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LEHMER k-TUPLES

EMRE ALKAN, FLORIN STAN, AND ALEXANDRU ZAHARESCU

(Communicated by David E. Rohrlich)

Abstract. Generalizing a classical problem of Lehmer, in this paper we pro-
vide an asymptotic result for the number of Lehmer k-tuples.

1. Introduction and statement of results

Given a prime number p, D.H. Lehmer (see Guy [2, Problem F12]) raised the
problem of investigating the number r(p) of integers a ∈ {1, 2, . . . , p−1} for which a
and a are of opposite parity, where a ∈ {1, 2, . . . , p−1} is such that a a ≡ 1 (mod p) .
The problem was nicely treated by Wenpeng Zhang in [9], [10] and [11] who proved
that

r(p) =
p

2
+ O

(
p1/2 log2 p

)
and then generalized this relation to the case when p is replaced by any odd number
q. Next, he defined a D.H. Lehmer number to be any integer a coprime to q,
0 < a < q, such that a and a have opposite parity, and studied the distribution of
the pairs

(
a, a

)
, where a is a Lehmer number. The distribution function of a, a is

defined by

Fq(x, y) = #
{

a : 1 ≤ a ≤ xq, 1 ≤ a ≤ yq, 2 � a + a
}

,

for 0 ≤ x, y ≤ 1. It is proved in [11] that

Fq(x, y) =
1
2

xyϕ(q) + O
(
q1/2d2(q) log2 q

)
,

where d(q) denotes the number of divisors of q. In [1], an absolutely irreducible
algebraic curve C of degree ≤ d defined over the finite field Fp not contained in any
hyperplane was considered. A Lehmer point for a = (a1, . . . , ar),b = (b1, . . . , br) ∈
Zr with a1, . . . , ar > 0 was defined as an x = (x1, . . . , xr) with 0 ≤ xi < p, such
that x mod p belongs to C and xj ≡ bj mod aj (1 ≤ j ≤ r). The set of Lehmer
points is denoted as L(p, r, C, a, b). In [1] it was shown that

#L(p, r, C, a, b) =
p

a1 · · · ar
+ Or,d(p1/2 logr p).

In the present paper we provide a different generalization of Lehmer’s problem.
Instead of the pair (a, a) we consider (k+1)-tuples of numbers with product congru-
ent to 1 modulo q, and the parity condition is replaced by linear congruences with
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respect to more general moduli. Let k ≥ 1, q ≥ 2 be integers and let a1, . . . , ak+1 ≥ 2
and b1, . . . , bk+1 ≥ 0 with 0 ≤ bi < ai, for all i ∈ {1, 2, . . . , k + 1}, be integers such
that (q, a1a2 . . . ak+1) = 1. We are interested in obtaining an asymptotic result for
the number of points (n1, . . . , nk) ∈ Zk, with 1 ≤ ni ≤ q − 1, (ni, q) = 1, for all
i ∈ {1, . . . , k}, which satisfy the congruences

n1 ≡ b1 (mod a1)
. . .

nk ≡ bk (mod ak)

and
n1n2 . . . nk ≡ bk+1 (mod ak+1) .

We denote the number of points (n1, . . . , nk) ∈ Zk, 1 ≤ n1, . . . , nk ≤ q−1, satisfying
the above congruences by N(a,b; q). Then we prove the following result.

Theorem 1. For any positive integers a1, . . . , ak+1, any integers b1, . . . , bk+1, any
ε > 0, and any q ≥ 2 relatively prime to a1 . . . ak+1, the number N(a,b; q) of
Lehmer k-tuples satisfies

N(a,b; q) =
φ(q)k

a1a2 . . . ak+1
+ Ok,ε

(
qk− 1

2+ε
)
.

A natural question that arises is to see how these Lehmer k-tuples are dis-
tributed in the cube [0, q]k. To this end, we fix an arbitrary region Ω with piecewise
smooth boundary in [0, 1]k, and, with fixed a1, . . . , ak+1, b1, . . . , bk+1 and large q,
we count the number, call it NΩ(a,b, q), of Lehmer k-tuples as above, which lie
inside the dilated region qΩ. The next result shows in particular that for fixed
a1, . . . , ak+1, b1, . . . , bk+1 and Ω, the ratio between the number NΩ(a,b, q) of k-
tuples that lie in qΩ over the total number N(a,b, q) of Lehmer k-tuples approaches
vol(Ω) as q → ∞, i.e., if we scale the Lehmer k-tuples by a factor of 1/q, then we
can identify them with a set of points in [0, 1]k which are uniformly distributed in
[0, 1]k.

