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Abstract. Let A be a unital C∗-algebra, and let (A, G, α) be a C∗-dynamical
system with G abelian and discrete. In this paper, we introduce the continuous
affine map R from the trace state space T (A ×α G) of the crossed product
A ×α G to the α-invariant trace state space T (A)α∗ of A. If A ×α G is of

real rank zero and Ĝ is connected, we have proved that R is homeomorphic.
Conversely, if R is homeomorphic, we also get some properties and real rank

zero characterization of A ×α G. In particular, in that case, A ×α G is of
real rank zero if and only if each unitary element in A ×α G with the form
uA

∏n
i=1 x∗

i y∗
i xiyi can be approximated by the unitary elements in A ×α G

with finite spectrum, where uA ∈ U0(A), xi, yi ∈ Cc(G, A)∩U0(A×α G), and
if moreover A is a unital inductive limit of the direct sums of non-elementary
simple C∗-algebras of real rank zero, then the uA above can be cancelled.

1. Introduction

Let A be a unital C∗-algebra, and let Asa be the set consists of all self-adjoint
elements in A. The real rank of A is the smallest integer, RR(A), such that for
each n-tuple (x1, x2, · · · , xn) of elements in Asa with n ≤ RR(A) + 1, and every
ε > 0, there is an n-tuple (y1, y2, · · · , yn) of elements in Asa such that

∑n
k=1 y∗

kyk

is invertible and ‖
∑n

k=1(xk − yk)2‖ < ε. In particular, RR(A) = 0 if and only
if the invertible self-adjoint elements are dense in Asa, which is equivalent to the
fact that the self-adjoint elements with finite spectrum are dense in Asa. For a
non-unital C∗-algebra A, the real rank of A is RR(Ã), where Ã is the unitization
of A. The real rank zero property has been widely studied by many authors, for
example L. Brown, H. Lin, G. K. Pedersen, S. Zhang and so on. Let A be a
C∗-algebra, let G be a locally compact Hausdorff group, and let (A, G, α) be a C∗-
dynamical system. There are also many efforts that have been made to understand
the relation between the real ranks of A and of A×α G, in particular, between the
real rank zero properties of A and A ×α G. For example, in [4], it was guessed
that RR(A ×α G) ≤ dimĜ + RR(A) for G finite. In [3], by using the Rokhlin
property, some statements equivalent to RR(A×α Z) = 0 were given for A = M2∞ ,
which were generalized later in [9] for A to be a UHF algebra. For a C∗-algebra
A, a bounded functional τ of A is called a trace state, if limλ τ (eλ) = 1, where
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{eλ} is one approximate unit of A, and τ (ab) = τ (ba) for any a, b ∈ A. The trace
state space of A, which is notated by T (A), is the set consisting of all trace states
of A. For a C∗-dynamical system (A, G, α), α induces a canonical action α∗ on
T (A): (α∗

t (τ ))(a) = τ (αt(a)) (∀a ∈ A, τ ∈ T (A), t ∈ G). A trace state τ ∈ T (A)
is called α-invariant if α∗

t (τ ) = τ (∀t ∈ G). Let T (A)α∗ be the set consisting of all
α-invariant trace states. If moreover G is discrete and A is unital, then A can be
viewed as a unital subalgebra of A ×α G. Therefore for any trace state of A ×α G,
we get a trace state of A by restriction, which is moreover α-invariant by direct
computation, i.e. there is a canonical mapping R : T (A ×α G) → T (A)α∗ . Since
the trace state space is one of Elliott’s classification invariants for unital amenable
C∗-algebras, we want to find how much the mapping R reflects the relation of
the real rank zero properties of A and A ×α G. In this paper, for G abelian, if
A×α G is of real rank zero, and Ĝ is connected, we prove that R is homeomorphic.
Conversely, if R is homeomorphic, we will get some properties and real rank zero
characterization of A×α G. In particular, in that case, A×α G is of real rank zero

if and only if each unitary element in A ×α G with the form u
A

n∏
i=1

x∗
i y

∗
i xiyi can

be approximated by the unitary elements in A ×α G with finite spectrum, where
uA ∈ U0(A), xi, yi ∈ Cc(G, A)∩U0(A×α G), and if moreover A is a unital inductive
limit of the direct sums of non-elementary simple C∗-algebras of real rank zero,
then A×α G is of real rank zero if and only if each unitary element in A×α G with

the form
n∏

i=1

x∗
i y

∗
i xiyi can be approximated by the unitary elements in A×α G with

finite spectrum.

