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UNIQUENESS PROBLEM OF MEROMORPHIC FUNCTIONS
SHARING SMALL FUNCTIONS

ZHIHUA CHEN AND QIMING YAN

(Communicated by Mei-Chi Shaw)

Abstract. In this paper, a uniqueness theorem of meromorphic functions
which share four small functions is given.

1. Introduction

It is well known that two nonconstant polynomials f, g over an algebraic closed
field of characteristic zero are identical if there exist two distinct values a, b such
that f(x) = a if and only if g(x) = a and f(x) = b if and only if g(x) = b.

In 1926, R. Nevanlinna [1] extended the above result to meromorphic functions.
He showed that, for two distinct nonconstant meromorphic functions f and g on
the complex plane C, they cannot have the same inverse images for five distinct
values, and g is a special type of linear fractional transformation of f if they have
the same inverse images counted with multiplicities for four distinct values.

Naturally, one may ask the question: Is it possible to replace five distinct values
by five small functions?

Over the last few years, there were several generalizations of Nevanlinna’s result
to the case of small functions as targets.

To state some of them, we must introduce some notions.
Let f(z) be a nonzero holomorphic function on Cn. For a ∈ Cn, set f(z) =∑∞
m=0 Pm(z−a), where the term Pm(z) is either identically zero or a homogeneous

polynomial of degree m. The number νf (a) := min {m|Pm �= 0} is said to be the
zero-multiplicity of f at a.

For z = (z1, . . . , zn) ∈ Cn, we set ‖z‖ = (|z1|2 + · · ·+ |zn|2)1/2. For r > 0, define
B(r) = {z ∈ Cn|‖z‖ < r}, S(r) = {z ∈ Cn|‖z‖ = r}, dc = (4π

√
−1)−1(∂ − ∂),

v = (ddc‖z‖2)n−1 and σ = dc log ‖z‖2 ∧ (ddc log ‖z‖2)n−1.
Let φ(z) be a nonconstant meromorphic function on C

n with reduced represen-
tation φ = φ0

φ1
, where φ0, φ1 are holomorphic functions on Cn having no common

zeros.
The characteristic function of φ is defined by

T (r, φ) =
∫

S(r)

log ‖φ‖σ −
∫

S(1)

log ‖φ‖σ (r > 1),
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where ‖φ‖ = (|φ0|2 + |φ1|2)1/2. For n = 1, T (r, φ) = 1
2π

∫ 2π

0
log ‖φ(reiθ)‖dθ −

1
2π

∫ 2π

0
log ‖φ(eiθ)‖dθ.

The meromorphic function a is said to be “small” with respect to f if T (r, a) =
o(T (r, f)) as r → +∞.

Let R(f) be the set of meromorphic functions on C
n which are small with respect

to f . It is easy to see that R(f) is a field.
We define

νM
f−a(z) = min{M, νf−a(z)},

νM
f−a,≤k(z) =

{
0 if νf−a(z) > k,

νM
f−a(z) if νf−a(z) ≤ k,

and

νM
f−a,>k(z) =

{
0 if νf−a(z) ≤ k,

νM
f−a(z) if νf−a(z) > k,

for positive integers k, M or M = ∞.
In 2000, Li and Qiao [2] gave a generalized Nevanlinna theorem that if two

nonconstant meromorphic functions f and g on C and five meromorphic functions
{aj}5

j=1 in R(f) ∩ R(g) satisfy ν1
f−aj

= ν1
g−aj

, 1 ≤ j ≤ 5, then f = g. In 2002,
Yi [3] obtained an improvement of the above result and showed that if k ≥ 14 and
ν1

f−aj ,≤k = ν1
g−aj ,≤k, 1 ≤ j ≤ 5, then f = g.

Recently, motivated by the accomplishment of the second main theorem for small
functions given by Yamanoi [4], Thai and Tan [6] proved the following results.

