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LEHMER k-TUPLES

EMRE ALKAN, FLORIN STAN, AND ALEXANDRU ZAHARESCU

(Communicated by David E. Rohrlich)

ABSTRACT. Generalizing a classical problem of Lehmer, in this paper we pro-
vide an asymptotic result for the number of Lehmer k-tuples.

1. INTRODUCTION AND STATEMENT OF RESULTS

Given a prime number p, D.H. Lehmer (see Guy [2, Problem F12]) raised the
problem of investigating the number r(p) of integers a € {1,2,...,p—1} for which a
and @ are of opposite parity, where@ € {1,2,...,p—1} issuch that a@ = 1 (mod p).
The problem was nicely treated by Wenpeng Zhang in [9], [10] and [II] who proved
that »

r(p) = 5 +0 (p1/2 log? p)
and then generalized this relation to the case when p is replaced by any odd number
q. Next, he defined a D.H. Lehmer number to be any integer a coprime to g,
0 < a < g, such that a and @ have opposite parity, and studied the distribution of

the pairs (a,@), where a is a Lehmer number. The distribution function of a, @ is
defined by

Fq(x,y):#{a: 1<a< aq, 1§E§yq,2fa+6},
for 0 < z,y < 1. It is proved in [T1] that

1
Fy(z,y) = 5 2y¢(q) + O (q”de(q) log” q) :

where d(q) denotes the number of divisors of ¢. In [I], an absolutely irreducible
algebraic curve C of degree < d defined over the finite field F;, not contained in any
hyperplane was considered. A Lehmer point for a = (ay,...,a,),b = (b1,...,b.) €
Z" with aq,...,a, > 0 was defined as an x = (z1,...,2,) with 0 < x; < p, such
that x mod p belongs to C and z; = b; mod a; (1 < j < r). The set of Lehmer
points is denoted as L(p,r,C,a,b). In [I] it was shown that
#‘C(pv T, C, a, b) = L
ar---ay
In the present paper we provide a different generalization of Lehmer’s problem.
Instead of the pair (a, @) we consider (k+1)-tuples of numbers with product congru-
ent to 1 modulo ¢, and the parity condition is replaced by linear congruences with

+ Or.a(p**1og" p).
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respect to more general moduli. Let k > 1,¢ > 2 be integers and let ay, ..., a511 > 2
and by,...,bgr1 > 0 with 0 <b; < a;, for alli € {1,2,...,k+ 1}, be integers such
that (q,a1az2...ax+1) = 1. We are interested in obtaining an asymptotic result for
the number of points (ny,...,n;) € ZF, with 1 < n; < ¢— 1, (n;,q) = 1, for all
i € {1,...,k}, which satisfy the congruences

ny = by (mod ay)

ng = by (mod ay)

and
Mg - g = b1 (mod agq1) .

We denote the number of points (n1,...,n;) € Z¥, 1 < ny,...,np < g—1, satisfying
the above congruences by N(a,b;q). Then we prove the following result.

Theorem 1. For any positive integers ay,. .., a1, any integers by, ..., bg41, any
e > 0, and any q > 2 relatively prime to ay...agy1, the number N(a,b;q) of
Lehmer k-tuples satisfies

k
N(av b7 Q) = A + Ok‘,e <qk—%+e) .
aiag .. .ag4+1

A natural question that arises is to see how these Lehmer k-tuples are dis-
tributed in the cube [0, q]k. To this end, we fix an arbitrary region 2 with piecewise
smooth boundary in [0, l]k7 and, with fixed ay,...,axy1,b1,...,bp+1 and large q,
we count the number, call it Ng(a,b,q), of Lehmer k-tuples as above, which lie
inside the dilated region ¢f2. The next result shows in particular that for fixed
a1y...,a541,b1,...,bp+1 and €, the ratio between the number Ng(a,b,q) of k-
tuples that lie in ¢ over the total number N(a, b, ¢) of Lehmer k-tuples approaches
vol(Q)) as ¢ — oo, i.e., if we scale the Lehmer k-tuples by a factor of 1/¢, then we
can identify them with a set of points in [0, 1]¥ which are uniformly distributed in