2. Main results

We should first recall some basic notations and definitions in K-theory which
will play roles later. Let A be a unital C∗-algebra. For each integer k, we de-
note the unitary group of Mk(A) by Uk(A), and the subgroup of Uk(A) consist-
ing of all elements connected to the unit of Mk(A) by Uk

0 (A). Viewing Uk(A)
(Uk

0 (A)) as a subgroup of Uk+1(A) (Uk+1
0 (A)) by identifying diag(u, 1) with u for

any u ∈ Uk(A)(Uk
0 (A)), we let U∞(A) = lim

k→∞
Uk(A) as a topological group with

the inductive limit topology coming from the inclusion Uk(A) ⊆ Uk+1(A), and simi-
larly let U∞

0 (A) = lim
k→∞

Uk
0 (A) as a topological group with the inductive limit topol-

ogy coming from the inclusion Uk
0 (A) ⊆ Uk+1

0 (A). For any n ∈ N∪{∞}, we denote
the commutator subgroup of Un(A) and Un

0 (A) by DUn(A) and DUn
0 (A) respec-

tively, and let DUn(A) (DUn
0 (A)) be the closure of DUn(A) (DUn

0 (A)). For any
fixed n ∈ N∪{∞}, we let q0 be the quotient map from Un

0 (A) to Un
0 (A)/DUn

0 (A).
Let T (A) be the trace state space of A, which is a compact Hausdorff space

with the w∗ topology. (In this paper, we always assume that T (A) 
= ∅.) Let
AffT (A) denote the space of continuous affine real-valued function on T (A), which
is a real Banach space with the standard function norm. Let η : [0, 1] �→ Un

0 (A)
(n ∈ N ∪ {∞}) be a piecewise smooth path of unitary from 1; we define ∆1

n(η) ∈
AffT (A) by

∆1
n(η)(ω) =

1
2πi

∫ 1

0

ω(η′(t)η(t)∗)dt, ω ∈ T (A).
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The key observations (see [1], Lemma 3) are:
(1) ∆1

n(η) depends only on η up to homotopy with fixed endpoints, and
(2) ∆1

n(η1η2) = ∆1
n(η1)+∆1

n(η2) for any piecewise smooth paths ηi with ηi(1) = 1
(i = 1, 2).

It follows that ∆1
n defines a group homomorphism ∆0

n : π1(Un
0 (A)) → AffT (A),

where π1(Un
0 (A)) is the fundamental group of Un

0 (A). For n = ∞, π1(U∞
0 (A)) =

K0(A) by Bott periodicity, and ∆0
∞ is just the well-known canonical map ρ :

K0(A) → AffT (A). Let q be the quotient map from AffT (A) to AffT (A)/
∆0

n(π1(Un
0 (A))). Since for any unital C∗-algebra B, U0(B) is generated alge-

braically by {eix : x ∈ Bsa}, for each unitary u ∈ Un
0 (A), there is a piecewise

smooth path ηu in Un
0 (A) from 1 to u. Therefore for each n ∈ N ∪ {∞}, we can

define a group homomorphism:

∆n : Un
0 (A) �→ AffT (A)/∆0

n(π1(Un
0 (A))), ∆n(u) = q(∆1

n(ηu)).

This homomorphism makes it possible to get the information of the real rank
zero property of A ×α G, which is relative to U0(A ×α G), from the mapping R :
T (A ×α G) → T (A)α∗ .

Lemma 1. Let (A, G, α) be a C∗-dynamical system with G abelian and discrete.
There is a canonical faithful expectation φ of A ×α G onto A with φ(f) = f(0),
where f ∈ Cc(G, A) and 0 is the unit of G.

Proof. By duality, we have a C∗-dynamical system (A×αG, Ĝ, α̂), where α̂σ(f)(t) =
(t, σ)f(t) for every f ∈ Cc(G, A), t ∈ G, σ ∈ Ĝ. Then let φ : A ×α G → A be
φ(x) =

∫
Ĝ

α̂σ(x)dµ(σ) (∀x ∈ A ×α G), where µ is the canonical Haar probability
on the compact group Ĝ. Since G is discrete, A ⊆ A ×α G, and A = {x ∈
A ×α G : α̂σ(x) = x for ∀σ ∈ Ĝ)}. So the image of φ is included in A, and for
∀a, b ∈ A, x ∈ A ×α G,

φ(axb) =
∫

Ĝ

α̂σ(axb)dµ(σ) = aφ(x)b , φ(a) =
∫

Ĝ

α̂σ(a)dµ(σ) = a.

It is easy to see that φ(f) = f(0) for f ∈ Cc(G, A).
By the definition of φ, φ is a faithful completely positive map, and so a faithful

expectation from A ×α G onto A.

Lemma 2. Let (A, G, α) be a C∗-dynamical system with G abelian and discrete
and A unital, and let T (A)α∗ = {τ ∈ T (A) : τ ◦ αt = τ, ∀t ∈ G} . Then there are
continuous affine maps Φ : T (A)α∗ → T (A ×α G) and R : T (A ×α G) → T (A)α∗

such that R ◦ Φ = id and the image of Φ is

T (A ×α G)α̂∗ = {τ ∈ T (A ×α G) : τ ◦ α̂σ = τ, ∀σ ∈ Ĝ}.
Therefore Φ is an affine homeomorphism from T (A)α∗ onto T (A ×α G)α̂∗ .