Theorem 2. For any region Ω ⊂ [0, 1]k with piecewise smooth boundary, any
positive integers a1, . . . , ak+1, any integers b1, . . . , bk+1, any ε > 0, and any q ≥ 2
relatively prime to a1 . . . ak+1, one has

NΩ(a,b, q) = vol(Ω)
φ(q)k

a1 . . . ak+1
+ Ok,Ω,ε

(
qk− 1

2(k+1)+ε
)
.

The main tool in the proof of the above results is provided by estimates for
Hyper-Kloosterman sums. Another ingredient is the Lipschitz principle (see [3]),
which states that the number of points of a cubical lattice of side s in a closed
bounded region R in Rn is

V ol(R)
(

1
s

)n

+ OR

((
1
s

)n−1
)

.

2. Notations and preliminary results

For t ∈ R, let e(t) = e2πit. We denote by ω(n) the number of distinct prime
divisors of n, and by (a, b, c) the greatest common divisor of a, b, c. Also, let σk(n) =
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∑
d|n dk. For a positive integer q and arbitrary integers a1, . . . , ak+1, denote

S (a1, . . . , ak+1; q) =
∑

e

(
a1 x1 + · · · + ak xk + ak+1 x1 . . . xk

q

)
,

where the summation runs through the k variables xi, 1 ≤ xi ≤ q − 1, relatively
prime to q. Using Deligne’s deep work on Hyper-Kloosterman sums ([4], [7]), We-
instein ([8]) showed that for all integers q, a1, . . . , ak+1, q ≥ 2, one has∣∣∣S (a1, . . . , ak+1; q)

∣∣∣ ≤ tq(k + 1)ω(q)q
k
2 (a1, ak+1, q)

1
2 (a2, ak+1, q)

1
2 . . . (ak, ak+1, q)

1
2 ,

where

tq =

{
1, if q is odd,

2
k+2
2 , if q is even.

A similar bound was also proved by Smith in [5] and [6]. We will need the
following lemmas.

Lemma 1. Let u ≥ 0, q ≥ 2, 0 ≤ b < a be integers such that (a, q) = 1 and let

Jq =

{
{− q

2 + 1, . . . , q
2}, if q is even,

{−q+1
2 , . . . , q−1

2 }, if q is odd.

Then ∣∣∣ ∑
m≡b (mod a)
1≤m≤q−1

e

(
−um

q

) ∣∣∣ � q

1 + |r| ,

where r ∈ Jq is unique such that au ≡ r (mod q).

Proof. Write m = ak + b, 0 ≤ b < a. Let M =
[

q−b−1
a

]
. Then

∣∣∣ ∑
m≡b (mod a)
1≤m≤q−1

e

(
−um

q

) ∣∣∣ =
∣∣∣ M∑

k=0

e

(
−uak − ub

q

) ∣∣∣ =
∣∣∣e(−ub

q

) M∑
k=0

e

(
−uak

q

) ∣∣∣

=
∣∣∣ M∑

k=0

e

(
−uak

q

) ∣∣∣.
Let z = e

(
−u a

q

)
. Then

1 + z + z2 + · · · + zM =

{
1−zM+1

1−z , if z 	= 1 (⇔ q � u),
M + 1, if z = 1 (⇔ q | u).

For z 	= 1,∣∣∣1 + z + z2 + · · · + zM
∣∣∣ =

|1 − zM+1|
|1 − z| ≤ 2∣∣∣1 − e

(
−au

q

)∣∣∣ =
2∣∣∣e(au

2q

)(
1 − e

(
−au

q

))∣∣∣
=

2∣∣∣e(au
2q

)
− e

(
−au
2q

)∣∣∣ =
2

2
∣∣∣ sin 2π au

2q

∣∣∣ =
1∣∣∣ sin πau

q

∣∣∣ .
But

1∣∣∣ sin x
∣∣∣ ≤ C

|x| , ∀x ∈
[
− π

2
,
π

2

]
− {0} (for some C > 0).
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Now
au

q
≡ r

q
(mod 1) ⇒ πau

q
≡ πr

q
(mod π) ⇒

∣∣∣ sin
πau

q

∣∣∣ =
∣∣∣ sin

πr

q

∣∣∣
and ∣∣∣πr

q

∣∣∣ ≤ π

2
, so

1∣∣∣ sin πau
q

∣∣∣ =
1∣∣∣ sin πr

q

∣∣∣ ≤ C∣∣∣πr
q

∣∣∣ =
C

π

q

|r| .