Theorem A. Let f, g be meromorphic functions on C and let {aj}5
j=1 be five

distinct meromorphic functions in R(f) ∩R(g). Assume that

ν1
f−aj ,≤k = ν1

g−aj ,≤k, 1 ≤ j ≤ 5.

Then f = g for k ≥ 3.

Theorem B. Let f1, f2, f3 be three meromorphic functions on C and let {aj}4
j=1

be four distinct meromorphic functions in R(f1) ∩R(f2) ∩R(f3). Assume that

ν2
f1−aj ,≤k = ν2

f2−aj ,≤k = ν2
f3−aj ,≤k, 1 ≤ j ≤ 4.

Then f1 = f2, f2 = f3 or f3 = f1 for k ≥ 23.

In this paper, we will give an improvement of Theorem B. Our main result is
stated as follows.

Theorem 1.1. Let f1, f2, f3 be three meromorphic functions on C
n, let {aj}4

j=1

be four distinct meromorphic functions in R(f1) ∩R(f2) ∩R(f3), and let kj (1 ≤
j ≤ 4) be positive integers or ∞ satisfying

k1 ≥ k2 ≥ k3 ≥ k4.

Assume that

ν2
f1−aj ,≤kj

= ν2
f2−aj ,≤kj

= ν2
f3−aj ,≤kj

, 1 ≤ j ≤ 4.

If kj (1 ≤ j ≤ 4) satisfy one of the following conditions:
a) k4 ≥ 15,
b) k4 = 14, k1 = k2 = k3 = 16,
c) k4 = 13, k1 = k2 = k3 = 17,

then f1 = f2, f2 = f3 or f3 = f1.
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2. Preliminaries and some lemmas

We first introduce some preliminaries in Nevanlinna theory.
We now define counting function. Let

n(t) =

{ ∫
|νf−a|

⋂
B(t)

νf−a(z)v if n ≥ 2,∑
|z|≤t νf−a(z) if n = 1.

Similarly, we define nM (t), nM
≤k(t) and nM

>k(t). We define

Nf−a(r, 0) =
∫ r

1

n(t)
t2n−1

dt (1 < r < +∞).

Similarly, we define NM
f−a(r, 0), NM

f−a,≤k(r, 0) and NM
f−a,>k(r, 0).

We define the proximity function of meromorphic function f by

m(r, f) =
∫

S(r)

log+ |f |σ.

Now we give some useful theorems and lemmas.

Theorem 2.1. Let f be a nonconstant meromorphic function on Cn. Let a1, . . . , aq

be distinct meromorphic functions on Cn. Assume that aj are small functions with
respect to f for all 1 ≤ j ≤ q. Then, for each ε > 0,

‖(q − 2 − ε)T (r, f) ≤
q∑

j=1

N1
f−aj

(r, 0) + o(T (r, f)),

where the notation “ ‖” means the inequality holds for all large r outside a set of
finite Lebesgue measure. (We will use this notation throughout the paper.)

Proof. In [4], Yamanoi proved this second main theorem for n = 1. By the standard
process of averaging over the complex lines in the complex space Cn, one can easily
extend his result to meromorphic functions on Cn for n > 1.

For any ξ ∈ Cn with ‖ξ‖ = 1, ξC is a complex line through the origin in Cn.
We use fξ and aξj to denote the meromorphic functions of f and aj restricted to
line ξC, respectively. We note that fξ and aξj are meromorphic functions on C. By
Corollary 1 in [4], we have

‖(q − 2 − ε)T (r, fξ) ≤
q∑

j=1

N1
fξ−aξj

(r, 0) + O

⎛
⎝ q∑

j=1

T (r, aξj)

⎞
⎠ + o(T (r, fξ)).