Proof. Let i be the canonical inclusion of A in A ×α G, and R(ω) = ω ◦ i for each
ω ∈ T (A ×α G). It is easy to see that R(ω) ∈ T (A)α∗ . By Lemma 1, let φ be the
canonical faithful expectation from A ×α G onto A, and let Φ(τ ) = τ ◦ φ for each
τ ∈ T (A)α∗ .

For each f, g ∈ Cc(G, A) ⊆ A ×α G, since

φ(f ∗ g) = (f ∗ g)(0) =
∫

f(s)αs(g(−s))ds,
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it follows that

Φ(τ )(f ∗ g) = τ ◦ φ(f ∗ g) =
∫

τ (f(s)αs(g(−s)))ds

=
∫

τ (αs(α−s(f(s))g(−s)))ds

=
∫

τ (α−s(f(s))g(−s))ds

=
∫

τ (g(−s)α−s(f(s)))ds

=
∫

τ (g(s)αs(f(−s)))ds

= τ ◦ φ(g ∗ f) = Φ(τ )(g ∗ f).

So Φ(τ ) ∈ T (A ×α G), and it is easy to see R ◦ Φ(τ ) = τ (∀τ ∈ T (A)α∗). Since
for each σ0 ∈ Ĝ, Φ(τ ) ◦ α̂σ0 = τ ◦ φ ◦ α̂σ0 and φ ◦ α̂σ0(x) =

∫
Ĝ

α̂σα̂σ0(x)dσ=φ(x)
(∀x ∈ A×α G), it follows that Φ(τ )◦ α̂σ = Φ(τ ) (∀σ ∈ Ĝ), i.e. Φ(τ ) ∈ T (A×α G)α̂∗ .

If ω ∈ T (A ×α G) with ω ◦ α̂σ=ω (∀σ ∈ Ĝ), then Φ(R(ω)) = ω ◦ i ◦ φ. For any
t ∈ G, a ∈ A, let aδ(t, ·) be the element in Cc(G, A) with value a at t, 0 at any
other s ∈ G which is not t, then for every f ∈ Cc(G, A), ω ◦ i◦φ(f) =ω(f(0)δ(0, ·)).
Since for any σ ∈ Ĝ,

ω(aδ(t, ·)) = ω(α̂σ(aδ(t, ·))) = (t, σ)ω(aδ(t, ·)),

ω(aδ(t, ·)) = 0, if t 
= 0, and so ω(f(·)) = ω(f(0)δ(0, ·)) = ω ◦ i ◦ φ(f(·)).
Therefore ω = ω ◦ i ◦ φ =Φ(R(ω)) ∈ image of Φ, i.e. the image of Φ is {τ ∈

T (A ×α G) : τ ◦ α̂σ = τ for ∀σ ∈ Ĝ}.

Proposition 1. Let (B, H, β) be a C∗-dynamical system with H connected and
B of real rank zero. Then for any τ ∈ T (B), h ∈ H, τ ◦ βh = τ , therefore
T (B)β∗ = T (B).

Proof. First we assume that B is unital, let ω ∈ T (B), and let p be a projection
in B. Then the mapping h → ω(βh(p)), ∀h ∈ H, is continuous on H. For any
h0 ∈ H, there is a neighborhood V0 of h0 such that ‖βh(p) − p‖ < 1 for any
h ∈ V0, and so there is a unitary element uh in B such that βh(p) = uhpu∗

h.
Since ω is a trace, the mapping h → ω(βh(p)) is locally constant on H. Let
U = {h ∈ H | ω(βh(p)) = ω(p)}; then, by the discussion above U is a non-empty
clopen set. Therefore U = H by the connectedness of H, i.e. for any ω ∈ T (B),
projection p ∈ B, ω(βh(p)) = ω(p)(∀h ∈ H). Since B is real rank zero, for any
b ∈ B, b can be approximated by the linear combination of projections in B, and
so ω(βh(b)) = ω(b)(∀h ∈ H). This completes the proof in the unital case.

Now if B is non-unital, and we let B̃ = B + C1 be the unitization of B, then
B̃ is of real rank zero by definition. For any h ∈ H, let β̃h be the automorphism
of B̃ such that β̃h(b + γ1)=βh(b) + γ1. Then β̃ : H → Aut(B̃), h → β̃h, define
a C∗-dynamical system (B̃, H, β̃). Therefore T (B̃)β̃∗

= T (B̃). For any τ ∈ T (B)

(the trace state of B), we define τ̃ by τ̃(b+γ1)=τ (b)+γ. It is easy to see τ̃ ∈ T (B̃)
with τ̃ |B = τ . So τ ◦ βh =(τ̃ |B) ◦ βh =(τ̃ ◦ β̃h)|B =τ̃ |B =τ , and so T (B)β∗ = T (B).
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Theorem 1. Let (A, G, α) be a C∗-dynamical system, with A unital, G abelian and
discrete, Ĝ connected. If A×αG is of real rank zero, then T (A×αG) = T (A×αG)α̂∗ ,
and the mapping R : T (A ×α G) → T (A)α∗ defined in Lemma 2 is an affine
homeomorphism with R−1 = Φ.

