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ON CHAOTIC C0-SEMIGROUPS AND INFINITELY REGULAR
HYPERCYCLIC VECTORS

T. KALMES
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Abstract. A C0-semigroup T = (T (t))t≥0 on a Banach space X is called
hypercyclic if there exists an element x ∈ X such that {T (t)x; t ≥ 0} is dense
in X. T is called chaotic if T is hypercyclic and the set of its periodic vectors
is dense in X as well. We show that a spectral condition introduced by Desch,
Schappacher and Webb requiring many eigenvectors of the generator which
depend analytically on the eigenvalues not only implies the chaoticity of the
semigroup but the chaoticity of every T (t), t > 0. Furthermore, we show that
semigroups whose generators have compact resolvent are never chaotic. In
a second part we prove the existence of hypercyclic vectors in D(A∞) for a
hypercyclic semigroup T , where A is its generator.

1. Introduction

A continuous linear operator T on a separable Banach space (X, || · ||) is called
hypercyclic if there is a hypercyclic vector x ∈ X which means that {Tnx; n ∈ N} is
dense in (X, || · ||). Using Baire’s theorem, it can be shown that an operator T on a
separable Banach space is hypercyclic if and only if it is topologically transitive, i.e.
if and only if for every two open, non-empty subsets U, V of X there is a natural
number n such that U ∩ Tn(V ) �= ∅ (cf. [7, Theorem 1.2]). A hypercyclic operator
T is called chaotic if the set of periodic points is dense in (X, || · ||). There are a
number of articles dealing with hypercyclic operators; for a survey see, e.g., [8], [9].

Analogously, a C0-semigroup T = (T (t))t≥0 on a Banach space (X, || · ||) is called
hypercyclic if there exists an element x ∈ X such that {T (t)x; t ≥ 0} is dense in
(X, || · ||) (by the strong continuity of the semigroup it follows that {T (t)x; t ≥
0, t rational} is a dense subset of (X, || · ||) for every hypercyclic vector x, so that a
Banach space has to be separable in order to support a hypercyclic semigroup), and
in this case x is again called a hypercyclic vector for the semigroup T . The set of all
hypercyclic vectors of T will be denoted by HC(T ). If in addition {x ∈ X; ∃ t0 >
0 : T (t0)x = x} is dense in (X, || · ||), the semigroup is called chaotic. As for single
operators, it can be shown (cf. [4, Theorem 2.2]) that a C0-semigroup T = (T (t))t≥0

on a separable Banach space is hypercyclic if and only if it is topologically transitive,
i.e. if and only if for every two non-empty, open subsets U, V of X there is t > 0
such that U ∩ T (t)(V ) �= ∅. Baire’s theorem then implies that HC(T ) is a dense
Gδ-set in (X, || · ||) whenever it is not empty.
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Obviously, a C0-semigroup T is hypercyclic or chaotic if there is t0 > 0 such
that the operator T (t0) is hypercyclic or chaotic. Modifying arguments of [11,
Theorem 6] slightly, one obtains that for a hypercyclic vector x of the C0-semigroup
T = (T (t))t≥0 there is a dense Gδ-subset I of [0,∞) such that x is a hypercyclic
vector for each of the operators T (s), s ∈ I, so that a C0-semigroup can only be
hypercyclic if it contains “many” hypercyclic operators. It is not known whether
all T (t), t > 0, then have to be hypercyclic or whether a chaotic C0-semigroup must
contain a chaotic operator.

2. Chaotic C0-semigroups

A systematic investigation of hypercyclic and chaotic C0-semigroups started with
the article [4] of Desch, Schappacher and Webb. They gave the following sufficient
condition on the spectrum of the generator A : D(A) → X for the semigroup to be
chaotic:

(DSW)

For some open subset U of the point spectrum σp(A) of A intersect-
ing the imaginary axis, there exist eigenvectors xλ corresponding to
λ ∈ U such that for each φ ∈ X ′\{0} the mapping Fφ(λ) = φ(xλ) is
holomorphic on U and does not vanish identically.

Theorem ([4, Theorem 3.1]). A C0-semigroup T = (T (t))t≥0 on a separable Ba-
nach space is chaotic whenever its generator A satisfies (DSW).

We will show that condition (DSW) actually implies the chaoticity of each
T (t), t > 0. The following theorem was inspired by deLaubenfels and Emamirad
[3], and its proof uses an argument of [7].

Theorem 2.1. Let (X, || · ||) be a separable Banach space and let A be the generator
of the C0-semigroup T = (T (t))t≥0 on (X, || · ||). Suppose that condition (DSW) is
fulfilled. Then for every t > 0 the operator T (t) is chaotic.