Integrating the above inequality over the projective space Pn−1 of lines through the
origin in Cn (cf. [5]), we have

‖(q − 2 − ε)T (r, f) ≤
q∑

j=1

N1
f−aj

(r, 0) + O

⎛
⎝ q∑

j=1

T (r, aj)

⎞
⎠ + o(T (r, f))

≤
q∑

j=1

N1
f−aj

(r, 0) + o(T (r, f)).

�
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Logarithmic derivative lemma. Let f be a nonzero meromorphic function on
Cn. Then

‖m(r, Dα(f)/f) = o(T (r, f)) (α ∈ Z
n
+).

For f1, f2, f3, set T (r) :=
∑3

k=1 T (r, fk).
We denote R = R(f1) ∩R(f2) ∩R(f3) and S = R \ {aj}q

j=1.

Lemma 2.2. For each aj, 1 ≤ j ≤ q, there exists a sequence {cj
n} in S such that

limn→+∞ cj
n = aj.

Proof. It is easy to see that caj ∈ S, where c in C \ {0} and c �= 1. Let {cn} be a
sequence in C and cn → 1 (n → +∞). Set cj

n = cnaj and we get limn→+∞ cj
n =

aj . �

Lemma 2.3. For every c ∈ S, we put F jk
c = fk−aj

fk−c
. Then

T (r, F jk
c ) = T (r, fk) + o(T (r)).

The proof can be found in [6].

Definition 2.4. Let F, G, H be nonzero meromorphic functions on Cn. Take α :=
(α0, α1) whose components αk are composed of n nonnegative integers, and set
|α| = |α0| + |α1|. We define Cartan’s auxiliary function by

Φα ≡ Φα(F, G, H) := F · G · H ·

∣∣∣∣∣∣
1 1 1

Dα0
( 1

F ) Dα0
( 1

G ) Dα0
( 1

H )
Dα1

( 1
F ) Dα1

( 1
G ) Dα1

( 1
H )

∣∣∣∣∣∣ .

In [7], Fujimoto gave the following.

Lemma 2.5. If Φα(F, G, H) ≡ 0 and Φα( 1
F , 1

G , 1
H ) ≡ 0 for all α with |α| ≤ 1, then

one of the following assertions holds:
(i) F = G, G = H or H = F .
(ii) F

G , G
H and H

F are all constant.

Lemma 2.6. Suppose that Φα(F, G, H) �≡ 0 with |α| ≤ 1. If

ν[d] := min(νF,≤k, d) = min(νG,≤k, d) = min(νH,≤k, d)

for some d ≥ |α|, then νΦα(z0) ≥ min(ν[d](z0), d−|α|) for every z0 ∈ {z|νF,≤k(z) >
0}\A, where A is an analytic subset of codim A ≥ 2.

Lemma 2.7. With the assumptions as in Lemma 2.6, if F = G = H �≡ 0,∞ on
an analytic subset of A of pure dimension n − 1, then νΦα(z0) ≥ 2, ∀z0 ∈ A.

For the proof of the above two lemmas, refer to [8].

Lemma 2.8. Suppose that there exists Φα = Φα(F j01
c , F j02

c , F j03
c ) �≡ 0 for some

c ∈ S and some j0, 1 ≤ j0 ≤ 4, |α| ≤ 1, d ≥ |α|. Then, for each 1 ≤ i ≤ 3, the
following holds:

‖Nd−|α|
fi−aj0 ,≤kj0

(r, 0) + 2 ·
∑
j �=j0

N1
fi−aj ,≤kj

(r, 0) ≤ NΦα(r, 0) + o(T (r)) ≤ T (r)

+
3∑

l=1

N1
f l−aj0 ,>kj0

(r, 0) + o(T (r)).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



MEROMORPHIC FUNCTIONS SHARING SMALL FUNCTIONS 2899

Proof. The proof is similar to that of Lemma 4.1.8 in [8]. We include the proof
here for completeness. The first inequality is deduced immediately from Lemmas
2.6 and 2.7. On the other hand, we have

NΦα(r, 0) ≤ T (r, Φα) + O(1) = NΦα(r, +∞) + m(r, Φα) + O(1).

