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ABSTRACT. For a sequence {T},} of continuous linear operators on a separable
Fréchet space X, we discuss necessary conditions and sufficient conditions for
{T»} to be topologically mixing, and the relations between topological mix-
ing and the Hypercyclicity Criterion. Among them are: 1) topological mixing
is equivalent to being hereditarily densely hypercyclic; 2) the Hypercyclicity
Criterion with respect to the full sequence N implies topological mixing; 3)
topological mixing implies the Hypercyclicity Criterion with respect to some
sequence {ng} C N that cannot be syndetic in general, and also implies con-
dition (b) of the Hypercyclicity Criterion with respect to the full sequence.
Applications to two examples of operators on the Fréchet space H(C) of entire
functions are also discussed.

1. INTRODUCTION

Let X be a separable Fréchet space and denote by L(X) the space of all con-
tinuous linear operators from X to X. An operator T € L(X) is called hyper-
cyclic if there exists an « € X (called a hypercyclic vector) such that its orbit
Orb(T,z) := {T"z}nen is dense in X. This property is an infinite-dimensional
phenomenon, i.e., no finite-dimensional space admits a hypercyclic operator [19].

In 1929, Birkhoff [IT] showed that the translation operator Ty, : f(z) — f(z+ a)
(a # 0) is hypercyclic on the Fréchet space H(C) of entire functions. G. MacLane
[21] proved that the differential operator D : f — f’ is also hypercyclic on H(C).
See [15], [3] for generalizations of these results. Recently, hypercyclic operators on
arbitrary separable Fréchet spaces have been studied in [I]-[3], [6]-[10], [12]-[I9],
and [22], [23]. Hypercyclicity has also been considered for nonlinear mappings on
topological spaces (see []).

Being hypercyclic for T is equivalent (see [18]) to a property called topological
transitivity, which means that for any pair U,V of nonempty open subsets of X,
there exists some n € N such that 7"(U)NV # (. Besides this equivalent condition,
there are the following two sufficient conditions for hypercyclicity.
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3172 JENG-CHUNG CHEN AND SEN-YEN SHAW

Hypercyclicity Criterion (cf. Kitai [I9] and Gethner and Shapiro [I4]). There
exist an increasing sequence {n;} C N, two dense subsets Xy, Yy, and mappings
Sn,, + Yo — X such that 7"z — 0 for all x € Xo, Sy, y — 0 for all y € ¥p, and
TS,y —y for all y € Yy (cf. [10, Definition 1.2]).

Bés and Peris [10] have shown two properties equivalent to the Hypercyclicity
Criterion. One is the existence of a hereditarily hypercyclic subsequence, i.e., there
exists a subsequence {nj} such that every subsequence of {T™*} is hypercyclic.
The other is weakly mizing, i.e., T ® T is hypercyclic (or equivalently, T ® T is
topologically transitive). A not necessarily linear mapping F is weakly mixing if and
only if F2 is hypercyclic and F is flip transitive, which means that for any nonempty
open sets U,V there exists n € N such that F*(U) NV # @ and F*(V)NU # 0
(see [4]). Since any power T™ of a hypercyclic linear operator T is also hypercyclic
(see [1]), the weaker condition “flip transitive” is surprisingly equivalent to “weakly
mixing” for the case of linear operators. It is known (cf. [4]) that for a number
0 such that £ is irrational, the rotation Ry : S' — S, defined by Ry(e!) =
e!*t?. is hypercyclic but not weakly mixing. However, it is still unknown whether
there is a linear operator which is hypercyclic but not weakly mixing (equivalently,
does not satisfy the Hypercyclicity Criterion). The Hypercyclicity Criterion is also
equivalent (see [23], Theorem 2.3]) to syndetical hypercyclicity, which means that
for any syndetic sequence {n;}, i.e., satisfying sup, {nr+1 —ng} < oo, the sequence
{T"*} is hypercyclic. Recently, Bermudez et al. [5, Remark 3.3] showed that {7}
(or simply T') satisfies the Hypercyclicity Criterion with respect to the full sequence
if and only if it satisfies the Hypercyclicity Criterion with respect to some syndetic
sequence {ny}.

