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ABSTRACT. Denote by Hg 4, the Hilbert scheme parametrizing smooth irre-
ducible complex curves of degree d and genus g embedded in P". In 1921 Severi
claimed that Hg 4 , is irreducible if d > g + r. As it has turned out in recent
years, the conjecture is true for » = 3 and 4, while for » > 6 it is incorrect.
We prove that Hg 4.3, Hg43,9,4 and Hg12 4.4 are irreducible, provided that
g > 13,9 > 5and g > 11, correspondingly. This augments the results obtained
previously by Ein (1986), (1987) and by Keem and Kim (1992).

1. INTRODUCTION

In 1921 Severi asserted that the Hilbert scheme Hy g4, parametrizing smooth
integral complex curves of degree d and genus g embedded in P" is irreducible for
d > g+ r [Sev2l] . Harris [Ein87, Prop. 9] and Keem [Kee94] show by examples
that the claim is incorrect for r > 6. Meanwhile Ein proved Severi’s claim for r = 3
and 4. Shortly after, Keem and Kim gave a different proof for the case of r = 3 in
[KK92], where they also proved the irreducibility of Hy42 4,3 if g > 5 and of Hy 1,43
if g > 11. The goal of this paper is to extend the results in the cases of r = 3 and
r = 4. We focus on the case p(d, g,r) > 0, where p(d,g,7) =g— (r+1)(g —d + )
is the Brill-Noether number. Our first result extends the irreducibility range of
Hd’g’;g.

Theorem 3.1. H, 43 is irreducible provided that g > 13.
The second result extends the irreducibility range about curves in P*.

Theorem 3.2. (a) Hyy3,4.4 is trreducible if g > 5.
(b) Hyta,g,4 is irreducible if g > 11.

Our approach follows the one established through the works of Arbarello-
Cornalba, Ein and Keem-Kim. Let g, r and d be non-negative integers. Con-
sider the moduli space M, of smooth curves of genus g. For any given p € M,
there exist a neighborhood U C M, of p and a smooth connected variety M which
is a finite ramified covering h : M — U, and also varieties C, W} and G, proper
over M with the following properties.
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(1) £€:C — M is a universal curve, i.e. for every p € M, £~ 1(p) is a smooth
curve of genus g isomorphic to h(p),
(2) W] parametrizes the pairs (p, L), where L is a line bundle of degree d and
RO(L) > r+1,
(3) Gj parametrizes the couples (p, D), where D is a linear series of dimension
r and degree d on h(p).
The main point in the above construction is the existence of a universal family over
M. Intuitively, the varieties W} and G can be viewed as patching of the varieties
W7 (C) and G(C) when the curve C' moves in a subset of M. Also, there exists
the so-called relative Picard scheme PicC, which is just the relative analogue of
Pic(C) defined for a fixed curve C. For further details see [AC81], [AC83|] and
[ACGH].
Let G be the union of components of G} whose general element (p, D) represents
a very ample linear series D on the curve C' = £~!(p). Since an irreducible com-
ponent of Hy g4, is a PGL(r + 1)-fiber bundle over a component of G, to establish
irreducibility of Hg 4, it is sufficient to prove that G is irreducible. Regarding the
existence of Hy 4 ,, or equivalently of G, we remark that for d > g + r it follows by
the Halphen’s theorem [Har77l, IV., Proposition 6.1], while for d < g+ r an answer,
sufficient for our purposes, is given by Sernesi in [Ser84], namely:

Proposition 1.1. For all non-negative integers g,r,d such thatr >3, d > r+1
and

g - d+r=> ma'X{O’ 1- p(dvg’r)}a
there exists a regular component V' of Hg 4, which has the expected number of mod-
uli. A general point of V' corresponds to an embedding C — P" by a complete linear
system (i.e. h°(C,O0c(1)) = r+1), the normal bundle N¢ satisfies H(C, N¢) = 0
and the cup-product map

po(C) : H(C,0c (1)) ® H(C, Kc(-1)) — H°(C, K¢)
is of mazximal rank.

The following facts will be used in what follows. For proofs see [AC81] and
[ACS3].

Proposition 1.2. (1) The dimension of any component of G} is at least 3g —
3+ p(d,g,r).

(2) Assuming that p(d,g,r) > 1 and g > 2, there exists a unique component
Go C G such that Gy has general moduli and further the linear series of its
general element is very ample (this component is called principal compo-
nent).

(3) Gl is a smooth and irreducible variety of dimension 3g — 3+ p(d, g,1).

(4) The dimension of any component of gg whose general point contains a
birationally very ample linear series is 3g — 3 + p(d, g,2).