Proof. Let (A ×α G, Ĝ, α̂) be the dual C∗-dynamical system of (A, G, α). Then
T (A ×α G) = T (A ×α G)α̂∗ by Proposition 1. So, keeping the notations as in
Lemma 2, Φ is an affine continuous bijection with Φ−1 = R. This completes the
proof of the theorem.

Note. Conversely, for an abelian group G and a C∗-dynamical system (A, G, α)
with R : T (A ×α G) → T (A)α∗ homemorphic, we may not get that A ×α G is of
real rank zero. The simplest trivial example is that G = {e} and A is not of real
rank zero. The following is another example for G non-trivial.

Example 1. Let G be a finite abelian group with unit e, let B be a unital C∗-
algebra acting on a Hilbert space H, let A = C(G, B) = C(G)⊗B, and let (A, G, α)
be a C∗-dynamical system with (αsy)(t) = y(t − s), ∀s, t ∈ G, y ∈ A. Then
A ×α G = C(G, B) ×α G. Let π : B → B(l2(G,H)), (π(b)ξ)(t) = b(ξ(t)); then π is
faithful. Let {δs|s ∈ G} be the canonical basis of l2(G), and let M|G| be the matrix
algebra with size |G|, where δs is the characterization function on G of {s} ⊆ G.
We have the map ρ : M|G| → B(l2(G)), for (xst) ∈ M|G|,

ρ((xst))(
∑
s∈G

βsδs) =
∑
s∈G

(
∑
t∈G

xstβt)δs, i.e. ρ((xst))(δs) =
∑
t∈G

xtsδt.

It is easy to see ρ is an isomorphism, and π ⊗ ρ: B ⊗ M|G| = M|G|(B) →
B(l2(G,H))⊗B(l2(G)) = B(l2(G×G,H)) is an injective homomorphism. By [12],
7.7.12, there is an injective homomorphism Φ: A×αG → B(l2(G,H))⊗B(l2(G)) =
B(l2(G×G,H)) such that Image(Φ) = Image(π ⊗ ρ), and Φ is defined as follows:
For every b ∈ B, f, g ∈ C(G), and Z(r, s) = bf(s−r)g(s) ∈ A×αG = C(G, B)×αG,
Φ(z) = π(b) ⊗ vfg, where vfg ∈ B(l2(G)), vfg(η) = 〈η, f̄〉g, ∀η ∈ l2(G). There-
fore, we have isomorphism Ψ = (π ⊗ ρ)−1 ◦ Φ: A ×α G → M|G|(B), and so
RR(A ×α G) = RR(B).

Let zt = δe ⊗ δt ⊗ b ∈ C(G × G, B) ⊆ A ×α G. Then zt(r, s) = bδe(r)δt(s) =
bδt(s − r)δt(s), and then Φ(zt) = π(b) ⊗ vδtδt

. Let vδtδt
= ρ((xrs)) with (xrs) ∈

M|G|. Since vδtδt
(δs) = 〈δs, δt〉δt = δs(t)δt and ρ((xrs))(δs) =

∑
r∈G xrsδr, xrs =

δr(t)δs(t). So (xrs) = Ett, i.e. ρ(Ett) = vδtδt
, and Φ(zt) = (π ⊗ ρ)(b ⊗ Ett), where

Ett ∈ M|G| is the matrix with 1 at (t, t) position, and 0 at other positions. Therefore
Ψ(zt) = b ⊗ Ett ∈ B ⊗ M|G| = M|G|(B). Let φ: T (B) = T (M|G|(B)) → T (A)α∗ =
T (C(G) ⊗ B)α∗ , for every τ ∈ T (B), δt ⊗ b ∈ C(G) ⊗ B = A, φ(τ )(δt ⊗ b) = τ(b)

|G| .
Then φ is an affine homeomorphism.

Let Ψ∗ be the affine map from T (B) = T (M|G|(B)) to T (A ×α G) induced by
Ψ. Then Ψ∗ is an affine homeomorphism, and for every τ ∈ T (B), δt ⊗ b ∈ A,

(R ◦ Ψ∗)(τ )(δt ⊗ b) = Ψ∗(τ )(δe ⊗ δt ⊗ b) = τ|G|(Ψ(zt)) = τ|G|(b ⊗ Ett) =
τ (b)
|G| ,
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where τ|G| ∈ T (M|G|(B)) is defined by τ ∈ T (B). So R ◦ Ψ∗ = φ, i.e. we have the
following commutative graph:

T (B) = T (M|G|(B)) Ψ∗
−→ T (A ×α G)

φ
⏐⏐	 R

⏐⏐	
T (C(G) ⊗ B)α∗

id= T (A)α∗

Therefore R is an affine homeomorphism, but if RR(B) is not 0, then RR(A×αG) =
RR(B) is also not 0.

