upper bound for subharmonic
functions is extended to subsolutions of the stationary Schrédinger equation.

Let u be a subharmonic function in the disk Dr = {|z| < R} in the complex
plane. By the maximum principle, if
(1) limsup u(z) < M,

z—0Dg
then v < M in the whole Dpg, and since a constant function u(z) = M is sub-
harmonic, (1) cannot be improved. However, if some additional information is
available, the latter inequality can be made more precise. Thus, improving on the
preceding results of H. Milloux and E. Schmidt, A. Beurling [2] and R. Nevanlinna
[10] proved that if in addition to (1)
(2) ‘i?f u(z) <m, ¥r € [0, R),
Z|=Tr
then everywhere in Dy
(3) u(z) < do(r)m+ (1 —do(r)) M,
where ) R
—r

0 =— i .

o(r) —aresin ——
Here we follow L. Hérmander [0, p. 194]; Beurling and Nevanlinna actually proved
a more general result, assuming that (2) is known only on a subset of [0, R). For
the relevant references see W. Hayman [5l, p. 289].

Our goal is to extend (3) to weak solutions of the stationary Schrédinger inequal-
ity —L.u = Au — ¢(z)u > 0 in the disk Dg, A being the Laplace operator. We
call these functions subfunctions or c—subfunctions, to be more precise. Solutions
of the equation Au — ¢(z)u = 0 are called c—harmonic functions. One can find the
necessary properties of subfunctions in [8, @] and the references therein.

We always assume that the potential ¢(z) is a nonnegative function in the disk
Dpr and c(z) € L*(Dg_.) for every ¢, 0 < ¢ < R. This assumption is sufficient
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to derive the local properties of subfunctions. However, for our purposes we must
control the behavior of the potential near the boundary. Thus, we assume that c(2)
has an appropriate radial majorant, that is, there exist a function Q(r), 0 <r < R,
and a number € > 0 such that

0 <c(z) < Q(|z]) € L*™ (0, R), Vz € Dp.

The results are stated in terms of special solutions of the following ordinary differ-
ential equations:

@) £+ )~ Q) =0, 0< 7 < R,
and
2
(5) f”(r)—k%f’(r)— (%—FQ(T)) f(r)=0,1=0,1,2,..., 0<r <R.

Under our assumptions each of these equations has a fundamental system of pos-
itive solutions, denote them {Vp, Up} for (4) and {V2j41,Usgi4+1} for (5), such that
U0(0+) = U21+1(0+) = 400, UQ(R_) = U21+1(R_) =0, V21+1 (0+) =0foralll>0
and Vp(07) > 0 (see, e.g., [4, Chap. 11]). The functions Uy, Uz 41 monotonically
decay, while V511 and Vy monotonically increase (the latter may be constant) and
are bounded when r — R, that is, Vo(R™) < 0o and Va41(R™) < co. Now we can
state our result. As always, a* = max{a; 0}.

Theorem 1. Let a potential ¢(z), z € Dg, satisfy our assumptions and let a
c—subfunction u satisfy (1) and (2). Then

(6) u(z) < o(r)ym+ (1 —6(r) M7,

where

sy = Yol A5S (CD)Taiar)
‘/()(R) ™ =0 (2[ + 1)V2[+1(R).
The statement is precise in the sense that Mt in (6) cannot be replaced by M.

Moreover, inequality (3) in general fails for c—subfunctions unless ¢ = 0 almost
everywhere.

Remark 1. The appearance of M in (6) is due to the fact that for the opera-
tors under consideration the maximum principle has a restricted validity—only a
positive maximum cannot be attained inside the domain.

Proof. Since (A—Q)(u—M7T) =(A—c)u+(¢c—Q)(u—M*)+cM™ >0, perhaps
in the sense of distributions, u(z) — M is a nonpositive @—subfunction. By the
Riesz-Herglotz integral representation [7],

ue) =t = [ 6o - [ TS an),

where Sp = 0Dpg, du and do are, respectively, the Riesz measure and the boundary
measure of u, G is Green’s function of the operator

Lo =—-A+Q(z)I

in Dg with the Dirichlet boundary conditions, and dG/0On is its derivative with
respect to the inward normal to Sg. It is known (see, for instance, [9] and the
references therein) that G exists, G(z,() > 0 and IG/9n > 0.
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We follow the argument of [6, pp. 194-196]. However, unlike the case ¢ = 0, we do
not have an explicit integral representation of Green’s function G, so the extension
is not straightforward and we cannot expect in general to derive an explicit formula
for the function o(r).

Project all associated masses of u on the positive real axis along concentric
circumferences. Define a measure du* on [0, R) such that

[ o1 o) = [ ezhucz
for any function ¢ € Cy ([0, R)), denote o* = [ do > 0, and consider a function

o 0G0
) v == [ G -0 g \C_R.

In the proof we need some inequalities between the functions v and v. To establish
them, we estimate changes of Green’s function G when z moves along circumferences
|z| =7, 0 <r < R. To this end, the following definition [I] is helpful.