(5) If p(d,g,2) > 1 then G2 has a unique component such that its general
element carries a birationally very ample linear series.

(6) If W C WY is an irreducible component whose general element is a pair of
a curve C and a very ample line bundle L such that h°(C, L) = r + 1, then
for the dimension of the Zariski tangent space to W at (C, L) we have

dim T(c, )W = 3g — 3 + p(d, g,r) + h*(C, Nopr),
where Ncpr is the normal sheaf of C — P of the embedding induced by L.
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Next we recall a result of Ein, which is in fact the technical crux of his proof of
Severi’s claim for r = 3 and 4.

Proposition 1.3. Let C' be a smooth curve and L a very ample line bundle on C
of degree d and dimension r > 3. Consider the embedding C' — P" induced by L.
Denote 6 := h'(C, L). Then

(1) if § <2, then h'(C, Ncpr) = 0;

(2) if § > 2, then h'(C,Ngpr) < (r —2)(6 — 2).

We will also need an estimate of the dimension of a component W of W} used
in Keem-Kim’s proof of the irreducibility of Hy 4 3.

Proposition 1.4. If G’ C G}, with r > 2, is a closed subvariety whose general
element carries a special birationally very ample linear series, then

dimG' <3d+g—4r — 1.

2. PRELIMINARY RESULTS

First we give an upper bound for the dimension of an irreducible component
W Cwj.

Proposition 2.1. Let d,g and r be positive integers such that 2 < r, 0 < d <
g+ 7 —2 and let W be an irreducible component of W). Let b be the degree of
the base locus of the linear series |D| on C, for a general element (C,|D]) € W.
Assume also that for general (C,|D|) € W the curve C' is not hyperelliptic. If the
moving part of |D| is

(a.1) very ample and r > 3, then dimW < 3d+ g+ 1 — 5r — 2b;

(a.2) birationally very ample, then dimW < 3d+ g — 1 — 4r — 2b;

(b) compounded, then dimW < 2g —1+d — 2r.

Proof. (a.l) Consider first the projection W x aq Cp — Wg:g given by
((C.AD]), (Pr + Py oot By)) > (G 1D = (Py+ Pa + 4 RY))).

There exists a component W, C W)_, whose general element carries a basepoint
free linear series. For its dimension we have dim W, = dim W — b, where b is the
dimension of the fiber. Now the dimension of dim W, is estimated using Proposition
and Proposition [[3l Consider a general element I, := (C,|D|) € W, so the
linear series |D| of degree d — b is very ample on C. Then

dim W, < dimTyW, = 3g — 3 + p(d — b, g,7) + h*(C, Nepr).

By Proposition [L3, h'(C, Nepr) < (r —2)(9 — d + b+ r — 2), which yields the
desired inequality.

(a.2) Similar to (a.1), but we apply Proposition [[.4] instead.

(b) Consider a general | := (C,|D|) € W, and assume that |D| is a compounded
linear series on C. This means that the morphism ®|p| : C — I' = &|p|(C) is
of degree n > 2. Let 7 be the geometric genus of I' and consider first the case
v > 1 (in fact, we can assume that I' is smooth). Denote by &, - the set of points
in moduli space M, representing smooth curves which are n : 1 covers of smooth
curves of genus . By the well-known Riemann’s moduli count for v > 1,

dim&X, , <29 —2+ (2n—3)(1—7).
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According to H.Martens’s theorem [ACGH| IV.5], the dimension of the fiber W} (C)
of W over a point C' € &, , does not exceed d — 2r; therefore for v > 1 we find
dimW < X, , + dim Wy (C)
<29—24+(2n-3)(1—~)+d—2r
<29—1+4+d-—2r
If v =0, C is an n—sheeted covering of P!, and the complete linear series g7 , is

transformed into a complete linear series g%,_, = rgi on PL. Pulling it back, we get
d—=b
r )

an injective map Wj_, — W}L Since dim W; < dim g; =29+2n—5andn =
we find that

dimwgdimg;+b:29—5+2g—2$+b.

By Clifford’s inequality 0 < b < d — 2r — 1, and since —2% + b is a non-decreasing
function in b for r > 2, we get

d d—2r—1
dmw<2g—5+22 287 T g o1
T T
2
=29—-2+(d—2r)+ -
.

<29—1+(d—2r).

This completes the proof of the proposition. O

The next lemma deals with a specific situation which occurs in the course of the
proof.