We easily see that a pole of Φα is a zero or a pole of some F j0k
c and Φα is holomorphic

at all zeros with multiplicities ≤ kj0 of F j0k
c because of Lemma 2.6. We also see

that if z0 is a pole of Dαi
(1/F j0k

c )

1/F
j0k
c

, then it has the multiplicity ≤ |αi|. Thus, if z0 is

a pole of Φα, then it has the multiplicity ≤ |α| =
∑1

i=0 |αi| ≤ 1. This implies that

NΦα(r, +∞) ≤
3∑

l=1

N1
f l−aj0 ,>kj0

(r, 0) +
3∑

l=1

N
F

j0l
c

(r, +∞) + o(T (r))

and

m(r, Φα) ≤
3∑

l=1

m(r, F j0l
c ) + O

(∑
m

(
r,

Dαi

(1/F j0k
c )

1/F j0k
c

))
+ O(1)

≤
3∑

l=1

m(r, F j0l
c ) + o(T (r)).

Note that
∑3

l=1 N
F

j0l
c

(r, +∞) +
∑3

l=1 m(r, F j0l
c ) =

∑3
l=1 T (r, F j0l

c ) = T (r). Hence

NΦα(r, 0) ≤ T (r) +
3∑

l=1

N1
f l−aj0 ,>kj0

(r, 0) + o(T (r)).

�

Lemma 2.9. Let f be a nonconstant meromorphic function on C
n. Let a1, . . . , aq

be distinct meromorphic functions on Cn. Assume that aj are small functions with
respect to f for all 1 ≤ j ≤ q. Then, for each ε > 0,

‖

⎛
⎝q − 2 − ε −

q∑
j=1

1
kj + 1

⎞
⎠ T (r, f) ≤

q∑
j=1

kj

kj + 1
N1

f−aj ,≤kj
(r, 0) + o(T (r, f)).

Proof. By Theorem 2.1, we have

‖(q − 2 − ε)T (r, f) ≤
q∑

j=1

N1
f−aj

(r, 0) + o(T (r, f))

≤
q∑

j=1

N1
f−aj ,≤kj

(r, 0) +
q∑

j=1

1
kj + 1

Nf−aj ,>kj
(r, 0) + o(T (r, f))

=
q∑

j=1

N1
f−aj ,≤kj

(r, 0) +
q∑

j=1

1
kj + 1

(Nf−aj
(r, 0) − Nf−aj ,≤kj

(r, 0))

+ o(T (r, f))

≤
q∑

j=1

kj

kj + 1
N1

f−aj ,≤kj
(r, 0) +

⎛
⎝ q∑

j=1

1
kj + 1

⎞
⎠ T (r, f) + o(T (r, f)).
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Hence,

‖

⎛
⎝q − 2 − ε −

q∑
j=1

1
kj + 1

⎞
⎠ T (r, f) ≤

q∑
j=1

kj

kj + 1
N1

f−aj ,≤kj
(r, 0) + o(T (r, f)).

�

3. Proof of the main result

Denote by Q the set of all indices j0 ∈ {1, 2, 3, 4} satisfying the following: There
exist c ∈ S and α = (α0, α1) with |α| ≤ 1 such that Φα(F j01

c , F j02
c , F j03

c ) �≡ 0.
For each 1 ≤ i ≤ 3 and j0 ∈ Q, by Lemma 2.8, we have

‖N1
fi−aj0 ,≤kj0

(r, 0)+2
∑
j �=j0

N1
fi−aj ,≤kj

(r, 0) ≤ T (r)+
3∑

l=1

N1
f l−aj0 ,>kj0

(r, 0)+o(T (r)).