Topological mixing (cf. [4], [I3]). For any nonempty open sets U, V there is some
N € N such that T*(U) NV # @ for all n > N.

A theorem of Costakis and Sambarino [I3l Theorem 1.1] states that if {77}
satisfies the Hypercyclicity Criterion with respect to some syndetic sequence {ny},
then T is topologically mixing.

In [8 15} 18] [7,20], the above hypercyclicity-related notions have been considered
for sequences of (linear) operators. The purpose of this work is to discuss topological
mixing and the Hypercyclicity Criterion for sequences of operators. In particular,
necessary conditions and sufficient conditions for a sequence {T,} of operators
to be topologically mixing, and the relations between topological mixing and the
Hypercyclicity Criterion will be observed.

In Section 2, we first review related definitions and some known results (The-
orems 2.2 and 2.3). Then we give some necessary conditions for hypercyclicity,
hereditary hypercyclicity, and topological mixing (Proposition 2.5). Theorem 2.6
characterizes topological mixing by hereditarily dense hypercyclicity. Theorem 2.7
asserts that the Hypercyclicity Criterion with respect to the full sequence {n} is
sufficient for topological mixing, and every topologically mixing sequence of oper-
ators satisfies the Hypercyclicity Criterion for some sequence {n;} C N and also
satisfies (b) of the Hypercyclicity Criterion (see Definition 2.1) with respect to the
full sequence. Specialization of the results (Theorems 2.6 and 2.7) to two examples
of sequences of operators on H(C) will be given in Section 3.

Finally, we remark that a statement which holds for the sequence {T™} is not
necessarily true for a general sequence {7}, }. For instance, unlike in the case of a
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single operator (cf. [23] Theorem 2.3] and [I3] Theorem 1.1]), for the sequence {7}, },
the Hypercyclicity Criterion is in general not equivalent to syndetical hypercyclicity
(see Remark 2.4), and the Hypercyclicity Criterion with respect to some syndetic
sequence in general does not imply topological mixing (see Remark 2.9(1)). On the
other hand, neither does topological mixing imply the Hypercyclicity Criterion with
respect to any syndetic sequence even for the sequence {T™} (see Remark 2.9(2)).
This answers negatively a question raised by Costakis and Sambarino [I3], p. 386].

2. OBSERVATIONS ON TOPOLOGICAL MIXING
AND HYPERCYCLICITY CRITERION

We begin with the following definition.

Definition 2.1. Let {T},} be a sequence in L(X).

(1) {7}, } is hypercyclic (cf. [15]) if there exists a vector z € X (called hypercyclic
vector) such that {T,x;n € N} is dense in X. The set of all hypercyclic vectors
of {T,,} is denoted by HC({T,,}). When HC({T,,}) is a dense set, {T),} is called
densely hypercyclic.

(2) {T.} is hereditarily (densely) hypercyclic (cf. [18] and [7]) if every subsequence
of {T},} is (densely) hypercyclic.

(3) {T,} is said to be topologically transitive if for any given nonempty open sets
U,V there exists n € N such that T,,(U) NV # 0.

(4) {T,} is said to be topologically mizing if for any given nonempty open sets
U,V there exists N € N such that T,,(U) NV # 0 for all n > N. (See [13] for the
case {T"}.)

(5) {T,} is said to satisfy the Hypercyclicity Criterion for an increasing sequence
{nr} C N (cf. [8, Definition 1.1]) provided there exist dense subsets Xy, Yy of X
satisfying the following two conditions:

(a) for every x € Xo, T,z — 0;
(b) for every y € Yj there is a sequence {urp} C X such that up — 0 and
Tnk Ug — Y.

Note that if an operator T is hypercyclic (equivalently, topologically transitive)
and z is its hypercyclic vector, then each element of the dense set {T"x},cn is a
hypercyclic vector, and hence T is densely hypercyclic. More generally, Peris has
shown (cf. [I8, Proposition 1]) that if {7} is a commuting sequence of operators
with dense range, then {7}, } is hypercyclic if and only if {T;,} is densely hypercyclic.

