PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 134, Number 10, October 2006, Pages 3003—-3013
S 0002-9939(06)08349-3

Article electronically published on May 9, 2006

ON L'-NORMS OF MEROMORPHIC FUNCTIONS
WITH FIXED POLES

A. D. BARANOV

(Communicated by Juha M. Heinonen)

ABSTRACT. We study boundedness of the differentiation and embedding op-
erators in the shift-coinvariant subspaces K ]13, generated by Blaschke products
with sparse zeros, that is, in the spaces of meromorphic functions with fixed
poles in the lower half-plane endowed with L'-norm. We answer negatively the
question of K.M. Dyakonov about the necessity of the condition B’ € L>®°(R)
for the boundedness of the differentiation on K}_},. Our main tool is a construc-
tion of an unconditional basis of rational fractions in Kle'

1. INTRODUCTION

Let Z = {z,}nen be a sequence of points in the upper half-plane C* and let
m, € N. We consider the closed subspace of L?(R) spanned by the rational fractions
with poles at the points Z,, and multiplicities at most m,,. Namely, for p > 1 let

RZSp_aanm){ :neN,1s13mn}.

1
(t—Zn)
For p = 1 we should take only rational fractions which belong to L!(R), that is,

with the zero residue at infinity.
Assume that the sequences {z,} and {m,} satisfy the Blaschke condition

Im z,

In this case R, = H? N BH?, where H? denotes the Hardy class in the upper

half-plane and
B(z)*H an 2" 2n "
N "y Zn

n

is the Blaschke product with zeros z, of multiplicities m,, and o, = |22 +1|/(22+1)
(by definition, a,, =1 for z, = ¢). If (L) does not hold, then RY, coincides with
the whole Hardy class HP.
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3004 A. D. BARANOV

Thus, the spaces RY, are a particular case of the so-called shift-coinvariant or

model subspaces
K5 = H’ NOH?

in the upper half-plane. Here © is an inner function in the upper half-plane, that is,
a bounded analytic function such that |©(x)| = 1 for almost every « € R in the sense
of non-tangential boundary values. It is well known that for p > 1 the subspaces
K% are the only subspaces of H? coinvariant with respect to the semigroup of
shifts (Up)>0, Urf(x) = € f(x). These subspaces (especially for p = 2) play an
outstanding role both in function and operator theory and, in particular, in the
Nagy-Foias model for contractions in a Hilbert space. Another important feature
of the shift-coinvariant subspaces is that the subspace corresponding to ©(z) =
exp(iaz), a > 0, essentially coincides with the Paley-Wiener space PWP of entire
functions of exponential type at most a whose restrictions on R belong to LP(R).
Namely, K§ = H? N PWP. Shift-coinvariant subspaces are discussed in detail in
monographs [4} [13].

In [6] K.M. Dyakonov posed the problem to describe the inner functions © having
the following properties analogous to the properties of the Paley-Wiener spaces:

1. K& C K§ for ¢ > p;

2. the differentiation operator D : f — f’ is bounded as an operator from K
to LP(R), that is, there is a Bernstein-type inequality

£ < Cllfllp, — f € KE.
For p > 1 Dyakonov [0] (see also [5, [10]) has obtained the complete answer:

Theorem 1.1. Let 1 < p < oo. Then the following statements are equivalent:
(1) K& C K§ for some (any) q > p;
(2) D is bounded on Kg;
(3) © € L>™(R) in the sense of non-tangential boundary values.

The compactness of differentiation and embedding operators was studied in [10]
and [9], respectively. In particular, differentiation operator in K%, 1 < p < oo,
is compact if and only if lim;_ [©'(t)] = 0. Certain weighted Bernstein-type
inequalities for shift-coinvariant subspaces were proved in [8] 2] B3].

The condition ©' € L*°, which is equivalent to the inclusion ©' € H>(CT),
implies that up to a unimodular constant factor the function © is of the form

(1.2) O(z) = exp(iaz)B(z),

where a > 0 and B is a Blaschke product with zeros tending to infinity. Thus, ©

is meromorphEn the whole complex plane. In other words, o(©) NR = ), where

0(®) ={z e Ct+: Climciné+ |©(¢)| = 0} is the so-called spectrum of the function
—2z,C€

©. In this case
Im z,

(1.3) 0 (2)| = a+|B'(z)] :a+22mmn, z €R.