Proof. Let t0 > 0. We define the sets Ω1 := {z ∈ U ; Rez > 0} and Ω2 := {z ∈
U ; Rez < 0} which are non-empty, open subsets of U by hypothesis and therefore
contain accumulation points in U . Since U is open and intersects the imaginary
axis, the set Ω3 := {z ∈ U ; Rez = 0, t0Imz ∈ 2πQ} contains accumulation points
in U , as well.

We set Vj := span{xλ; λ ∈ Ωj}, j = 1, 2, 3, and observe that Vj is a dense
subspace of (X, || · ||): If φ ∈ X ′ is such that 0 = φ(xλ) = Fφ(λ) for every λ ∈ Ωj ,
it follows that the holomorphic function Fφ vanishes identically on U , since Ωj

has accumulation points in U . By hypothesis this implies φ = 0 so that from the
Hahn-Banach theorem we obtain the density of Vj in (X, || · ||).

Using the spectral mapping theorem for the point spectrum of C0-semigroups (cf.

[6, Theorem IV 3.7]), i.e. σp(T (t))\{0} = etσp(A), t ≥ 0, we get for
m∑

k=1

αkxλk
∈ V2

and n ∈ N : T (t0)n(
m∑

k=1

αkxλk
) =

m∑

k=1

αkent0λkxλk
, which converges to zero as n

tends to infinity since |et0λk | < 1.

If we set S : V1 → V1,
m∑

k=1

αkxλk
	→

m∑

k=1

αke−t0λkxλk
(note that S is well defined

because of the linear independence of {xλ; λ ∈ U}) we obtain T (t0)◦S = idV1
once

again from the spectral mapping theorem. Because of |et0λk | > 1 for λk ∈ Ω2 we
see that Snx tends to zero as n tends to infinity for all x ∈ V1. We have proved
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that T (t0) satisfies the so-called “Hypercyclicity Criterion” (cf. [8, Theorem 4] and
the remark following it) which easily implies topological transitivity and therefore
the hypercyclicity of T (t0).

It remains to show that the dense subspace V3 consists of periodic points of

T (t0). To this we take p =
m∑

k=1

αkxλk
∈ V3 with λk ∈ Ω3 and et0λk = e

2πi
jk
nk (with

jk, nk being integers). For M :=
m∏

k=1

nk by applying the spectral mapping theorem

again we then obtain T (t0)M (p) = T (t0)M (
m∑

k=1

αkxλk
) =

m∑

k=1

αkxλk
= p, i.e. the

set of periodic vectors of T (t0) is dense in (X, || · ||). �

Examples 2.2. a) In [4, Example 4.12] Desch et al. showed that the solution
semigroup T = (T (t))t≥0 on L2([0,∞), C) of the partial differential equation

ut(x, t) = auxx(x, t) + bux(x, t) + cu(x, t),
u(0, t) = 0 for t ≥ 0,

u(x, 0) = f(x) for x ≥ 0 with some f ∈ L2([0,∞), C),

satisfies condition (DSW) if a, b, c > 0 and c < b2/(2a) < 1. So, by Theorem 2.1,
each of the operators T (t), t > 0, is chaotic.

b) Let ρ : [0,∞) → (0,∞) be a Lebesgue-measurable function satisfying the
growth condition sup

s≥0

ρ(s)
ρ(s+t) < Meωt for some M > 1, ω ∈ R and all t ≥ 0, and

let p ≥ 1. We consider the weighted Lebesgue space Lp
ρ([0,∞), C) of measurable

complex-valued functions with the natural norm, i.e. ||u||p :=
∫

[0,∞)

|u(t)|pρ(t)dt.

Then (Lp
ρ([0,∞), C), || · ||) is a Banach space on which we have defined a strongly

continuous semigroup by (T (t)u)(s) := u(t + s), t, s ≥ 0. It is a well-known fact
that the domain of the generator of T = (T (t))t≥0 is given by D(A) = {u ∈
Lp

ρ([0,∞), C); u is absolutely continuous and u′ ∈ Lp
ρ([0,∞), C)} and that Au = u′.

For the special case ρ(t) = e−αt we see that for λ ∈ C with Reλ < α the
function xλ(t) := eλt belongs to Lp

ρ([0,∞), C), so that λ belongs to the point
spectrum of (A, D(A)). For every g ∈ Lq

ρ([0,∞), C), where 1
p + 1

q = 1, we have that
{λ ∈ C; Reλ < α} → C, λ 	→

∫

[0,∞)

eλtg(t)ρ(t)dt is holomorphic (the integrand is

locally bounded in λ by an integrable function, so that we can apply [5, Theorem
13.8.6]). Since the considered function is a Laplace transform, the condition (DSW)
is fulfilled whenever α > 0.