This implies that

‖
3∑

i=1

⎛
⎝N1

fi−aj0 ,≤kj0
(r, 0) + 2

∑
j �=j0

N1
fi−aj ,≤kj

(r, 0)

⎞
⎠

≤ 3T (r) + 3
3∑

i=1

N1
fi−aj0 ,>kj0

(r, 0) + o(T (r))

≤ 3T (r) +
(

3
kj0 + 1

) 3∑
i=1

Nfi−aj0 ,>kj0
(r, 0) + o(T (r))

≤ 3T (r) +
(

3
kj0 + 1

) 3∑
i=1

(Nfi−aj0
(r, 0) − Nfi−aj0 ,≤kj0

(r, 0)) + o(T (r))

≤ 3
(

kj0 + 2
kj0 + 1

)
T (r) −

(
3

kj0 + 1

) 3∑
i=1

N1
fi−aj0 ,≤kj0

(r, 0) + o(T (r)).

Hence

‖
3∑

i=1

⎛
⎝(kj0 + 4)N1

fi−aj0 ,≤kj0
(r, 0) + 2(kj0 + 1)

∑
j �=j0

N1
fi,aj ,≤kj

(r, 0)

⎞
⎠

≤ 3(kj0 + 2)T (r) + o(T (r)).

This means that

‖2(kj0 + 1)
3∑

i=1

4∑
j=1

N1
fi−aj ,≤kj

(r, 0) ≤ 3(kj0 + 2)T (r)

+ (kj0 − 2)
3∑

i=1

N1
fi−aj0 ,≤kj0

(r, 0) + o(T (r)).

By k1 ≥ k2 ≥ k3 ≥ k4, we have

1 ≥ k1

k1 + 1
≥ k2

k2 + 1
≥ k3

k3 + 1
≥ k4

k4 + 1
≥ 1

2
.
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Using Lemma 2.9, we obtain, for 1 ≤ i ≤ 3,

‖

⎛
⎝2 − ε −

4∑
j=1

1
kj + 1

⎞
⎠ T (r, f i) ≤

4∑
j=1

kj

kj + 1
N1

fi−aj ,≤kj
(r, 0) + o(T (r, f i))

≤
4∑

j=1

k1

k1 + 1
N1

fi−aj ,≤kj
(r, 0) + o(T (r, f i)).

Hence

‖2(kj0 + 1)

⎛
⎝2 − ε −

4∑
j=1

1
kj + 1

⎞
⎠ (

k1 + 1
k1

)
T (r)

≤ 3(kj0 + 2)T (r) + (kj0 − 2)
3∑

i=1

N1
fi−aj0 ,≤kj0

(r, 0) + o(T (r))

and

‖
3∑

i=1

N1
fi−aj0 ,≤kj0

(r, 0)

≥

⎛
⎝2(kj0 + 1)

kj0 − 2

⎛
⎝2 − ε −

4∑
j=1

1
kj + 1

⎞
⎠ (

k1 + 1
k1

)
− 3(kj0 + 2)

kj0 − 2

⎞
⎠ T (r)

+ o(T (r)).

Now, we will show that 
Q ≤ 2. If 
Q ≥ 3, i.e., Q ⊃ {j0, j1, j2}, we get

‖
2∑

s=0

3∑
i=1

N1
fi−ajs ,≤kjs

(r, 0)

≥
2∑

s=0

⎛
⎝2(kjs

+ 1)
kjs

− 2

⎛
⎝2 − ε −

4∑
j=1

1
kj + 1

⎞
⎠ (

k1 + 1
k1

)
− 3(kjs

+ 2)
kjs

− 2

⎞
⎠ T (r)(3.1)

+ o(T (r)).

Since f1 �= f2 �= f3 �= f1, it implies that
2∑

s=0

N1
fi−ajs ,≤kjs

(r, 0) ≤ Nf1−f2(r, 0) + o(T (r)) ≤ T (r, f1) + T (r, f2) + o(T (r)).