[0, 1",
Theorem 2. For any region Q C [0, 1]k with piecewise smooth boundary, any
positive integers aq, ... ,ak4+1, any integers by, ..., bx41, any € > 0, and any q > 2
relatively prime to aj ...agy1, one has
k
¢(q)

Na(a,b,q) = vol(Q) 4 Opone (qmmﬂ).

ay...ag41

The main tool in the proof of the above results is provided by estimates for
Hyper-Kloosterman sums. Another ingredient is the Lipschitz principle (see [3]),
which states that the number of points of a cubical lattice of side s in a closed
bounded region R in R"™ is

Vol(R) (i) o ((i)l) |

2. NOTATIONS AND PRELIMINARY RESULTS

For t € R, let e(t) = €2™. We denote by w(n) the number of distinct prime
divisors of n, and by (a, b, ¢) the greatest common divisor of a, b, c. Also, let oy (n) =
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Zd‘n d*. For a positive integer ¢ and arbitrary integers a1, ..., a1, denote
a1 x1+ -+ ap T+ ag41T1 ... Tk
S(ala"'7ak+1;q)zze( q 3

where the summation runs through the k& variables z;, 1 < z; < g — 1, relatively
prime to ¢q. Using Deligne’s deep work on Hyper-Kloosterman sums ([4], [7]), We-
instein ([8]) showed that for all integers ¢, a1, ..., ak+1, ¢ > 2, one has

=

w 1 1
S(alaw-vakJrl;(I)’ <ty(k+1) (q) (al art1,9)2(az,ak41,9)° ... (ak, ak41,9)?,

where

k42

. 1, if ¢ is odd,
7 )2, if ¢ is even.

A similar bound was also proved by Smith in [0] and [6]. We will need the
following lemmas.

Lemma 1. Let u >0, ¢ > 2,0 < b < a be integers such that (a,q) =1 and let
7 = {(=4+1,.... 1}, if q is even,
I (=Lt ) if q is odd.
Then

—um q
> e <1 ER
m=b (mod a) q "
1<m<qg-—1
where T € Jg is unique such that au =r (mod q).

Proof. Write m =ak +b,0<b< a. Let M = [q_aﬁ] Then

‘ 5 ( um)‘:‘kz% ( uak—um_‘( ub)§26< uak)‘

m=b (mod a) =0
1<m<qg—1
l ( uak>
=[5
=0
Letz':e(*ga). Then
1 M+1 i 1
1+Z+22+—|—2M: 1—-z 12# (@qu)y
M +1, ifz=1(<q|w).
For z # 1,
1_ M+1 2 2
1+z+22+-~-+zM‘—‘ ° ‘S =
11— 2| 1 —ef =au efauw) (1 = o zav
q 2q q
- 2 B 2 B 1
‘e(%) fe( 2‘2“)‘ Q‘SinQW% ‘sm%
But ) o
<—,Vxe [_Z’Z} — {0} (for some C' > 0).
‘sinx‘ x|’ 2°2
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Now
au T Tau T T
—=-(mod1)= — = — (mod 7) = sin—‘— sin —
q q q
and
Tr s 1 1 C C q
P =
q 2 ‘sinM ’sin”—’“ L ||
q q

Forz=1(&q|lusr=0),

—um B o rg-bv-1 o q
’ 3 e< ; )‘M+1[a}+1<<q,

m=b (mod a)
1<m<qg—1

which completes the proof of the lemma.

Lemma 2.
1

7,5,q)? 1 .
> 200 ogajo_y ((5:0)) + (5.0)* < a" + (5,00
red. 1+ ‘T| ’

NI

Proof.

1

r,8,q)2 r, s, d
> (1+fr)|<< @:Z >

r

=
[N

reJ,—{0} 1<y disa) 157=4

(r,s,q)=d

1 1 1 1

< dé) - = ( di) -

(X)X (Xd) Xog
o i U igm< —}

— ( Z d*%)( Z %) < (logq)o,%((saﬂ)'

d|(s,) o { }
SMS | 55

Now we use d(n) < n€ to get the last part of the lemma.