A function b(r,0) is said to be symmetric on an annulus

A(ry,ra) = {(r,0)| ri <r <ry, 0<60 <2r}
if b(r,0) =b(r,2r — 0), Vr, ri <r <rs.

Lemma 1. If p is real, then G(re??, p) is symmetric on Dg. Next, for 0 < 6 < 7,

and so %G(rew,p) >0 form <6< 2m.

Proof. The symmetry of G follows immediately, since Q(r) is a radial potential.
The formula

- (5) = 55 A0- Q0w

is readily verified for smooth functions b(r,#) on the semi-annulus
AT (ry,m) = {(7‘,9)‘ 0<r<r<r, 0<f< 71'}.
Thus, since G(z, () is Q—harmonic for z # (, the function b defined by

b(r,0) = —-G((r,0). )

is also @—harmonic in the punctured disk Dgr \ {(p,0)}.

Moreover, b(r,0) — 0 as (r,0) — (R,), because Q(r) € L***(0, R) and all
points of Sg are regular for both L. and Lg. Also limb(r,0) = 0 as § — 0 and
¢ — m, v # p, by virtue of the symmetry of G. In addition, limsup,_, , b(z) < 0.

Indeed, the equation —Au + Q(|z|)u(z) = f(z) can be rewritten in a standard
way as an integral equation

(8) ul(z) = /D 92, Q) F(C)dC + /D 95 Ou(Q)dc,

where g is Green’s function of the Laplace operator —A in the disk D with zero
boundary values. Iterating (8), we can derive Green’s function G of the opera-
tor Lo and study its properties; see [9] for details. In particular, the following
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representation holds true:

1

1 1
+a/ In Q(t]) In dt + h(z, p),
pr 17—t It = pl

where a is a constant and h is a function with bounded first partial derivatives,
perhaps in the sense of distributions. Now, since Q € L?>*¢, we easily conclude that

the integral in (9) also has bounded first derivatives.

Thus, b(r,0) < €, € > 0, in some small vicinity of the point (p,0), and also b is

@Q—harmonic outside this vicinity. By the maximum principle, %—C; =b(z2) <0in

the semi-annulus A™. &

Corollary 1. Lemma 1 implies immediately that
(10) G(=lzl.p) = G(z,p) < G(|z], p)-
¢
To handle the second term, dG/dn, in the right-hand side of (7), we note that

since Green’s function vanishes at regular boundary points and is symmetric, then
(10) with p — R implies
P(—|z|, R) < P(z, Re'’) < P(|z], R),
where P(z, Re'?) = 22 G(2,()|¢=pew is the Q—harmonic Poisson kernel for the disk
Dpg. Thus,
u(z) = M* < o(=r), 7 = |2,
for |z| < R, where the function v is given by (7). Moreover,

o(r) = — G(r, p)dp*(p) — o P(r, R)
[0,R)

< - G(z,p)du*(p) — o*P(z, Re") = u(z) — M,
[0,R)

hence
v(r) < inf u(z) - MT <m-M*t 0<r<R.

T z|=r
To find an analog of the function dy in (3), we first solve the following Dirichlet

problem in the slit disk Dy, = Dr\ {0 <r < R}:

Low(z) =0 for z € D,
(11) w(Re?) = 1 if 00,

w(r,0") =w(r,2r7)=0 if 0<r<R.
Separating variables by substituting w(r, 8) = f(r)0(8), we deduce for the angular
component the equation ©”(0)+X0(0) =0, 0 < § < 27, s0 O, (#) = Ay sin(vV/A\0) +
By cos(v/A8). Due to the nonnegativity of the potential @, the spectrum of the

operator Lq is nonnegative, thus A > 0.
An equation for the radial component of w is (cf. (5))

1 A
(12) s - (Gram) =0 o<r<r
It is known (see, e.g., [4, Chap. 11]) that (12) has a fundamental system of positive

solutions, Vi (r) and Uy(r), such that Uy(0T) = oo, Uy (r) monotonically decreases
to zero as 0 < r — R, while V,(0") > 0, and V,(r) does not decrease as 0 < r — R.
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Moreover, if A > 0 or Q(r) is positive on a set of positive measure, then V3 (0%) = 0
and V) (r) monotonically increases as 0 < r — R. Thus, the general solution of (12)
is

() = CAVA(r) + DAUA(T).

In the proof we do not need the general solution of the Dirichlet problem (11),
so we fix Dy = 0 and C = 1, and consider a radial solution fy(r) = Vi(r), leading
to a solution of (11),

wy(r,8) = {AA sin(vV/\0) + By COS(\/X@)} Va(r).