Similarly,
2∑

s=0

N1
fi−ajs ,≤kjs

(r, 0) ≤ T (r, f2) + T (r, f3) + o(T (r)),

2∑
s=0

N1
fi−ajs ,≤kjs

(r, 0) ≤ T (r, f1) + T (r, f3) + o(T (r)).

Hence
2∑

s=0

N1
fi−ajs ,≤kjs

(r, 0) ≤ 2
3
T (r) + o(T (r)), 1 ≤ i ≤ 3.
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By (3.1), we have

‖3 · 2
3
T (r)

≥
2∑

s=0

⎛
⎝2(kjs

+ 1)
kjs

− 2

⎛
⎝2 − ε −

4∑
j=1

1
kj + 1

⎞
⎠ (

k1 + 1
k1

)
− 3(kjs

+ 2)
kjs

− 2

⎞
⎠ T (r)

+ o(T (r)).

Let r → +∞ and ε → 0, and we get

2 ≥
2∑

s=0

⎛
⎝2(kjs

+ 1)
kjs

− 2

⎛
⎝2 −

4∑
j=1

1
kj + 1

⎞
⎠ (

k1 + 1
k1

)
− 3(kjs

+ 2)
kjs

− 2

⎞
⎠ .

i) k4 ≥ 15.
In fact, we only need to verify the case of k1 = k2 = k3 = k4 = 15. We have

2(kjs
+ 1)

kjs
− 2

⎛
⎝2 −

4∑
j=1

1
kj + 1

⎞
⎠ (

k1 + 1
k1

)
− 3(kjs

+ 2)
kjs

− 2
=

2(16)
13

· 7
4
· 16
15

− 3(17)
13

≥ 0.67179.

This gives a contradiction:

2 ≥ 3 × 0.67179 = 2.01537.

Hence 
Q ≤ 2.
ii) k4 = 14, k3 = k2 = k1 = 16.
For k4 = 14, we get

2(k4 + 1)
k4 − 2

⎛
⎝2 −

4∑
j=1

1
kj + 1

⎞
⎠ (

k1 + 1
k1

)
− 3(k4 + 2)

k4 − 2
≥ 0.6665.

For k1 = k2 = k3 = 16, we get

2(ki + 1)
ki − 2

⎛
⎝2 −

4∑
j=1

1
kj + 1

⎞
⎠ (

k1 + 1
k1

)
− 3(ki + 2)

ki − 2
≥ 0.67602, 1 ≤ i ≤ 3.

If Q ⊃ {1, 2, 3}, this gives a contradiction

2 ≥ 3 × 0.67602 = 2.02806.

If Q ⊃ {1, 2, 4} ({1, 3, 4} or {2, 3, 4}), this gives a contradiction

2 ≥ 0.6665 + 2 × 0.67602 = 2.01854.

Hence 
Q ≤ 2.
iii) k4 = 13, k3 = k2 = k1 = 17. For k4 = 13, we get

2(k4 + 1)
k4 − 2

⎛
⎝2 −

4∑
j=1

1
kj + 1

⎞
⎠ (

k1 + 1
k1

)
− 3(k4 + 2)

k4 − 2
≥ 0.6577411.

For k1 = k2 = k3 = 17, we get

2(ki + 1)
ki − 2

⎛
⎝2 −

4∑
j=1

1
kj + 1

⎞
⎠ (

k1 + 1
k1

)
− 3(ki + 2)

ki − 2
≥ 0.6772988, 1 ≤ i ≤ 3.
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If Q ⊃ {1, 2, 3}, this gives a contradiction

2 ≥ 3 × 0.6772988 = 2.0318964.

If Q ⊃ {1, 2, 4} ({1, 3, 4} or {2, 3, 4}), this gives a contradiction

2 ≥ 0.6577411 + 2 × 0.6772988 = 2.0123387.