For z = 1 (⇔ q | u ⇔ r = 0),∣∣∣ ∑
m≡b (mod a)
1≤m≤q−1

e

(
−um

q

) ∣∣∣ = M + 1 =
[q − b − 1

a

]
+ 1 � q =

q

1 + 0
,

which completes the proof of the lemma. �

Lemma 2.∑
r∈Jq

(r, s, q)
1
2

1 + |r| � (log q)σ− 1
2

(
(s, q)

)
+ (s, q)

1
2 � qε + (s, q)

1
2 .

Proof.

∑
r∈Jq−{0}

(r, s, q)
1
2

1 + |r| �
∑

1≤r≤ q
2

(r, s, q)
1
2

r
=

∑
d|(s,q)

∑
1≤r≤ q

2
(r,s,q)=d

d
1
2

r

≤
( ∑

d|(s,q)

d
1
2

) ∑
1≤r≤ q

2
d|r

1
r

=
( ∑

d|(s,q)

d
1
2

) ∑
1≤m≤

[
q
2d

] 1
dm

=
( ∑

d|(s,q)

d−
1
2

)( ∑
1≤m≤

[
q
2d

] 1
m

)
� (log q)σ− 1

2

(
(s, q)

)
.

Now we use d(n) � nε to get the last part of the lemma. �

Corollary 1. ∑
r∈Jq

(r, q)
1
2

1 + |r| = q
1
2 + Oε

(
qε

)
.

Proof.

∑
r∈Jq

(r, q)
1
2

1 + |r| − q
1
2 =

∑
r∈Jq−{0}

(r, q)
1
2

1 + |r| � (log q) σ− 1
2
(q) � (log q) d(q) �ε qε.

�

Lemma 3. Let

S =
∑

(r1,...,rk+1)∈Jq
k+1−{0}

(r1, rk+1, q)
1
2

1 + |r1|
. . .

(rk, rk+1, q)
1
2

1 + |rk|
1

1 + |rk+1|
.

Then
S � qε+ k−1

2 .
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Proof. Split the sum S as

S = S1 + S2, where S1 =
∑

(r1,...,rk,0)∈Jq
k+1−{0}

, S2 =
∑

(r1,...,rk+1)∈Jq
k+1

rk+1 �=0

.

Now

S1 =
∑

(r1,...,rk,0)∈Jq
k+1−{0}

(r1, rk+1, q)
1
2

1 + |r1|
. . .

(rk, rk+1, q)
1
2

1 + |rk|
1

1 + |rk+1|

=
∑

(r1,...,rk)∈Jq
k−{0}

(r1, q)
1
2

1 + |r1|
. . .

(rk, q)
1
2

1 + |rk|
=

( ∑
r∈Jq

(r, q)
1
2

1 + |r|

)k

− q
k
2

=
(
q

1
2 + Oε

(
qε

))k

− q
k
2 = Oε

(
q

k−1
2 +ε

)
.

Also,

S2 =
∑

(r1,...,rk+1)∈Jq
k+1

rk+1 �=0

(r1, rk+1, q)
1
2

1 + |r1|
. . .

(rk, rk+1, q)
1
2

1 + |rk|
1

1 + |rk+1|

=
∑

rk+1∈Jq−{0}

1
1 + |rk+1|

( ∑
r∈Jq

(r, rk+1, q)
1
2

1 + |r|

)k

�
∑

rk+1∈Jq−{0}

1
1 + |rk+1|

(
qε + (rk+1, q)

1
2

)k

�
∑

rk+1∈Jq−{0}

qε

1 + |rk+1|
+

∑
rk+1∈Jq−{0}

(rk+1, q)
k
2

1 + |rk+1|

� (log q)qε +
∑

rk+1∈Jq−{0}

(rk+1, q)
1
2

1 + |rk+1|
(rk+1, q)

k−1
2

� (log q)qε + q
k−1
2

∑
rk+1∈Jq−{0}

(rk+1, q)
1
2

1 + |rk+1|
�ε q

k−1
2 +ε

by the proof of Corollary 1, and the lemma follows. �

3. Proof of Theorem 1

Proof. We compute the following exponential sum in two ways:

T =
1

qk+1

∑
1≤n1,...,nk≤q−1

(ni, q)=1∀i
1≤mj≤q−1

mj≡bj (mod aj)
0≤uj≤q−1
∀1≤j≤k+1

e
(u1(n1 − m1) + · · · + uk(nk − mk) + uk+1(n1 . . . nk − mk+1)

q

)
.
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First,

T =
1

qk+1

∑
1≤n1,...,nk≤q−1

(ni, q)=1,∀i

( ∑
m1

∑
u1

e
(u1(n1 − m1)

q

))
. . .

( ∑
mk

∑
uk

e
(uk(nk − mk)

q

))

×
( ∑

mk+1

∑
uk+1

e
(uk+1(n1 . . . nk − mk+1)

q

))
= N(a,b; q),

since

∑
u1

e
(u1(n1 − m1)

q

)
=

{
q, if n1 = m1,
0, else,

so

∑
m1

∑
u1

e
(u1(n1 − m1)

q

)
=

{
q, if n1 ≡ b1 (mod a1),
0, else,

and similarly for the other variables. Second,

T =
1

qk+1

∑
u1,...,uk+1

∑
m1

· · ·
∑

mk+1

∑
n1,...,nk

e
(−u1m1

q

)
. . . e

(−uk+1mk+1

q

)

×e
(u1n1 + · · · + uknk + uk+1n1 . . . nk

q

)
= M + E,

where

M =
1

qk+1

∑
m1,...,mk+1

∑
n1,...,nk

1 =
1

qk+1

( q

a1
+ O(1)

)
. . .

( q

ak+1
+ O(1)

)
φ(q)k

=
φ(q)k

a1 . . . ak+1
+ O

(φ(q)k

q

)
and

E =
1

qk+1

∑
(u1,...,uk+1) �=0

( ∑
m1

e
(−u1m1

q

))
. . .

( ∑
mk+1

e
(−uk+1mk+1

q

))

×
∑

1≤n1,...,nk≤q−1
(ni, q)=1,∀i

e
(u1n1 + · · · + uknk + uk+1n1 . . . nk

q

)
.

By using Lemma 1 and Weinstein’s bound, we get

|E| � 1
qk+1

∑
(u1,...,uk+1) �=0

q

1 + |r1|
. . .

q

1 + |rk+1|
(k + 1)ω(q)

× q
k
2 (u1, uk+1, q)

1
2 . . . (uk, uk+1, q)

1
2 ,
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where auj ≡ rj (mod q) for all j and the integers a, q, uj , rj satisfy the hypotheses
of Lemma 1. It follows that (uj , uk+1, q) = (rj , rk+1, q) for all 1 ≤ j ≤ k, so

|E| � (k + 1)ω(q)q
k
2

∑
(u1,...,uk+1) �=0

(u1, uk+1, q)
1
2

1 + |r1|
. . .

(uk, uk+1, q)
1
2

1 + |rk|
1

1 + |rk+1|

= (k + 1)ω(q)
q

k
2

∑
(r1,...,rk+1)∈Jq

k+1−{0}

(r1, rk+1, q)
1
2

1 + |r1|
. . .

(rk, rk+1, q)
1
2

1 + |rk|
1

1 + |rk+1|

� q
log(k+1)
log log q q

k
2 qε+ k−1

2 � q
k
2 qε+ k−1

2 = qε+k− 1
2 .

Here we applied Lemma 3 and used the bound ω(n) � log n
log log n . �

4. Proof of Theorem 2

Proof. Let a1, . . . , ak+1, b1, . . . , bk+1, ε, and q be as in the statement of the theorem.
We split the cube [0, 1]k into little cubes with edge length 1/T , where T is a positive
integer. For each such cube J one has vol(J ) = 1

T k . We denote by D = D(T )
the union of those cubes contained in Ω and by E = E(T ) the union of those cubes
which have a nonempty intersection with Ω. Therefore D(T ) ⊂ Ω ⊂ E(T ). We now
fix an arbitrary such cube J and estimate the number NJ (a,b, q) of Lehmer points
contained in qJ . Denote J = [α1, β1]× · · ·× [αk, βk], with βj = αj + 1

T , 1 ≤ j ≤ k.
Also denote by ND(a,b, q), NE(a,b, q) the number of Lehmer points that lie in qD,
respectively in qE . We compute an exponential sum, similar to the one considered
in the proof of Theorem 1, in two ways:

T =
1

qk+1

∑
1≤n1,...,nk≤q−1

(ni, q)=1∀i
αjq≤mj≤βjq

mj≡bj (mod aj)
0≤uj≤q−1
∀1≤j≤k+1

e
(u1(n1 − m1) + · · · + uk(nk − mk) + uk+1(n1 . . . nk − mk+1)

q

)
.