Lemma 2.2. Let W C W?, 0 < e < 29 — 2, be an irreducible component whose
general element l € W represents a birationally very ample but not very ample line
bundle L on a curve C, and assume further that the moving part of its dual, i.e.
Ko ® L1, is birationally very ample. Consider the open subset V C W consisting
of (C,L) € W for which L is basepoint free, birationally very ample on C and
RO(C,L) = s + 1. Since for (C,L) € V the line bundle L cannot be very ample,
there exist points p,p’ € C such that (C,L(—p —p')) € W5 = Wi U---UW,,,
where Wy, ..., Wy, are the irreducible components of Wes:gl Let X CV xpmCo
be the subset defined as X = {(L,p+¢q) € V X Cao|h°(C,L(—p — q)) > s} and
consider the projection

X — stl

e—2
(C,Lip+p') = (C,L(-p — "))
Let Wy be the component of Wj:;, where the elements of X are generically pro-
jected. Then
dim W = dim VY < dim W;.
Proof. For the proof it is enough to show that for any (C,L) € V and p,p’ € C

such that (C,L(—p — p’)) € Wy, there are at most finitely many (C, M) € V and
q,q € C such that

L(-p—p')=M(—q—4).
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Assume that (C,L;p+p’), (C,M;q+ ¢') € X have the above property. A simple
calculation gives
W(C, Ko L™ (p+p' —q—¢))=h"(C,Kc@M™")

=n(C,Kec® L™)

=h(C,Kc@ L™ (p+p')) - 1.
By assumption, the moving part of K¢ ® L~ is birationally very ample, hence the
moving part of K¢ ® L~ (p + p’) will also be birationally very ample. Therefore,
for the given C there exist at most finitely many pairs (g, q’) such that the above

equality holds. But giving such a pair (¢, q’) determines the line bundle M up to
isomorphism by

Li=p—p +q+q)=M,
and it follows that there are at most finitely many line bundles M with this property.
This implies dim W = dim V = dim X < dim W;. O

We will also use the next lemma.

Lemma 2.3. Let gj, be a birationally very ample linear series of degree d > g on a
smooth curve of genus g. Then

1

Proof. The lemma is obtained using Castelnuovo’s inequality

g§(§>(r—1)+me,

where m =[] and e =d — 1 — m(r — 1). O

3. IRREDUCIBILITY OF Hy g3, Hgy3,44 AND Hyyo g4

Theorem 3.1. H, 3 is irreducible if g > 13.

Proof. As was pointed out in the beginning, it is sufficient to prove that there
is a unique irreducible component G’ C Qg whose general element carries a very
ample linear series. The existence of such a component follows by Proposition [l
Further, by Proposition we have dimG’ > 3g — 3 + p(g,9,3). Let r be the
dimension 7 = hY(C,|D|) — 1, where (C,D) € G’ is a general element, and let
W' C Wy be the component whose general elements contain the completions D).
Thus, dim G’ = dim W' + dim Gr(4,r + 1), and by Proposition [Z1] we find

49 —15=39 -3+ p(g,9,3) < dimG’' <4g —r — 11,
which implies
(1) r<d4.

Let Wy C W;:; be the dual of W’ in the Picard scheme PicC.

The curve C in the general element (C, Ko(—D)) of G’ cannot be hyperelliptic
since a hyperelliptic curve cannot have a very ample special linear series. Then it
is easy to see that the linear series of the general element of W is birationally very
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ample, after the clearing of a possible base part. If we assume the opposite we find
by Proposition [2.I] that
4g — 15 < dim W' +4(r — 3)
=dim Wy + 4(r — 3)
<29—1+((g—2)—2(r—1)) +4(r—3)
=39+ 2r — 13,
and this implies g < 2r + 2. The last is impossible due to ([Il) and the assumption
g > 13. This means that the moving part of the linear series in a general element
(C,|D|) € Wy is birationally very ample. Let b be the degree of its base locus.
Again applying Proposition 21 we obtain
49 — 15 < dim Wy 4+ 4(r — 3) < 4g — 15 — 2b,
which implies b = 0, i.e. |D| is basepoint free and also
dimW' = dim W, = 49 — 4r — 3.
Now I claim that we can only have r = 3. Indeed, by inequality () it is enough
to check that r # 4 since r > 3 by default. So, assume that r = 4. Then
dimWy =4g —4r — 3 =49 — 19.
For a general (C,L) € W, the line bundle L cannot be very ample, because if it
were very ample, then applying Proposition 2.1l we would get
dimWy <3(g—2)+g+1-5(4—-1)=4g — 20,

which is impossible. Thus, for a general (C, L) € W, the line bundle L is basepoint
free and birationally very ample but not very ample on C. Let W; C Wg{ 4 be a
component chosen like the component W, in Lemma Therefore,

49 — 19 = dim W, < dim W;.