Considering the boundary conditions at the slit, we get By = 0 since V) (r) # 0
for r > 0, and Ay sin(27v/A) + By cos(2mv/A) = 0, implying sin(2mv/A) = 0. Thus,

A=N=5 k=012,

wx(r,0) = wg(r,0) = AxVi(r) sin (ge) ,k=0,1,2,...,

and w(r,0) = S°77 ) ApVi(r) sin (£6). Next, the boundary condition at r = R gives
S k
= A s1 — = 1 2 .
w(R,0) ,;J ka(R)bln(29> ,0<6<2rm

From here,

0 if k is even,
Ay = 4 . .
Wk(R) lfk':2l+1lsodd,

and we have constructed a solution of (11),

4 Vorga(r) ) < 1 >
w(z) = — ———————sin|(({+2)0 ),
) m lz:; (20 + 1)V (R) ( 2)
which we sought.
Since constants are not c—harmonic functions (unless ¢ = 0), to get a solution of
(11) with zero boundary values at Sk, we consider a radial positive —harmonic

function wq(z) = “,/s((;)), 0 <7 = |z] £ R, in the slit disk D, where Vj is a

growing solution of equation (4). It is obvious that wi(R) =1, 0 < 6 < 27, while
w1(0) = Vp(0)/Vo(R) > 0, and 0 < wi(r) <1 for 0 <r < R. By the maximum
principle, w(z) < wi(z) in Dy, so that the function

o0

_ 4 Vairra(r) . 1 Vo(r)
W(z) =w(z) —wi(z) = - ; m sin ((l + 5)6‘) - V(?(R)

is a negative Q—harmonic function in Dy, W(R,6) = 0 for 0 < # < 27, and
W(r,00) =W(r,2r~) = —320 > —1for 0<r <R,

As we have proved, the function v, defined by (7), satisfies v(z) < 0 in Dg, and
v(r)/(M* —m) < -1, 0 <r < R. By the maximum principle,

v(z)

m S W(Z), z e DE,
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hence
u(z) = M* < w(=r) < (MF —m)W(-r)
B . 4 (=)W (r) ~ V()
=M+ ){7T ; (21 + 1)V 1 (R) Vo(R)}
u(z) < 8(rym + (1 - 8(r) M+

where

B (r) 4 Y Varp(r)

30 =W = g - 23 G e >

The latter series converges by the Abel test [3, p. 307], since {“//ELI(T)} is

1+1(R)
monotone in [ for any r, 0 < r < R, [ Chap. 11, Sect. 6, Cor. 6.5].
Now consider a negative subfunction —ws(z). It satisfies (1)-(2) with M =

0, m = —1, and if it were possible to replace M in (6) with M, we would have
“//0((;)) < -1, 0 < r < R, contrary to the definition of Vj.

Moreover, if we could substitute a simpler weight dy (see (3)) in (6) instead of
the general weight 0, we would get from (6) for the same function —ws (z),

. R—r < Vo(’l")
— arcsin ,
s R+r ~ V(R)
an obviously contradictory inequality as » — 07, unless Vj is constant, which holds
only in the classical case ¢ = 0. The proof of Theorem 1 is complete. &

Corollary 2. Under the conditions of Theorem 1,

sup mf u(z) > MT(R) — M™(R) = M(r)
0<r<RIzl= o(r)
T(R) — M(r

Proof. Since u(z) < d(r)ym + (1 —6(r))M™, r = |z|, we have M(r) = M,(r) <
(rym+ (1 —6(r))M™. Thus

r)—(1—=95(r +
m> M(r) (16(;5)( ) M™(R) _ M) —

and the conclusion follows. &

Corollary 3. Let u and v be c—subfunctions in Dr and M(R) = M,(R) < oo.
Then

. MT(R)— M(r)
v(0) < |S|u<pR(u(z) +v(2)) = MT(R) + 0§1£1£R )

Proof. Indeed,

v(0) < ‘S}l<p v(z) < ‘51‘1<p (u+v) — |1‘n_fru < ‘s|u<pR( u(z) +v(z)) — li|n:fru(z),

and it suffices now to apply Corollary 2.
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We consider two examples. First, let Q(r) = qr~2, where ¢ is a positive constant.
In this case, Vo(r) = AgrvV4, Vori1(r) = AjrV (+1/2)% 44 and

5(r) = (r)ﬂ 4 i (-1)! (r)x/(l+1/2)2+q

VR T+ 1\R '
It should be mentioned that §(R) = do(R) = 0. However, 6(0) = 0 # 6o(0) = 1,
unless the potential vanishes almost everywhere on (0, R); in the latter case 6(0) =
00(0) = 1.

As the second example, we consider a constant potential ¢(z) = Q(r) = ¢ > 0.
Now equation (12) reduces to the Bessel differential equation, Vy(r) = AJo(iy/qr),
Varp1(r) = AiJi41/2(iy/qr), where J, is a Bessel function of the first kind, and

5(r Jo(iv/ar) 4 i (=)' J141/2(i\/qr)

~ Jo(iyqR) w = (20 + 1) Jig1y2(i/GR)

In particular, if ¢ = 0, then Vo 1(r) = AprlH1/2)

we) = 23 O i 4 1/200) = 2 atan 2y/r/Tisin g

T 1+ 1/2 1—r/R
S0
4 (-DY(r/R)HY2 2 2\/r/R
w(r,m) = — Z EV /R = —arctanir/.
™ 20+1 T 1-r/R
In this case we can set wi(z) =1, so
2 2y/r/R 2 —
o(r)=do(r)=1- - arctan 1—://R = arcsin §+ :,
and we arrive at the classical inequality (3) [6, p. 194]. &
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