First,

T =
1

qk+1

∑
1≤n1,...,nk≤q−1

(ni, q)=1,∀i

( ∑
m1

∑
u1

e
(u1(n1 − m1)

q

))
. . .

( ∑
mk

∑
uk

e
(uk(nk − mk)

q

))

×
( ∑

mk+1

∑
uk+1

e
(uk+1(n1 . . . nk − mk+1)

q

))
= NJ (a,b; q),

since

∑
u1

e
(u1(n1 − m1)

q

)
=

{
q, if n1 = m1,
0, else,

so

∑
m1

∑
u1

e
(u1(n1 − m1)

q

)
=

{
q, if n1 ≡ b1 (mod a1),
0, else.
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Second,

T =
1

qk+1

∑
u1,...,uk+1

∑
m1

· · ·
∑

mk+1

∑
n1,...,nk

e
(−u1m1

q

)
. . . e

(−uk+1mk+1

q

)

×e
(u1n1 + · · · + uknk + uk+1n1 . . . nk

q

)
= M + E,

where

M =
1

qk+1

∑
m1,...,mk+1

∑
n1,...,nk

1 =
1

qk+1

( q

a1T
+ O(1)

)

. . .
( q

akT
+ O(1)

)( q

ak+1
+ O(1)

)
φ(q)k

=
φ(q)k

a1 . . . ak+1T k
+ O

(φ(q)k

q

)
= vol(J )

φ(q)k

a1 . . . ak+1
+ O

(φ(q)k

q

)

and E =
1

qk+1

∑
(u1,...,uk+1) �=0

( ∑
m1

e
(−u1m1

q

))
. . .

( ∑
mk+1

e
(−uk+1mk+1

q

))

×
∑

1≤n1,...,nk≤q−1
(ni, q)=1,∀i

e
(u1n1 + · · · + uknk + uk+1n1 . . . nk

q

)
.

The estimates used in the proof of Theorem 1 to bound E continue to hold true
in this second case, and we get |E| � qk− 1

2+ε. We deduce that

NJ (a,b, q) = vol(J )
φ(q)k

a1 . . . ak+1
+ Ok, ε

(
qk− 1

2+ε
)
.

Since there are at most T k such small cubes in D and in E , we obtain

ND(a,b, q) = vol(D)
φ(q)k

a1 . . . ak+1
+ Ok, ε

(
T kqk− 1

2+ε
)

and

NE(a,b, q) = vol(E)
φ(q)k

a1 . . . ak+1
+ Ok, ε

(
T kqk− 1

2+ε
)
.

We obviously have ND(a,b, q) ≤ NΩ(a,b, q) ≤ NE(a,b, q), so that

vol(D)
φ(q)k

a1 . . . ak+1
+ Ok, ε

(
T kqk− 1

2+ε
)
≤ NΩ(a,b, q)

≤ vol(E)
φ(q)k

a1 . . . ak+1
+ Ok, ε

(
T kqk− 1

2+ε
)
.

By the Lipschitz principle for the number of integer points in a domain ([3]), we
know that

vol(D) = vol(Ω) + OΩ(
1
T

) and vol(E) = vol(Ω) + OΩ(
1
T

),

so

NΩ(a,b, q) = vol(Ω)
φ(q)k

a1 . . . ak+1
+ OΩ

(qk

T

)
+ Ok, ε

(
T kqk− 1

2+ε
)
.
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We now balance the two error terms by choosing T such that T k+1 = q
1
2 , i.e.

T = q
1

2(k+1) . We obtain

NΩ(a,b, q) = vol(Ω)
φ(q)k

a1 . . . ak+1
+ Ok,Ω,ε

(
qk− 1

2(k+1)+ε
)
,

which completes the proof of Theorem 2. �
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