Now we estimate the dimension of W;. If its general element has a compounded
linear series, applying Proposition 2] we get

4g—-19<dimW; <2g—14+g—-4—-4=39g—-9,

which is impossible due to the assumption g > 13. So, it remains for its general
element to carry a birationally very ample linear series, but then by the same
proposition we must have

4g—19<dimW; <3(g—4)+g—8—1=4g— 21,

which is again a contradiction. This proves that » = 3 is the only possibility.
Now we can complete the proof of the theorem. For any component G’ C gg
whose general element carries a very ample linear series, we have established that:

e its general element has linear series that is necessarily complete;
e the general element of its dual Wy C Wg2_2 carries a basepoint free and
birationally very ample linear series.

Let G be the union of components of g§72 whose general element has a bira-
tionally very ample linear series. By Proposition [[2] dim G = 4¢ — 15, and since
dim Wy = 4g — 15, it turns out that W, is an irreducible component of G. But since
p(g—2,9,2) = p(g,9,3) > 1, as we assume g > 13, it follows again by Proposi-
tion that G is irreducible. On its turn this means that the union of irreducible
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components of QS whose general element has a very ample linear series must be
irreducible. Therefore Hy 4 3 is irreducible. O

Theorem 3.2. (a) Hyq3,4.4 is trreducible if g > 5.
(b) Hgta,g,4 is irreducible if g > 11.

Proof. (a) For the first part it is sufficient to check that Q; 3 has a unique compo-
nent whose general element represents a curve and a very ample linear series on it.
Let G’ C g;l 3 be a component with this property; the existence of such components
follows from Proposition [[LJl For its dimension we have

dimG’ > 39 -3+ p(g+3,9,4) = 4g — 8.

I claim now that the linear series in a general element of G’ is complete. To see
this denote by W' C Wy 5 the component containing the completed linear series
ID| for (C,D) € G', i.e. G is generically a Grassmannian fiber bundle over W’ with
fiber Gr(5,7 + 1), where r = h°(C, |D|) — 1. We need to check that r = 4. Assume
that » > 5. Then for a general [ := (C,|D|) € W’ the linear series |D| is very ample

on C, and using Proposition 2.T] we obtain
49 — 8 < dimG' = dim W' + 5(r — 4) < 49 — 10,

which is impossible.

Assume that G’ C Q;‘ 13 is a component different from the principal component
Go dominating the moduli space. This implies for the image 7(G") C M, of the
forgetful map 7 : (C, D) — C that dim7(G’") < 3g — 4. From

3g—3+p(g+3,9,4) <dim¢G’

we obtain for the dimension of the fiber 7=!(C) over general C' € w(G’) that
dim 7~ (C) = dim G}, 5(C) > p(g+3,9,4)+1. By [ACGH, Ch. IV., Theorem 4.1]
dim G3+3(C) < dim TDG3+3(C) =p(g+3,9,4) + dimker uo(C),
where p(C) is the cup-product map
1o(C) - H(C, D) @ HO(C, Ko(~D)) — H(C, Ke).
Since the general D € G§3(C) is complete, we find h?(C, K(—D)) = 1, and there-
fore the map po(C) is injective, i.e. dimker po(C') = 0. This implies
plg+3,9,4) + 1 <dim Gy 5(C) < p(g + 3, 9,4) + dimker 1o(C) = p(g + 3,9, 4),

which is a contradiction. This means that G’ must coincide with Go. This completes
the proof of (a).

(b) Just like in the proofs of the preceding irreducibility statements, Q; |2 con-
tains a principal component G, whose general element represents a curve and a
complete very ample linear series on it. Assume that G’ is another component
of g;* 4o for whose general element (C,D) € G’ the linear series D is very am-
ple on C. Let r be the dimension of the completion D, and let W C Woio
be the component whose general elements are the completions (C,|D|). Thus,
dim G’ = dim W’ + dim Gr(5,r + 1). Using Proposition 2] we find

49 — 13 < dim G’ = dim W' + dim Gr(5,7 + 1) < 4g — 13,
which implies
(2) dimW' =49 —5r + 7.
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As we want to dismiss the existence of G, we will show first that » > 5, and then
we will see that the latter also leads to a contradiction, proving in this way that
Go C g;l 1 is the only component whose general element carries a very ample series.
Denote by Wy C W;:i’ the dual of the W’ variety in the Picard scheme.