Note that |©'(Re z,)| > 2(Im 2,,) L. Hence, if © € L>, then inf,, Im z,, > 0.
For the case p =1 the following results were obtained in [5l [0]:
Theorem 1.2. If ©' € L™, then
(1) K§ C K&,
(2) D is bounded on K{.
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Conwersely, if the exponent a in (L2) is positive or

(1.4) sup [ [

k

<1,

Zk — Zn
2k — Zn
then both (1) and (2) imply © € L.

It was an open problem (posed in [6]) whether condition ©" € L* is necessary
for the embedding K¢ C K§, ¢ > 1, or for the boundedness of the differentiation
operator in K¢ in the general case. The aim of the present note is to answer this
question negatively:

Theorem 1.3. There exists a Blaschke product B such that K}, C K§ and the
differentiation operator D is bounded on K3, but B' ¢ L.

To prove this theorem we construct in Sections 2 and 3 a class of Blaschke
products such that statements (1) and (2) of Theorem 1.2 hold, but inf,, Im z,, = 0
and, thus, B’ ¢ L*. In Section 4 we also obtain some new conditions which are
necessary for the boundedness of differentiation in K} in the general case.

It should be noted that ([4) is a non-sparsness condition on the zeros of B.
Therefore any possible example of a Blaschke sequence such that B satisfies the
conclusions of Theorem 1.3 has to be necessarily very sparse.

The proof of our main result is based on a construction of “well-behaved” bases
in K}, consisting of rational fractions. We consider the Blaschke products with
sufficiently sparse zeros, and the elements of the bases under consideration will
have “almost disjoint supports” (close constructions for the model subspaces in
the unit disk may be found in [7] and in [I], where the bases were used to obtain
examples concerning Carleson-type embeddings of the model subspaces).

This construction seems to be of independent interest and may produce other
examples and counterexamples. To justify this point of view we consider an appli-
cation to the description of equivalent norms in K. It is an important problem to
describe the class of measures p (on the line or in the upper half-plane) such that
the norm | - || () is equivalent to the natural LP-norm on K¢, that is, there exist
positive constants C; and Cs such that C1|| f|l, < [[fllzeu) < Collfllp, f € KB.

A.L. Volberg [16] solved this problem for the measures of the form pu = wm,
where m is the Lebesgue measure on the line and w € L*(R). Denote by @ the
harmonic extension of w to the upper half-plane:

w(z)zlm—z/ w® gy sect
7 Jrlt—2z22"

Theorem 1.4. Let1 < p < oo, = wm, w € L. Then p defines an equivalent
norm on Kg if and only if
(1.5) inf (w(z)+10(2)|) > 0.
z€CH

The situation when ©(z) = exp(iaz) (that is, the case of the Paley-Wiener
spaces) and w = yg is the characteristic function of a measurable set E C R is
of special interest (see [12], pp. 112-116, for the history of this problem). The
description of discrete measures on the line defining an equivalent norm in the
Paley-Wiener space PW2 was recently obtained in [14].

It is known that (L) is not sufficient for the equivalence of norms on Kg; a
counterexample was constructed by V.P. Havin and B. Joricke [I1I]. They show,
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however, that (LA is still sufficient if © has the following property: for any suffi-
ciently small o > 0 the level set {z € C* : |©(2)| < o} is a finite union of connected
sets with mutually disjoint closures. On the other hand, it is shown in [6] that (L)
is necessary for the equivalence of the corresponding norms if © is a function of the
form ([2)) such that either a > 0 or (I4) is fulfilled.

Making use of our construction of subspaces K} with unconditional bases of
rational functions we produce in Theorem 5.1 a shift-coinvariant subspace such
that (LA) is at the same time neither necessary nor sufficient for the equivalence
of the norms. This example simplifies considerably the construction of [I1] and
answers the question about the necessity of (L)) asked by Dyakonov in [6].

2. BASES OF RATIONAL FUNCTIONS IN K

In what follows the symbols C, C7, Cs, etc. denote different positive constants
which may change their values in different occurrences. We write g < h if C1g <
h < Cag, and we write a; = o(b;), j — o0, if lim;_, a;/b; = 0.

We say that a system of vectors {h;} in a Banach space H is an unconditional
basis if each element i of H may be represented as an unconditionally convergent
series h = > a;h; and ||kl = 32, |aj] - |kl -

Let B be a Blaschke product with simple zeros {z;};>0, z; = z; + iy;. Put

1

LG = =y =5
Clearly, f; € K5. We mentioned in the Introduction that K} coincides with the
closed linear span of rational fractions with the poles at the points z;, j > 0, and
with zero residue at infinity (see [I5], Corollary 2.3, for the proof of an analogous
result for the case of the unit disk; the statement for the upper half-plane follows
by means of the conformal mapping). Thus, in particular, the system {f;};>1 is
complete in K. We show that for a class of Blaschke products with sufficiently
sparse zeros, the functions f; form an unconditional basis in K L.