Hence 
Q ≤ 2.
It is easy to see that {1, 2, 3, 4} \ Q contains at least 2 indices. Without loss of

generality, we may assume that {1, 2} ⊂ {1, 2, 3, 4} \ Q. By Lemma 2.2, it implies
that Φα(F 11

2 , F 12
2 , F 13

2 ) ≡ 0 and Φα(F 21
1 , F 22

1 , F 23
1 ) ≡ 0 for all α with |α| ≤ 1.

Applying Lemma 2.5 for F 11
2 , F 12

2 and F 13
2 , there are the following two cases:

i) There exist 1 ≤ l1 < l2 ≤ 3 such that F 1l1
2 = F 1l2

2 . Then f l1 ≡ f l2 .
ii) There are two distinct constants α, β ∈ C \ {0, 1} such that F 11

2 = αF 12
2 =

βF 13
2 .
Now, we claim that this is impossible.
First, we show that νfi−a3(z) ≥ k3 + 1 (1 ≤ i ≤ 3) for z ∈ A, where

A :=

(
3⋃

i=1

{z|(f i − a3)(z) = 0}
)

\ {z|(a3 − a1)(z) = 0 or (a3 − a2)(z) = 0}.

In fact, if there exist 1 ≤ j ≤ 3 and z0 ∈ A such that 0 < νfj−a3(z0) ≤ k3, then

(f1 − a3)(z0) = (f2 − a3)(z0) = (f3 − a3)(z0) = 0.

Hence F 11
2 (z0) = F 12

2 (z0) = (a3−a1)
(a3−a2)

(z0) �= 0,∞, so that α = 1, which is a contra-
diction to α ∈ C \ {0, 1}.

Let

b1 =
1
α

a3 − a1

a3 − a2
, b2 =

β

α

a3 − a1

a3 − a2
, b3 =

a3 − a1

a3 − a2
.

Obviously, b1, b2, b3 ∈ R, and we have

νF 12
2 −b3 = ν (f2−a3)

(f2−a2)
(a1−a2)
(a3−a2)

,

νF 12
2 −b1 = νF 11

2 −αb1 = ν (f1−a3)
(f1−a2)

(a1−a2)
(a3−a2)

,(3.2)

νF 12
2 −b2 = νF 13

2 −α
β b1 = ν (f3−a3)

(f3−a2)
(a1−a2)
(a3−a2)

.

It is easy to see that ai − aj = 0 on {z|(fk − ai)(z) = 0 and (fk − aj)(z) = 0},
1 ≤ i, j ≤ 4, 1 ≤ k ≤ 3.

By νfi−a3(z) ≥ k3 + 1 (1 ≤ i ≤ 3) and (3.2), we have νF 12
2 −bj

≥ k3 + 1 on

{z|(F 12
2 − bj)(z) = 0} \ {z|(a1 − a2)(z) · (a1 − a3)(z) · (a2 − a3)(z) = 0}

for 1 ≤ j ≤ 3. Hence, for 1 ≤ j ≤ 3,

N1
F 12

2 −bj
(r, 0) ≤ 1

k3 + 1
NF 12

2 −bj
(r, 0) + Na1−a2(r, 0) + Na1−a3(r, 0)

+ Na2−a3(r, 0)

≤ 1
k3 + 1

NF 12
2 −bj

(r, 0) + o(T (r))

=
1

k3 + 1
NF 12

2 −bj
(r, 0) + o(T (r, F 12

2 )).
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Using Theorem 2.1, we have

‖(3 − 2 − ε)T (r, F 12
2 ) ≤

3∑
j=1

N1
F 12

2 −bj
(r, 0) + o(T (r, F 12

2 ))

≤ 1
k3 + 1

3∑
j=1

NF 12
2 −bj

(r, 0) + o(T (r, F 12
2 ))

≤ 3
k3 + 1

T (r, F 12
2 ) + o(T (r, F 12

2 )).

This is a contradiction for k3 ≥ 3.
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