Corollary 1.

red
Proof.
1 1
ra? s rq)*? e
S0 il S DD g0, () < (loga) dla) <. q
1+ |r| 1+ |r] 2
red, reJ,—{0}

Lemma 3. Let

1 1
S = Z (11, Tht1,4) 2 (P, Tkt1,q)2 1
(P1yeesTp1)EJ P —{0} 1+ |7“1| 1+ |7’k‘ 1+ |7“k+1‘
IR q
Then
S« gt
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Proof. Split the sum S as

S =51+ S,, where ) = > .S

(r1,...,mi,0)€JgFH1—{0}

- ¥

(P1yeeesThop1 ) EJ T

Tr+170
Now
1 1
g — Z (11, 7k+1,9)2 (Th, Th+1,9) 2 1
1=
(r1,eeT1,0) € F+1— {0} Lt I e
k
_ Z (TlaQ)% (TkaQ)% _ ( Z (r,q)é) 7qg
(r1,e5rk)€Jg* {0} 1+ |Tl‘ 1+ |Tk| reJ 1+ ‘T|
1 A\ e Eo1,
(0 () ot -0 i)
Also,

=

T?T b
Sy = Z (1 k+1 Q)

(Tk7 Tk4+1, q)

=

(P1yeeyrg1) €T T
Tr4+170

1
L+ || Lt rel 14 |rega]
1 k
S (3 il
rr+1€J4—{0} 1 + ‘Tk+1| €Jq 1 + |T
k

1 1
« ()
. 2 TN ries1,0)

re+1€J4—{0}

< Z q° + Z (Ths1s 5

re+1€J4—{0} 1+ ‘TkJrl'

1
< (log q)qe + Z (Tk+1a Q) 2 k

re+1€J4—{0}

1
k=1 Tk+1,9)2
< (logq)q +q > > 75 ++|r )I ¢ q

rr+1€J,—{0} k1

by the proof of Corollary [, and the lemma follows

3. PROOF OF THEOREM 1

Proof. We compute the following exponential sum in two ways

1 ur(n1 —ma) + - 4+ ug(
T-qk+1 Z e(

Nk — M) + k41 (71

q)

rr+1€J,—{0} Lt Il

c—1

Tk ,q Tz
T+ [rpga] 0D

k—1
TJ"E

1<ny,...,np<q—1 9
(ni,q)=1Vi
1<m;<qg-—1
m;=b; (mod aj)
0<u;<qg—1
V1<j<k+1
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First
Tegm X (E (M) (S ()
q 1<8L1 3 k1<qu 1 mi ow mL ug
( >0 e(qu an _mkﬂ))) = N(a, b;q),
MEg41 Uk41
since

Z (Ul(n1—m1)) _ )49 if ny =my,
e ) = SO
q 0, else,

Ul
ui(ng — ml) _Ja if ny = by (mod ay),
mzluzl ( ) B {0, else,

and similarly for the other variables. Second,

- IV NP IR A A .

q cUk41 M ME41 N1y q
ung + - Fugng + uga1my ... g
xe( + ) = M+E7
q

M:qk_l+1 3 Zvlzqk—il(a%+0(1))...( g +O(1))¢(q)k

ap+1
MLy M1 N1 50,7 +

_ @, O(czv(Z)’“) ond

ar...0p4+1

e X () ()

(U1, sup41)#0 ™M Mpt1

Z e(ulm+---+uknk+uk+1n1...nk)
p, .

X

1<ni,...,np<q—1
(ni,q)=1,Yi

By using Lemma 1 and Weinstein’s bound, we get

1 q q w(q)
E|x E+ 1)~
IEl g+t Z 1+ || 1+|7’k+1|( )

(U1,»~wuk+1)¢0

(NE

=
=

X q2 (U1, ukg1,9)% - (U, Ukg1,9) 2,
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where au; = r; (mod ¢) for all j and the integers a, g, uj, r; satisfy the hypotheses
of Lemma 1. It follows that (uj, ury1,q) = (7, 7k41,¢) for all 1 < j <k, so