To make our construction more transparent we consider in detail the following
particular case. Let zp = i. Assume that z; > 0, ;41 > 4z, and 0 < y; < L.
Note that the system {f;} is minimal, that is, fi ¢ Span{f; : j # k}. Therefore,
the property to be a basis is preserved when we add or eliminate a finite number of
zeros. Without loss of generality we may assume that z; > 43 and, consequently,
Zj Z 4j+2.

An easy calculation shows that

i>1.

)

1 T
1fillh = — =2
Ty

Theorem 2.1. The system {f;};>1 is an unconditional basis in K}.

Proof. The theorem will be proved as soon as we show that

Mll =D lagl - 15511

Jjz1

for any finite linear combination h =) ;@ f; of the functions f;. We show that

1hlly = C Y lagl- 1Lilh

j>1
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ON L'-NORMS OF MEROMORPHIC FUNCTIONS WITH FIXED POLES 3007

(the converse inequality is trivial). Put Ay = [zk, 52k /4], k € N. Then, clearly,

MOZ/

E>1
Since
Al = law| [ |fel = Z\a\ | il
Jo iz b [ 1= [ 1
we get
(2.1) [hllx > ) laj] |51 = Ifil ] -
1 ]22:1 J / J kz#j/ J

Note that |t — 2| < 2z, t € A;. Hence,

1 dt 1 x;
(2.2) / |fi| > / — > —1 L
! 233] a; 1t =zl 4y

Let us estimate fAk \fil, k#j. If k> j, then |z} — zj| < 3xp/4 and

/wgmw

k

Hence,

1 J
Z/W<—‘ 3o <37 < oot
k#j >j ok J Yi

Thus, it follows from (21)) and (2.2) that

a
MOZM 2= S lal- I

j>1

The same arguments lead to the following slightly more general statement.

Theorem 2.2. Let B be a Blaschke product with the simple zeros z; = x; + 1y;,
j >0, such that x; > 0, liminfx;41/2; > 1, and {y;} € £>°. Then the system
j—oo

{fi}i>1 is an unconditional basis in K}.

3. MAIN RESULTS

In this section B is a Blaschke product with zeros satisfying the conditions of
Theorem 2.2. In this case a linear operator 7' is bounded on K} if and only if it is
bounded on the basic elements f;, that is, |Tf;|| < C| f;ll1.

Theorem 3.1. Differentiation operator D is bounded on K} if and only if
(3.1) liminfy; Inx; > 0.
j—oo

The operator D is compact on K} if and only if lim y;Inx; = oo.
J—00

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3008 A. D. BARANOV

Proof. Note that
1 1
/
R N e R A e
Clearly, the norm of the first summand is majorized by ||f;||1 (moreover, it is
o(||fjll1)), whereas for the second one we have for sufficiently large j
1 !
(t—Z0)(t—%)% |, 29
Thus, differentiation is bounded if and only if
1 1 ;
S 02 —In x—j,
ZjYj Tj Y5

which is equivalent to (B.1]).
Let lim y;Inz; = oo and, consequently, | fi[[1 = o(||f;[l1). Then the operator

J—00

D may be approximated by finite rank operators T, where

N
Tn Zajfj = Zajf;-,
=

jz1

n € N. Indeed, if h =3/, a;f;, then

o0 !
1£5 1l
W' = Thlly < Y ag] - 1l < sup 5= 1R
Pl i>N L5l

Now assume that 0 < liminf y; Inx; < co. Then there is a subsequence f;  such
J]—00
that [ f, v = 5.

1. Integrating over the intervals [x; ,x;, + y;,.], it is easy to

show that . )
Jn Jk
in - > 0.
nh [ falle Il il
Thus, the sequence f; /|| f;, |1 does not contain a convergent subsequence, and D
is not compact. ([

Next we consider the problem of the embeddings of K} into the spaces K% for
g > 1. An interesting feature of the spaces K is that in contrast to the case p > 1
the embedding criterion may depend essentially on the exponent ¢. In particular,
for ¢ > 1 there exists a Blaschke product B such that K C K%, but the embedding
K} C K}, does not take place for any r > q.