K.-G. Grosse Erdmann [I7), Satz 1.2.2] proved the following result.

Theorem 2.2. A sequence {T,} C L(X) is densely hypercyclic if and only if {T),}
is topologically transitive.

Thus, for a commuting sequence {T;,} of operators with dense range, hyper-
cyclicity, dense hypercyclicity, and topological transitivity are equivalent notions.
But a general hypercyclic sequence {7}, } is not necessarily densely hypercyclic even
when {T,,} is hereditarily hypercyclic. For such an example we refer to [8 p. 23].
Thus topological transitivity of a general sequence of operators is stronger than its
hypercyclicity.

Theorem 2.2 and the following theorem of Bernal-Gonzélez and Grosse-Erdmann
[8, Theorem 2.2] show that the Hypercyclicity Criterion is stronger than topological
transitivity.
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Theorem 2.3. Let {T,,} C L(X). Then the following are equivalent:
(i) {Tn} satisfies the Hypercyclicity Criterion.
(ii) {Tn} has a hereditarily densely hypercyclic subsequence.
(iii) for every N € N, (T, ® --- ® T) N—foia is densely hypercyclic on XN,

Remark 2.4. Unlike the case of a single operator (cf. [23, Theorem 2.3]), for the
sequence {T,,} the Hypercyclicity Criterion is in general not equivalent to syndeti-
cal hypercyclicity. To give an example, choose a sequence {T,(Ll)} which satisfies the
Hypercyclicity Criterion and a nonhypercyclic sequence {T,(ZQ)}, and combine them
to define the sequence {T,} by Tor_1 = T,El) and Ty, = TISQ) for k > 1. Then {T,}
satisfies the Hypercyclicity Criterion. But, since {T5,} is not hypercyclic, {T,}
is not syndetically hypercyclic. Thus the Hypercyclicity Criterion does not imply
syndetical hypercyclicity. The syndetical hypercyclicity does not imply the Hyper-
cyclicity Criterion either. Indeed, L. Bernal and K.-G. Grosse-Erdmann [§, Remark
2.3(c)] provided an example of a hereditarily hypercyclic sequence {T},} (so in par-
ticular, {T,} is syndetically hypercyclic) that does not satisfy the Hypercyclicity
Criterion.

Next, we prove some necessary conditions for hypercyclicity, hereditary hyper-
cyclicity, and topological mixing.

Proposition 2.5. Let X be a Fréchet space and {T,} C L(X).

(i) If {T,} is hypercyclic, then for any x € X there exist a sequence {wy} C
HC({T,}) (dependent on x) and an increasing sequence {ny} C N (dependent on
{wg}) such that wy € B(0;1/k) and T,,, wy, € B(x;1/k) for all k € N.

(i1) If {T,} is almost-commuting and hypercyclic, then for any z € HC({T,})
there exists an increasing sequence {my} C N (dependent on z) such that T,,,, x — 0
for all x in the dense set D, := {T,z2}22 .

(iil) If {T,,} is hereditarily hypercyclic, then for any z € X and any increasing
sequence {my} C N there exist a sequence {wr} C HC({T),,}) (dependent on
z and {my}) and a subsequence {ni} of {my} (dependent on {wy}) such that
wy € B(0;1/k) and T, wy, € B(z;1/k) for all k € N.

(iv) If {T}.} is topologically mixing, then for any increasing sequence {my} C N
HC({T.,}) is dense in X, and for any z € X there exist a subsequence {ny} of
{my} and a sequence {wi} C HC({T)n,}) (both dependent on z and {my}) such
that wy, € B(0;1/k) and T, wi, € B(z;1/k) for all k € N.

Proof. (i) Let zg € HC({T,,}) and wy, := m for each kK € N. Then wy €
B(0;1/k) N HC({T,}). Thus {T,w}5, is dense in X, so that we can choose an
increasing sequence {ny} C N such that T),, wy, € B(z, %) forall k=1,2,....