It should be noted that in this particular example condition (DSW) is equivalent
to the chaoticity of the translation semigroup T (cf. [3, Theorem 4.6]).

c) Let C0,ρ := {f : R → C; f continuous, lim
x→∞

|f(x)|ρ(x) = lim
x→−∞

|f(x)|ρ(x) =

0} equipped with ||f || := supx∈R
|f(x)|ρ(x), where ρ : R → R, x 	→ min{1, 1/|x|}.

According to [10, Theorem 4], the translation semigroup T = (T (t))t≥0 with
T (t)f := f(· + t) is chaotic since lim

t→∞
ρ(t) = lim

t→−∞
ρ(t) = 0. It is easy to ver-

ify that the point spectrum of the generator A coincides with the imaginary axis,
and that every T (t), t > 0, is chaotic, so that the “spectral part” of condition
(DSW) is not necessary for the chaoticity of every T (t) of a chaotic semigroup.
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Next, we show that a C0-semigroup T whose generator A has the property that
(D(A), || · ||A) ↪→ (X, || · ||) is compact, can never be chaotic. To do so, we need the
following theorem.

Theorem 2.3. Let T = (T (t))t≥0 be a C0-semigroup on a Banach space (X, || · ||)
with generator A such that σ(A) �= ∅. Let || · ||A denote the graph norm on D(A).
If the imbedding (D(A), || · ||A) ↪→ (X, || · ||) is compact, then T is not hypercyclic.

Proof. Since the resolvent set ρ(A) is not empty, we can choose λ0 ∈ ρ(A). By
compactness of (D(A), || · ||A) ↪→ (X, || · ||) it follows that the resolvent (λ0 −A)−1 :
X → X is compact. Because of σ((λ0 − A)−1)\{0} = 1

λ0−σ(A) and σ(A) �= ∅ there
is µ0 ∈ σ((λ0 − A)−1)\{0}, which has to be an eigenvalue by the compactness of
(λ0 − A)−1. So µ0 is an eigenvalue of ((λ0 − A)−1)∗ = (λ0 − A∗)−1, too. Let φ be
a corresponding eigenvector. Then (λ0 − A∗)−1φ = µ0φ, so that φ ∈ D(A∗) and
A∗φ = (λ0 − 1

µo
)φ, i.e. A∗ has an eigenvalue. Using [4, Theorem 3.3] we see that

T cannot be hypercyclic. �

Corollary 2.4. Let T = (T (t))t≥0 be a C0-semigroup with generator A on a Ba-
nach space (X, || · ||). If the embedding (D(A), || · ||A) ↪→ (X, || · ||) is compact, then
T is not chaotic.

Proof. We assume that T is chaotic. In particular, there is t > 0 and x ∈ X\{0}
such that T (t)x = x. Using the spectral mapping theorem for the point spectrum,
we see that σ(A) �= ∅. So, by the above theorem, T cannot be hypercyclic, which
is a contradiction to the assumed chaoticity of T . �

Remark. Let Ω ⊂ Rd be an open and bounded region, 1 ≤ p ≤ ∞ and let L : D(L) ⊂
Lp(Ω) → Lp(Ω) be a closable “linear differential operator” whose closure (L̄, D(L̄))
generates a C0-semigroup on Lp(Ω) with D(L̄) being contained in W 1,p(Ω), the
first order Sobolev space of p-integrable functions.

If Ω has a “nice” boundary, it follows from Sobolev imbedding theorems (cf. [1,
Theorem 6.2]) and the above corollary that the semigroup generated by (L̄, D(L̄))
is not chaotic.

3. Infinitely regular hypercyclic vectors

If the generator A of a hypercyclic C0-semigroup T is an unbounded operator, it
follows from the non-emptiness of its resolvent set and the Open-Mapping theorem
that D(A) is of first category in (X, || · ||). So, we cannot use the Baire argument
to show the existence of a hypercyclic vector x in D(A).

Nevertheless, we will now show that for a hypercyclic C0-semigroup even D(A∞)
∩HC(T ) �= ∅. To this end we need the following simple modification of the so-called
“Comparison Principle” for C0-semigroups. We omit the simple proof.

Lemma 3.1. Let T = (T (t))t≥0 and S = (S(t))t≥0 be C0-semigroups on (X, || · ||)
resp. (Y, || · ||) and let Φ : (X, || · ||) → (Y, || · ||) be a continuous linear mapping with
dense range such that S(t) ◦Φ = Φ ◦T (t) for all t ≥ 0. If T is hypercyclic, so is S.

We first show that HC(T ) ∩ D(An) �= ∅ whenever T is hypercyclic.