Theorem 3.2. Let 1 < g < co. Then the embedding K}, C K} takes place if and
only if

. -2
liminfy, *Inz; > 0.
j—00

Proof. By the closed graph theorem, the embedding K C K % is equivalent to the
inequality ||f|l; < C|flli, f € Kj. Now, the statement follows from the obvious
1

. |
estimate [|fjlq < z; lng : )

Theorem 1.3 follows immediately from Theorems 3.1 and 3.2, and, thus, we
get the negative answer to the question of K.M. Dyakonov on the necessity of the
condition ©’ € L>*(R) for the boundedness of the differentiation.
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Proof of Theorem 1.3. Since z; > C+7, v > 1, one can take y; — 0 such that
1/y; < C1j. Then, by Theorem 3.1, the differentiation operator will be bounded,
but |B(z;)| > 2/y; and, thus, B’ ¢ L. If, moreover, 1/y; = o(j), j — oo, then
D is compact. By Theorem 3.2, we also have the embedding K5 C K. (]

4. NECESSARY CONDITIONS FOR THE BERNSTEIN-TYPE INEQUALITY IN K}

In this section we obtain a few necessary conditions for the boundedness of the
differentiation operator in K é.

For ¢ € C* consider the function

1 —
k(ZaC):Ma ZG(CJra
z=¢

which is the reproducing kernel of the space K, é corresponding to the point (, that
is, (f7 k(7<)) = QWZf(C), f € Kg)
Proposition 4.1. If D is bounded on K¢, then © is of the form (L) (equivalently,
c(®)NR=10).
Proof. Assume that o(©) NR # 0. If © is not of the form ©(z) = exp ( i ) for

to—=z

some tg € R and b > 0, then there exist o, 3 € R and non-trivial inner functions
01, O3 such that © = 0,04, 0(01)N(a, 3) # 0 and O is analytic in a neighborhood
of [, A].

Let k;(+,{) denote the reproducing kernels corresponding to ©;, I = 1,2. Then
the function ki (-, (1)ka(+, ¢2) is in K for any (1, (> € CT. Applying the Bernstein-
type inequality || f'|l1 < C||f]l1 to the function f = k1(-,%)ka(-, 1), we get

B B

[e3

Therefore ff |©7(t)|dt < co. On the other hand, it follows immediately from the

formula for the modulus of the angular derivative that | f |©'(t)|dt = oo whenever
a(©) N (a, B) # 0 (see also [3], Lemma 6.1), and we have a contradiction.

ib
Fo—

Os(z) = exp (2(#’12)) and f = k2(-,1). O

Proposition 4.2. Let B be a Blaschke product with zeros z, such that inf,, Im z, =
§ > 0. Then the differentiation operator is bounded on K} if and only if B’ € L*°.

then we apply similar arguments to ©1(z) =

z )

Finally, if O(z) = exp(

We make use of the following estimate.

Lemma 4.3. Let B be a Blaschke product with zeros z, such that inf,, Imz, = § >
0. Then there is € = (J) such that
k(t,2)] < [B'(x)],  txeR, [t—a| <e(l+[B'(x))~"
Proof. Note that B is meromorphic in the complex plane C. Therefore, k(-,z) €
K%, z € R, and, ||k(-,z)||3 = 27| B’(x)|. In particular, k(t,z) is well defined for
t € R. Since inf, Imz, > §, we have |t — z,| < |z — 2z, |t — 2| < 1 (with the
constants depending on §) and, by (L3), |B'(t)| < |B'(x)|, |t —z| < 1. Hence, there
is € > 0 such that
|B(t)|dt < g

|t—al<e(1+ B (@)]) 1
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3010 A. D. BARANOV

Since B is a meromorphic Blaschke product, there is a well-defined branch of the
argument of B on the real axis. Namely, there exists an increasing differentiable
function ¢ such that B(t) = e>¥) t € R. Note that

k(t,2) = —2ieie—e(@) sin(p(t) — sﬁ(ff))'
’ t—x
Therefore, if |t — x| < e(1+ |B'(x)]) 7, then |p(t) — p(z)| < 7/4, and
¥ ) — P T ! !
(e )| = PO =2E) 0y = B )2,
(Il

Proof of Proposition 4.2. Let us fix z € R. Note that each of the summands in the
formula (L3), which are of the form 2|z — 2,,|~2Im z,,, does not exceed 2/§. Thus,
if |B'(x)| > 4/4, then there exist two subproducts By and By such that B = By By
and
|By ()] < |By(x)| < |B'(x)|.