[
[

Bl < (k+1)Pg% Y (u1, ug41, 9) (ks Uk+1,9) 1
(w1 Uk4+1)F#0 1 + |’I"]_| 1 + |Tk| 1 + |rk?+1‘
i 1
= (k+1)*Wg3 Z (ri,mr41,0)* (ks Th41,9) 1
(r1,esThy1)EJg k“—{o} L[] L [rg L+ |7
<K qlloogg(fo?q q2 qe"' o < g2 q6+ > _ q€+k—%.
Here we applied Lemma 3 and used the bound w(n) < log)i gn, 0

4. PROOF OF THEOREM 2

Proof. Let aq,...,a541,b1,-..,bk+1, €, and g be as in the statement of the theorem.
We split the cube [0, l]k into little cubes with edge length 1/T, where T is a positive
integer. For each such cube J one has vol(J) = .. We denote by D = D(T)
the union of those cubes contained in 2 and by £ = £(T") the union of those cubes
which have a nonempty intersection with Q. Therefore D(T') C  C £(T). We now
fix an arbitrary such cube J and estimate the number N7 (a, b, ¢) of Lehmer points
contained in ¢J. Denote J = [a1, f1] X - - - X [a, Ok, with 8; = a; + %, 1< <k
Also denote by Np(a, b, q), Ng(a, b, g) the number of Lehmer points that lie in ¢D,
respectively in ¢€. We compute an exponential sum, similar to the one considered
in the proof of Theorem 1, in two ways:

1
=>4 >

q 1<ni,..., nEp<qg—1
(n;,q)=1Vi
ajg<m;<pBjq
m;=b; (mod aj)
0<u;<qg—1
V1<j<k+1

e<ul(n1 —mi) + -+ up(ng — mp) + upga (

ni...ng — mk+1)>
q

regm L (SR ) (ST )

q 1<ni,..,nEg<g—1 m1 u1 mg ug
(ns,q)=1,V1i

Tk — Mi41)

(Z Z (Uk+17-q

ME+4+1 Uk+1

)) = Na(abia),

since

3oty o

Uy

Sy - {;

my1 Uy

if ny =my,
SO
else,
if ny = by (mod ay),
else.
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Second,

Te g X T TN T T

1yeeesUk41 M1 M1 N1yeey N

Xe(ulnl + - URNE + U1 - T

)=M+E,
q

where

1 1
M= o 3 Zjlza;ﬂi%+0u0

My, yMEg41 N1y, Nk

(o) (= +om)e”

k Ak+1

L () gy 0 (s

ay...ap1 Tk ai...aps1 q

and E:qk—l+1 Z (%e(_uéml))“,(%le(W))

(w1, up11)#0
Z e(ulm+---+uknk+uk+1n1...nk)
p, .

X

1<ny,...,np<qg—1
(ni, )=1,Yi

The estimates used in the proof of Theorem 1 to bound E continue to hold true
in this second case, and we get |E| < ¢"~27¢. We deduce that

k
Nj(a, bv q) = 'UOl(j)% + Ok7 . (qk7%+e> .
ag...ag41
Since there are at most 7% such small cubes in D and in £, we obtain

é(q)"

ag...0p41

é(q)"

ai...ag41
We obviously have Np(a, b, q) < Ng(a,b,q) < Ne(a, b, q), so that

Np(a, b, q) = vol(D) + Ok&(quk*%“) and

Neg(a,b,q) = vol(€) + Ok7€(quk7%+5)'

k
’UOl(D)aquikH + Ok)7€ (quk_§+€) < Ng(a, b, q)

é(q)"

S UOZ(g) ar...0p4+1

+ Op o (THgH 7).

By the Lipschitz principle for the number of integer points in a domain ([3]), we

know that
vol(D) = vol(2) + OQ(%) and  vol(€) = vol(Q) + OQ(%),
S0
o ¢(Q)k ﬁ k k*%Jre
No(a,b, q) = vol(®) ——= — + 00 (%) + O (TH31),

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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We now balance the two error terms by choosing 7' such that TF+t! = q%, ie.
1
T = q*>*+1D . We obtain

k
No(a,b,q) = vol(@)—29" 1 0, 4. (= +),
al “ e a,k-_;’_l
which completes the proof of Theorem 2. 0
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