(ii) Since for z € HC({T,,}) D, := {T,,2}52, is dense, there exists an increasing
sequence {my} C N such that T, z — 0, and for each x = T,z € D, we have
limp oo Tinp @ = limg o0 Tony Tz = limg o0 T, T, 2 = 0.

(i) follows from (i).

(iv) If {T,} is topologically mixing, then {T,} must be hereditarily densely
hypercyclic, by Theorem 2.6. Hence HC' ({7}, }) is dense in X for any increasing
sequence {my} C N. The rest of the assertion follows from (iii). O

The following is a known characterization of topological mixing. For complete-
ness, we include here a short proof. A similar argument also appears in [16, Lemma
2.2] for the case of a sequence of the form {7}, } = {T™}, where T is a single operator.
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Theorem 2.6. For a sequence {T,,} C L(X), the following conditions are equiva-
lent:

(i) {Tn} is topologically mizing.

i") Every subsequence of {T,,} is topologically mizing.

Every subsequence of {T,} is topologically transitive.

{T,} is hereditarily densely hypercyclic.

(
(i)
(i)
Proof. “(i) = (i") = (ii)” are obvious, and “(ii) = (iii)” follows from Theorem 2.2.

(iii) = (i). If {T},} is not topologically mixing, then there exists nonempty open
sets U, V and an increasing sequence {ny} such that T,,, (U)NV = ¢ for each k € N.
This implies that U is disjoint from HC({T,,}), which means that {1}, } is not
densely hypercyclic, and so {7} is not hereditarily densely hypercyclic. O

Theorem 2.7. For a sequence {T,,} C L(X), the following conditions have the
relations: (i) = (ii) = (iii) + (iv).
(i) {T.} satisfies the Hypercyclicity Criterion with respect to the full sequence.
(ii) {Tn} is topologically mizing.
(iii) {T,.} satisfies the Hypercyclicity Criterion with respect to some increasing
sequence {ny} C N.
(iv) {T} satisfies condition (b) of the Hypercyclicity Criterion with respect to
the full sequence, that is, there exists a dense subset Yy of X such that for
every y € Yy there is a sequence {u,} C X such that u, — 0 and Tpu, — .

Proof. (i) = (ii). The argument below is similar to the one in J. Shapiro’s book
[24, p. 112], where the sequence {T™} is considered. Let Xy, Y, be the two dense
sets in (5) of Definition 2.1 with ny = n. Given any nonempty open sets U,V
there exist € Xg,y € Yp,e > 0 such that B(x,e) C U and B(y,2¢) C V. By the
Hypercyclicity Criterion with respect to the full sequence, there is a large Ny € N
and {u,} C X such that the following hold for all n > Ny: T,,x € B(0,¢), u, €
B(0,¢), and Thu, —y € B(0,¢). Hence z + u,, € B(x,e) C U and Ty, (z + u,) =
y+Thx+Thu, —y € B(y,2¢) C V for all n > Ny. This shows {T,,} is topologically
mixing.

“(ii) = (iii)” follows immediately from Theorem 2.6 and Theorem 2.3 (i.e., The-
orem 2.2 in [§]).

(ii) = (iv). For any y € Yy := X, the assumption implies that there is an
increasing sequence {n;} C N such that for each k € N

T, (B(0, %)) N B, %) £ for all n > ng.

Thus for each 0 < I < ngp1 — ng, we can choose uy,+1 € B(0, %) such that
Ty +1Un,+1 € B(y, %) Then u,, € B(0, %) and T,u, € B(y, %) for all n, < n <
Nng+1. This shows that v, — 0 and T),u,, — y as n — oo. [l

From Theorem 1.1 of [I3] and Theorem 2.7 we can deduce the following corollary.

Corollary 2.8 ([5, Remark 3.3]). For an operator T € L(X), the sequence {T™}
satisfies the Hypercyclicity Criterion with respect to the full sequence if and only
if it satisfies the Hypercyclicity Criterion with respect to some syndetic sequence

{ni}.