Proposition 2. Let (A, G, α) be a C∗-dynamical system with A unital. For every
φ ∈ Aff(T (A)α∗), ψ ∈ AffT (A), there are aφ, aψ ∈ Asa, such that φ(τ ) = τ (aφ)
(∀τ ∈ T (A)α∗), ψ(τ ) = τ (aψ) (∀τ ∈ T (A)). Therefore the restriction mapping RG

from AffT (A) to Aff(T (A)α∗) is surjective.

Proof. Let V, Vα be the real linear subspace of (Asa)∗ = (A∗)sa which are linearly
spanned by T (A) and T (A)α∗ respectively; then Vα ⊆ V ⊆ (Asa)∗. Let

W = {τ ∈ (A∗)sa : τ (u∗au) = τ (a), ∀a ∈ A, u ∈ U(A)},
Wα = {τ ∈ W : τ (αt(a)) = τ (a), ∀a ∈ A, t ∈ G}.

It is clear that V ⊆ W , Vα ⊆ Wα, and W, Wα are w∗-closed in (Asa)∗ = (A∗)sa.
Let τ ∈ W , ρ ∈ Wα, τ = τ+ − τ−, ρ = ρ+ − ρ− be the Jordan decomposition of τ
and ρ respectively; then

τ+, τ−, ρ+, ρ− ∈ A∗
+, ‖τ‖ = ‖τ+‖ + ‖τ−‖, ‖ρ‖ = ‖ρ+‖ + ‖ρ−‖.

For any u ∈ U(A), t ∈ G, it is easy to see that

τ = τ+(u∗ · u) − τ−(u∗ · u), ρ = ρ+(u∗ · u) − ρ−(u∗ · u),

and
ρ = ρ+(αt(·)) − ρ−(αt(·)).

Since ‖τ+‖=‖τ+(u∗ · u)‖, ‖τ−‖=‖τ−(u∗ · u)‖, ‖ρ+‖=‖ρ+(u∗ · u)‖, ‖ρ−‖=
‖ρ−(u∗ · u)‖, and ‖ρ+(αt(·))‖=‖ρ+‖, ‖ρ−‖=‖ρ−(αt(·))‖, by the uniqueness of the
Jordan decomposition, τ+=τ+(u∗ ·u), τ−=τ−(u∗ ·u), ρ+=ρ+(u∗ ·u), ρ−=ρ−(u∗ ·u),
ρ+=ρ+ ◦ αt, ρ−=ρ− ◦ αt. Therefore

τ+

‖τ+‖
,

τ−
‖τ−‖

∈ T (A),
ρ+

‖ρ+‖
,

ρ−
‖ρ−‖

∈ T (A)α∗ ,

and so

τ = ‖τ+‖
τ+

‖τ+‖
− ‖τ−‖

τ−
‖τ−‖

∈ V, ρ = ‖ρ+‖
ρ+

‖ρ+‖
− ‖ρ−‖

ρ−
‖ρ−‖

∈ Vα,

i.e. W ⊆ V and Wα ⊆ Vα. Therefore W = V and Wα = Vα; as a consequence, V
and Vα are w∗-closed in (A∗)sa = (Asa)∗.

Let φ ∈ Aff(T (A)α∗), and we define g to be the linear functional on Vα: g(τ ) =
λφ(τ1) − µφ(τ2), if τ = λτ1-µτ2 ∈ Vα with λ, µ ∈ R+ ∪ {0}, τ1, τ2 ∈ T (A)α∗ . If
τ = λ′τ ′

1-µ
′τ ′

2 is another decomposition with λ′, µ′ ∈ R+ ∪ {0}, τ ′
1, τ

′
2 ∈ T (A)α∗ ,

then λτ1+µ′τ ′
2=λ′τ ′

1+µτ2. Since λ′ + µ=λ′τ ′
1(1)+µτ2(1) =λτ1(1)+µ′τ ′

2(1) =λ + µ′,
λ′

λ′+µτ ′
1+

µ
λ′+µτ2 = λ

λ+µ′ τ1+ µ′

λ+µ′ τ
′
2 ∈ T (A)α∗ . So

λ′

λ′ + µ
φ(τ ′

1) +
µ

λ′ + µ
φ(τ2) =

λ

λ + µ′ φ(τ1) +
µ′

λ + µ′φ(τ ′
2).
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Therefore λφ(τ1)-µφ(τ2) =λ′φ(τ ′
1)-µ′φ(τ ′

2), and so the definition of g is well defined.
It is also easy to see g is linear on Vα. Let {τi}i∈Λ be a bounded net in Vα with τi

w∗-convergent to τ in Vα. If g(τi) is not convergent to g(τ ), then there is a ε > 0
such that {i ∈ Λ : |g(τi) − g(τ )| ≥ ε}=sΛ is a directed subset of Λ with the order
of Λ. So {τj}j∈sΛ is a subnet of {τi}i∈Λ.