Denote by k;(-,x) and ¢;, I = 1,2, the corresponding reproducing kernels and
arguments, and put f = ki(-,x)k2(-,x). Clearly, f € K}, and, by the Cauchy
inequality (recall that ||k;(-,z)||3 = 2n|B)(z)]),

(4.1) £l < C1|B'(x)].

Making use of the formula

) = 00—t S0 — 1(2) )~ ae) |
t—x t—x ’ ’

it is easy to see that

sin(ea(t) = ¢a(@)|

F(0)] = 49'(1) —

sin(¢1(t) — p1(x)) ‘ )
t—x

Now, applying Lemma 4.1 to the kernels &;(-, ), we get
|B'()[?

> [ e

[t—z|<e(1+|B'(x)|) !

If the differentiation operator is bounded, then combining the last inequality with
(&ID) we get a uniform estimate for |B’(z)|, € R. O

Next we show that in the case when the differentiation operator is bounded, the
zeros which are close to the real axis should be sufficiently sparse.

Proposition 4.4. If D is bounded on K}, then

(4.2)

T 2 < Cmax(1,In|z; — Zk|)

for any distinct zeros zi, and z;.

Proof. We consider the action of D on the test functions

fin(z) = !

(2 —Zj)(2 —Zk)
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Without loss of generality assume that x; > x; and yr < y;. Then, by a direct
calculation,

C4 lnxk_xj_'_yj.
k—.’L‘j"‘yj_yk Yk

2l <
el < =

On the other hand,
Tp+Yk

1 £5xll = Ca

Tk

dt S Cs
[t = zl2|t — 2] ~ wyrlz; — Zkl

Combining these two inequalities, we arrive at the necessary condition (£2)). O

Condition (2] implies that if a zero zj is close to the real axis, then there are
no other zeros in the disk of the radius e/™ 2. For example, if z, = xj + ik~ !,
k € N, then x should grow as a progression and we are in the situation considered
in Sections 2 and 3: there is a basis of rational fractions with two poles, and the
boundedness of differentiation in K¢ reduces to the boundedness on basic elements,
that is, to BJ). Thus, the gap between necessary and sufficient conditions for the
Bernstein-type inequality in K} seems to be rather small.

5. A COUNTEREXAMPLE TO VOLBERG’S THEOREM

In this section we use the construction of Section 2 to produce new counterex-
amples to the L'-version of Volberg’s theorem. In particular, we give a negative
answer to the question of K.M. Dyakonov on necessity of (L3).

Theorem 5.1. Let B be a Blaschke product satisfying the conditions of Theorem
2.2. Assume also that y; — 0 and 1ny% = o(Inz;). Then the condition (LH) (with

© = B) is neither necessary nor sufficient for the equivalence of the norms || - ||1
and || - || 22 (wm) on Kj.
Proof. Let
By =l -1z +1), Ey=Jl+ Lo —1],
Jj=1 Jj=1

and let w; = xg,, | =1,2. First, we show that the weight wo defines an equivalent
norm on K5, but (LH) is not fullfilled. Indeed,

TR N S ) / At
wa(e) =¥ [ g < =z =W
Es

[t—x;|>1
Thus, @(z;) + |B(2;)| — 0, j — oo. On the other hand,

zjp1—1
1 1 Z;
Ifil < —Inz; < —In~L < || £,
! Ty ! Lj Yj !
Ij-‘rl
and, by the arguments analogous to the proof of Theorem 2.1, it is easily shown
that fE2 |fl = Ci||fll1, f € Kj. Hence, the weight wy defines an equivalent norm

1
on K.
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3012 A. D. BARANOV

Now consider the weight w;. Note that

T;+1
1512 / 1= - =ollfs )
FE1 r;—1
and, thus, the norm || - || £1(w,m) is N0t equivalent to the natural L'-norm. Let us

show that the weight w satisfies (L3). Put F' = J;50{# € C* : [z — 25| < 1} and
G=CT\F. Thenfor z=z+iye F

Ij—‘rl
dt 1 i+1-— 1—2x; 1
1171(,z)>g / —_—— = — zaurctggvj_’_igc—|—aurctgu > —.
T (t—z)24y> y y 4

Ij*l

Finally, making use of the formula

dyy
21n|B(z |Zl< |Z_ZJ|2>

720

it is easy to see that ing |B(z)| > 0. O
z€

The author thanks K.M. Dyakonov for his interest in this work and helpful
discussions.
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