Lemma 3.2. Let T be a hypercyclic C0-semigroup on (X, || · ||) with generator A.

For n ∈ N we consider the graph norm ||x||n :=
n∑

j=0

||Ajx|| on D(An), and we set
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Tn := (Tn(t))t≥0 := (T (t)|D(An)
)t≥0. Then Tn is a hypercyclic C0-semigroup on

(D(An), || · ||n) with HC(T n) ⊆ HC(T ), and HC(T n) is dense in (X, || · ||). In
particular HC(T ) ∩ D(An) �= ∅.

Proof. That (D(An), || · ||n) is a Banach space and Tn is a C0-semigroup on (D(An),
|| · ||n) is a well-known result (cf. [6, Chapter II.5]).

Now let λ be in the resolvent set of A. Then (λ−A)−n : (X, ||·||) → (D(An), ||·||n)
is a continuous isomorphism and obviously Tn(t)◦ (λ−A)−n = (λ−A)−n ◦T (t) for
every t ≥ 0, so that Tn is a hypercyclic C0-semigroup by Lemma 3.1 and HC(T n)
is a dense Gδ-subset of (D(An), || · ||n).

Since the continuous inclusion ι : (D(An), || · ||n) ↪→ (X, || · ||) has dense range
and T (t) ◦ ι = ι ◦ Tn(t), t ≥ 0, we see that HC(T n) ⊆ HC(T ) and that HC(T n) is
dense in (X, || · ||). �

We equip D(A∞) =
⋂

n∈N

D(An) with the locally convex topology induced by the

increasing family of seminorms (|| · ||n)n∈N0 , where again ||x||n :=
n∑

j=0

||Ajx||. Then

(D(A∞), (|| · ||n)n∈N0) is a Fréchet space and we obtain:

Theorem 3.3. Let T be a hypercyclic C0-semigroup on (X, || · ||) with genera-
tor A. Then T∞ := (T∞(t))t≥0 := (T (t)|D(A∞)

)t≥0 is a hypercyclic semigroup on
(D(A∞), (|| · ||n)n∈N0) (where hypercyclicity of a semigroup on a Fréchet space is
defined in an obvious way) with HC(T ∞) ⊂ HC(T ), and HC(T ∞) is dense in
(X, || · ||). In particular D(A∞) ∩HC(T ) �= ∅.

Proof. Since (D(A∞), (|| · ||n)n∈N0) is the projective limit of the countable family
of Banach spaces (D(An), || · ||n) and since each of the Banach spaces (D(An),
|| · ||n) is separable (because (D(An), || · ||n) is isomorphic to a closed subspace of
X(n+1)), (D(A∞), (||·||n)n∈N0) is a separable Fréchet space, hence second countable
as a topological space.

That T∞ is a semigroup of continuous operators on (D(A∞), (|| · ||n)n∈N0) is well
known.

We will show that T∞ is topologically transitive on (D(A∞), (|| · ||n)n∈N0), hence
hypercyclic. To do so, we choose x, y ∈ D(A∞) and a neighbourhood U of zero
in (D(A∞), (|| · ||n)n∈N0). Then there are ε > 0 and m0 ∈ N0 such that {z ∈
D(A∞); ||z||m0 < ε} ⊆ U . Since x, y ∈ D(A∞) ⊂ D(Am0) and Tm0 is hypercyclic,
hence topologically transitive, by Lemma 3.2 there is t0 such that W := (x + V ) ∩
Tm0(t0)

−1(y + V ) �= ∅, where V := {z ∈ D(Am0); ||z||m0 < ε}. Since W is open in
(D(Am0), || · ||m0) and D(A∞) is dense in (D(Am0), || · ||m0), there is z ∈ D(A∞)
with ||x − z||m0 < ε, ||y − Tm0(t0)(z)||m0 < ε, that is, z − x ∈ U, T∞(t0)(z) − y =
Tm0(t0)(z)−y ∈ U , which shows (x+U)∩T∞(t0)−1(y+U) �= ∅, i.e. the topological
transitivity of T∞.

Since the inclusion ι : (D(A∞), (|| · ||n)n∈N0) ↪→ (X, || · ||) is continuous, has dense
range, and ι ◦ T∞ = T ◦ ι, we have HC(T ∞) ⊆ HC(T ), and HC(T ∞) is dense in
(X, || · ||). �

Remark. a) In a more general setting, it can be shown that given a strongly re-
duced projective spectrum X = (Xα)α∈I and a topological transitive semigroup
(T (t)α)t≥0 on each of the components, the induced semigroup on the projective
limit of X is topologically transitive again; cf. [2, Proposition 2.1].
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b) Returning to Examples 2.2 we get that there are C∞-functions which are
hypercyclic for the semigroups considered there.
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