Let τi = (τi)+ − (τi)− be the Jordan decomposition of τi; then

‖τi‖ = ‖(τi)+‖ + ‖(τi)−‖.

Since {‖τi‖, i ∈ Λ} is bounded, both {‖(τi)+‖, i ∈ Λ} and {‖(τi)−‖, i ∈ Λ} are
bounded, too. Since the bounded closed ball of (Asa)∗ is w∗ compact, there are
subnets {(τk)+} ⊆ {(τj)+ : j ∈ sΛ} and {(τk)−} ⊆ {(τj)− : j ∈ sΛ} with (τk)+
and (τk)− w∗ convergent to ρ1 and ρ2 in Vα, respectively. So τ = ρ1 − ρ2, and
(τk)+(1) → ρ1(1), (τk)−(1) → ρ2(1). Therefore (τk)+

(τk)+(1) ∈ T (A)α∗ is w∗-convergent

to ρ1
ρ1(1)

∈ T (A)α∗ , and (τk)−
(τk)−(1) ∈ T (A)α∗ is w∗-convergent to ρ2

ρ2(1)
∈ T (A)α∗ (here,

without loss of generality, we assume that all the denominators are not zero). Then

g(τk) = (τk)+(1)φ( (τk)+
(τk)+(1) ) − (τk)−(1)φ( (τk)−

(τk)−(1) )
�−→ ρ1(1)φ( ρ1

ρ1(1)
) − ρ2(1)φ( ρ2

ρ2(1)
) = g(ρ1 − ρ2) = g(τ ),

i.e.

g(τk) → g(τ ).

This contradicts the fact that |g(τk)−g(τ )| ≥ ε, and so g(τi) → g(τ ). By the Krein-
Smulian Theorem, we see that g is a w∗-continuous linear functional on Vα with
g|T (A)α∗

= φ. By the Hahn-Banach extension theorem, there is a w∗-continuous
linear functional on (Asa)∗ which is an extension of g. By the well-known dual
theorem, there is an element aφ ∈ Asa such that g(τ ) = τ (aφ)(∀τ ∈ Vα), and so
φ(τ ) = τ (aφ)(∀τ ∈ T (A)α∗).

Similar discussion says, for any ψ ∈ AffT (A), there is also aψ ∈ Asa such that
ψ(τ ) = τ (aψ)(∀τ ∈ T (A)).

Lemma 3 ([16], Theorem 3.2). For n ∈ N ∪ {∞}, ∆n induces a homeomorphic
group isomorphism

∆n : Un
0 (A)/DUn

0 (A) �→ AffT (A)/∆0
n(π1(Un

0 (A)))

with Φn = ∆−1
n defined as follows: By the duality theorem, for any element ξ in

AffT (A), we have a ∈ Asa with ξ(τ ) = τ (a) for any τ ∈ T (A), and so denote ξ by
â. Then define Φn(q(ξ)) = q0(e2πia). In particular,

U∞
0 (A)/DU∞

0 (A) ∼= AffT (A)/ρ(K0(A)).

Lemma 4. Let (A, G, α) be a C∗-dynamical system with A unital and G abelian
and discrete, let RG be the restriction map from AffT (A) to Aff(T (A)α∗), let R∗

be the homomorphism from Aff(T (A)α∗) to AffT (A ×α G) induced by the affine
map R : T (A ×α G) → T (A)α∗ defined in Lemma 2, and let Ψ = R∗ ◦ RG. Then
Ψ : AffT (A) → AffT (A×α G) maps ∆0

n(π1(Un
0 (A))) into ∆0

n(π1(Un
0 (A ×α G))),

and induces a group homomorphism from AffT (A)/∆0
n(π1(Un

0 (A))) to
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AffT (A ×α G)/∆0
n(π1(Un

0 (A ×α G))), which is denoted by ψ, such that the di-
agram

Un
0 (A)/DUn

0 (A) ∆n−→ AffT (A)/∆0
n(π1(Un

0 (A)))
φ
⏐⏐	 ψ

⏐⏐	
Un

0 (A ×α G)/DUn
0 (A ×α G) ∆n−→ AffT (A ×α G)/∆0

n(π1(Un
0 (A ×α G)))

commutes, where φ is induced by the inclusion map from Un
0 (A) to Un

0 (A ×α G).

Proof. Let γ be a closed piecewise smooth path based at the identity of Un
0 (A),

and let [γ]A be the element in π1(Un
0 (A)) with representative γ. Then γ can also

be viewed as a closed piecewise smooth path in Un
0 (A ×α G), and let [γ]A×αG be

the element in π1(Un
0 (A ×α G)) with representative γ. Let ω ∈ T (A ×α G); then

Ψ(∆0
n([γ]A))(ω) = RG(∆0

n([γ]A))(R(ω))
= 1

2πi

∫ 1

0
R(ω)(γ′(t)γ(t)∗)dt = ∆0

n([γ]A×αG)(ω).