I claim that » > 5. To see this assume the opposite, i.e. 7 =4. Then G’ = W' C
Wg+27 and the dimension of the dual W, C ng,4 C 9374 is dim Wy = dim W' =
4g — 13 = dim Q;_ 4. As has been pointed out, the linear series in a general element
of the principal component G, is complete, and therefore for the dual Xy of Gy
we have Xy C 93_4 and dim Xy = dim Gy = 49 — 13 = dim 93_4. But according
to Theorem [[2] the variety g;_ 4 1s smooth and irreducible of dimension 4¢g — 13,
which means that Wy and Xy must coincide. Hence, their dual components G’ and
Go also coincide. Therefore r > 5.

I claim now that the general element of W, C Wg:g cannot be a compounded
linear series. To see this, assume the opposite. By (@) and Proposition 2] it
follows that

49 —5r + 7 =dimW' = dim W, < 3g — 2r + 1,
which gives 97% < r. Then applying Lemma 23| for a general element (C, gy, o) €
W' C Wy s, we get

which is a contradiction.
Thus, the general element of W, carries a birationally very ample linear series,
after clearing a possible base part, and we can apply Proposition 2] to obtain

4g—-5r+7=dimWy <3(9g—4)+g—4(r—3)—1=4¢9g—4r—1.

This gives r > 8.

It is easy to see that the moving part of the linear series in a general element of
Wy cannot be very ample, since if it were very ample, applying Proposition 2.1 for
Wy C Wgrjff we would get

4g —5r +7=dimWy <3(g—4) +g+1—-5(r—3) =4g — 5r +4,

which is absurd.
Further, set 1o = r — 3 and dy = g — 4 and assume that the degree of the base
locus of the general element of W is by. Consider the map

Wo X m Cyy — W,
((C, L), (Pr+ -+ Byy)) = (CL(=P1 = - = Py,)).
Let V) C ng:zg be the closed subset defined as
Vo :={(C,L) e WrZ 2 |h°(C, L) > o + 1},

and let Vo C V) be the component whose general elements are the general elements
of W, but without base loci. For the dimensions of V; and W, we have

dim WO S dim V() + b().

Also, the general element of V) is necessarily base-point free and birationally very
ample but not very ample. Consider the mapping

To—2
Vo X M CQ — Wdo—bo—2’

((CvL)v (P+Q)) i (CaL(_P_ Q))
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Let W1 C W;g:;f 5, D€ a component of maximal dimension (if there are more than
one) whose elements contain the projections of the general elements of V. Set
Tliroflanddlid()*Q*bo, i.e.

Wr C ngl

Remark that its dual Wy C W;igﬂ:g; 4o arises by “adding” some effective divisors
of degree by + 2 to the linear series of W' C Wy 5, and dimW; = dim W,. Also,
by Lemma 2.2 we have

dim WQ S dim Wl.
Now we proceed with W just as we did with W). If its general element has a very
ample or compounded linear series (after clearing base locus), we reach a numerical
contradiction using Proposition 211 If the moving part is birationally very ample
but not very ample, we apply the same procedure to get

W, C W;;,

where ro =11 — 1, dy = dy — 2 — by, with by the degree of the base locus. We would
like to have just as before

dim Wl S dim WQ.
For this we must guarantee that the general element of W] has a birationally very

ample moving part, so we could apply Lemma But this is almost immediate:
if we suppose the opposite, it follows by Proposition [2.1] that

dim Wy = dim W;
§ 297 1 + (d1 — 27’1),
and this leads to a numerical contradiction due to dimW; > dim W, = 49 —5r + 7.
In this way we can construct Ws, Ws, ..., unless the process terminates due to

entering a case where the general element of W; is very ample or compounded.
Precisely, if the general element of WW; is compounded, we obtain

4g —5r+7=dimWy < dimW, + B;
<29—1+(d; —2r;)+ B;
=29g—-1+ (do - 27"0),
where B; := by + - -+ + b;_1. This yields a numerical contradiction just as before.
The case in which the general element has a linear series with a very ample moving
part is dealt with in a similar way. Remark that, as soon as we construct W;, we get
that the moving part of the linear series in a general element of W/ is birationally
very ample, which allows us to apply Lemma 22 and construct W;, 1. We continue

the inductive process until i becomes larger than § — 4. Then for i = [§ — 3] we
can apply Proposition 2] for birationally very ample linear series to get

49 —5r+7 < dimW, + B;
<3(di—b)+g—4r,— 1+ B;
=3(dy—2i—Biy1)+g—4(ro—i)— 1+ B;
<3dg+g—4rg—2i—1

r—1

<3(g—4)+g—4(r—3) —2(
= 4g—5r +6,

—3)-1
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which is a contradiction. This precludes the existence of a component G’ C Q;‘ 12
different from the principal component Gy, and completes the proof.
O
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