So Ψ(∆0
n([γ]A)) = ∆0

n([γ]A×αG). Since R∗ and RG are continuous in norm topology,
so is Ψ. Therefore Ψ maps ∆0

n(π1(Un
0 (A))) into ∆0

n(π1(Un
0 (A ×α G))). Let a ∈ Asa,

â ∈ AffT (A), â(τ ) = τ (a), ∀τ ∈ T (A). Then ∆−1
n (q(â)) = q0(e2πia), and so

φ ◦ ∆−1
n (q(â)) = q0

G(e2πia), where q0
G is the quotient map from Un

0 (A ×α G) to
Un

0 (A ×α G)/DUn
0 (A ×α G). Since for any ω ∈ T (A ×α G),

Ψ(â)(ω) = RG(â)(R(ω)) = R(ω)(a) = ω(a) = â(ω),

ψ(q(â)) = qG(Ψ(â)) = qG(â), where qG is the quotient map from AffT (A×α G) to
AffT (A×α G)/∆0

n(π1(Un
0 (A ×α G))). Therefore (∆−1

n ◦ψ)(q(â)) = ∆−1
n (qG(â)) =

q0
G(e2πia) = φ ◦ ∆−1

n (q(â)), i.e. φ ◦ ∆−1
n = ∆−1

n ◦ ψ.

Theorem 2. Let (A, G, α) be a C∗-dynamical system with A unital, G abelian
and discrete, and with R: T (A ×α G) → T (A)α∗ homeomorphic. Then A ×α G
is of real rank zero if and only if each unitary element in A ×α G with the form

uA

n∏
i=1

x∗
i y

∗
i xiyi can be approximated by the unitary elements in A ×α G with finite

spectrum, where u
A
∈ U0(A), xi, yi ∈ Cc(G, A) ∩ U0(A ×α G).

Proof. Keeping the notations as above, by Proposition 2, RG: AffT (A) →
Aff(T (A)α∗) is surjective. Since R is homeomorphic, Ψ is surjective, and so is
ψ. Then φ: U0(A)/DU0(A) → U0(A ×α G)/DU0(A ×α G) is surjective by Lemma
4. For any u ∈ U0(A ×α G), there exists u

A
∈ U0(A) such that φ(q0(u

A
)) = q0

G(u),
and so there exists v ∈ DU0(A ×α G) such that u = u

A
v. By definition, v can

be approximated by the unitary elements with the form
n∏

i=1

x̄∗
i ȳ

∗
i x̄iȳi, where x̄i,

ȳi ∈ U0(A ×α G). For arbitrary x̄ ∈ U0(A ×α G), it is well known that x̄ can
be approximated by the unitary elements with the form eih1eih2 · · · eihk for some
h1, h2, · · · , hk ∈ (A ×α G)sa. Since for each i (1 ≤ i ≤ k), hi can be approximated
by the self-adjoint elements in Cc(G, A) ⊆ A ×α G, x̄ can be approximated by the
elements in Cc(G, A) ∩ U0(A ×α G), and so we can choose the x̄i and ȳi above in
Cc(G, A) ∩ U0(A ×α G). Then the remainder of the proof is from [11, 4.2.8]

Proposition 3. Let A be a unital inductive limit of the direct sums of non-
elementary simple C∗-algebras of real rank zero. Then Un

0 (A) = DUn
0 (A).
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Proof. By Lemma 3, it is enough to prove that AffT (A) = ∆0
1(π1(U0(A))). Let

A = lim
n→∞

(An, φn), where An =
⊕kn

i=1 An,i, and all An,i are non-elementary simple
C∗-algebras of real rank zero. Since An,i is simple, we may assume all φn : An → A

are injective and view An as a subalgebra of A. Let a ∈ (An)sa; then a =
⊕kn

i=1 ai

and â =
⊕kn

i=1 âi ∈ AffT (A). Since An,i is of real rank zero, âi ∈ spanR{p̂ : p =
p∗ = p2 ∈ An,i}.

Let p ∈ An,i be a projection, and r ∈ R. Then for any ε > 0, we can choose
n, m ∈ N such that |r− m

2n | < ε, | r
2n | < ε. By [18, Theorem 2.1], there are equivalent

orthogonal subprojections p1, p2, · · · , p2n of p and subprojection q of p such that
p ∼

∑2n

i=1 pi ⊕ q and q � p1, and so p̂ = 2np̂1 + q̂, q̂ ≤ p̂1. Then

‖rp̂ − mp̂1‖ ≤ ‖rp̂ − m
2n p̂‖ + ‖ m

2n p̂ − mp̂1‖
≤ ε + m‖q̂‖

2n ≤ ε + m‖p̂1‖
2n ≤ ε + m

2n

‖p̂‖
2n

≤ 2ε + r
2n ≤ 3ε.

Therefore spanR{p̂ : p = p∗ = p2 ∈ An,i} = spanZ{p̂ : p = p∗ = p2 ∈ An,i}.
By the discussion above, â ∈ spanZ{p̂ : p = p∗ = p2 ∈ An}⊆ spanZ{p̂ : p =

p∗ = p2 ∈ A}. For a projection p in A, we have η : [0, 1] → U0(A), η(t) = e2πitp.
It is easy to see that ∆1

1(η) = p̂, so p̂ ∈ ∆0
1(π1(U0(A))). Therefore â ∈ spanZ{p̂ :

p = p∗ = p2 ∈ A} ⊆ ∆0
1(π1(U0(A))). This completes the proof of AffT (A) =

∆0
1(π1(U0(A))).

Note. The assumption is necessary that the direct sums of the building blocks are
non-elementary. For example let A = Mn(C) (n ≥ 1). Then Un

0 (A) = Un(A) and
DUn(A) 
= Un

0 (A), since for any a ∈ DUn(A), the determinant |a| of a must be 1.

Theorem 3. Let A be a unital inductive limit of the direct sums of non-elementary
simple C∗-algebras of real rank zero, let (A, G, α) be a C∗-dynamical system with
G abelian and discrete, and let R: T (A ×α G) → T (A)α∗ be homeomorphic. Then

(1) Un
0 (A ×α G) = DUn

0 (A ×α G).
(2) A ×α G is of real rank zero if and only if each unitary element in A ×α G

with the form
n∏

i=1

x∗
i y

∗
i xiyi can be approximated by the unitary elements in A×α G

with finite spectrum, where xi, yi ∈ Cc(G, A) ∩ U0(A ×α G).

Proof. From the discussion in the proof of Theorem 2, we know that φ defined in
Lemma 4 is surjective. Then (1) is from Lemma 4 and Proposition 3 directly. The
proof of (2) is similar to that of Theorem 2 by use of (1).
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[14] Rördam, M. Classification of Inductive Limits of Cuntz Algebras, J. Reine Angew. Math.,
440(1993), 175-200. MR1225963 (94k:46120)

[15] Thomsen, K., Diagonalization in Inductive Limits of Circle Algebras, J. Operator Theory,
27(1992), 325-340. MR1249649 (95f:46098)

[16] Thomsen, K., Trace, Unitary Characters and Crossed Products by Z, Publ. RIMS. Kyoto
Univ., 31(1995), 1011–1029. MR1382564 (97a:46074)

[17] Villadsen, J., Simple C∗-algebras with Perforation, J. Funct. Anal. 154(1998), 110-116.
MR1616504 (99j:46069)

[18] Zhang, S., Matricial Structure and Homotopy Type of Simple C∗-algebras with Real Rank

Zero, J. Operator Theory 26(1991), 283–312. MR1225518 (94f:46075)
[19] Zhang, S., On the Homotopy Type of the Unitary Group and the Grassmann Space of Purely

Infinite Simple C∗-algebras, K-Theory 24(2001), 203–225. MR1876798 (2002m:46088)

Department of Applied Mathematics, Tongji University, Shanghai, 200092, People’s

Republic of China

E-mail address: xfang@mail.tongji.edu.cn

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use

http://www.ams.org/mathscinet-getitem?mr=1120918
http://www.ams.org/mathscinet-getitem?mr=1120918
http://www.ams.org/mathscinet-getitem?mr=1241132
http://www.ams.org/mathscinet-getitem?mr=1241132
http://www.ams.org/mathscinet-getitem?mr=1667655
http://www.ams.org/mathscinet-getitem?mr=1667655
http://www.ams.org/mathscinet-getitem?mr=1743530
http://www.ams.org/mathscinet-getitem?mr=1743530
http://www.ams.org/mathscinet-getitem?mr=1344136
http://www.ams.org/mathscinet-getitem?mr=1344136
http://www.ams.org/mathscinet-getitem?mr=1438204
http://www.ams.org/mathscinet-getitem?mr=1438204
http://www.ams.org/mathscinet-getitem?mr=1884366
http://www.ams.org/mathscinet-getitem?mr=1884366
http://www.ams.org/mathscinet-getitem?mr=0548006
http://www.ams.org/mathscinet-getitem?mr=0548006
http://www.ams.org/mathscinet-getitem?mr=0693043
http://www.ams.org/mathscinet-getitem?mr=0693043
http://www.ams.org/mathscinet-getitem?mr=1225963
http://www.ams.org/mathscinet-getitem?mr=1225963
http://www.ams.org/mathscinet-getitem?mr=1249649
http://www.ams.org/mathscinet-getitem?mr=1249649
http://www.ams.org/mathscinet-getitem?mr=1382564
http://www.ams.org/mathscinet-getitem?mr=1382564
http://www.ams.org/mathscinet-getitem?mr=1616504
http://www.ams.org/mathscinet-getitem?mr=1616504
http://www.ams.org/mathscinet-getitem?mr=1225518
http://www.ams.org/mathscinet-getitem?mr=1225518
http://www.ams.org/mathscinet-getitem?mr=1876798
http://www.ams.org/mathscinet-getitem?mr=1876798

	1. Introduction
	2. Main results
	Acknowledgements
	References