Proof. The necessity is obvious. To show the sufficiency, suppose {T"} satisfies
the Hypercyclicity Criterion with respect to some syndetic sequence {ny}. By
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definition, there exists a dense subset Xy such that T"*x — 0 for all x € Xy. Then
we have

[T = [T x| < max ||T||"|T™ | — 0 as n — oo,
0<r<M

where n = ny + 1 for some 0 < r < M := sup,cn{nr+1 —ni}. Hence {T"} satisfies
condition (a) of the Hypercyclicity Criterion with respect to the full sequence.

On the other hand, since Theorem 1.1 of [I3] asserts that {T™} is topologically
mixing, by the assertion “(ii) = (iv)” of Theorem 2.7, {1} also satisfies condition
(b) of the Hypercyclicity Criterion with respect to the full sequence. Thus {T™}
satisfies the Hypercyclicity Criterion with respect to the full sequence. O

Remark 2.9. (1) Because of Corollary 2.8, the part “(i) = (ii)” of Theorem 2.7
can be viewed as a generalization of Theorem 1.1 in [13] to sequences of operators.
But, unlike the case of a single operator, for the sequence {7}, } the Hypercyclicity
Criterion with respect to a syndetic sequence does not imply being topologically
mixing. For, if in the example in Remark 2.4 we choose the sequence {T,(Ll)} to
satisfy the Hypercyclicity Criterion with respect to a syndetic sequence {ny}, then
the sequence {7} constructed there satisfies the Hypercyclicity Criterion with
respect to the syndetic sequence {ng}. But, since {T5,} is not hypercyclic, {T},} is
not topologically mixing, by Theorem 2.6.

(2) While the assertion “(ii) = (iii) + (iv)” in Theorem 2.7 holds, there exist
sequences {T,,} = {T™} (e.g., when T' = I + K is the perturbation of the identity by
the compact unilateral backward shift K : (g, 21, z3,...)— (27 21,27 229,27 323, ...)
acting on X = lp) that are topologically mixing and do not satisfy condition (a)
of the Hypercyclicity Criterion with respect to any syndetic sequence {ny}; see
[16, Theorem 2.5] and [5, Remark 3.3]. Hence, a topologically mixing operator T,
though, must satisfy the Hypercyclicity Criterion with respect to some increasing
sequence {n;} C N, and may not satisfy the Hypercyclicity Criterion with respect
to any syndetic sequence, i.e., the answer to the question raised by Costakis and
Sambarino [I3, P. 386] is “No”.

3. EXAMPLES

Consider the composition operators on the spaces of holomorphic function H(G)
for some G C C given by

Tof =foen, [€H(G),

where ¢,, : G — G,n € N, are automorphisms on G.

Bernal and Montes ([9], [22]) proved that if G is not conformally equivalent to
C\ {0}, then {T,} is hypercyclic if and only if {p,} is a run-away sequence, i.e.
for every compact subset K C G there exists some n € N with K N ¢, (K) = (.
Recently, the following proposition was proved in [8, Proposition 2.4].

Proposition 3.1. Let {T,} be a sequence of composition operators as above. Then
the following assertions are equivalent:
(i) {T,} is hypercyclic;
(ii) {T,.} has a hereditarily densely hypercyclic subsequence;
(i) {T,} satisfies the Hypercyclicity Criterion;
(iv) {pn} is a run-away sequence.
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From this and Theorem 2.6 one can deduce the following theorem which char-
acterizes {T,} being topologically mixing by {¢,} being strongly running away.

Theorem 3.2. Let {T,,} be a sequence of composition operators T,f = f o p, on
a nonempty open subset G of C that is not conformally equivalent to C\ {0}. Then
the following assertions are equivalent.

(i) {T,.} is topologically mizing;
(ii) {T,.} is hereditarily densely hypercyclic;
(i) {@n} is a strongly run-away sequence, i.e. for every compact subset K C G
there exists some N € N with K N, (K) =0 for alln > N.

Proof. The equivalence of (i) and (ii) have been proved in Theorem 2.6.

(i) = (iii). By Theorem 2.6 we know that {7}, } is hereditarily densely hypercyclic
with the full sequence. Suppose (iii) is false. Then there exists a compact subset
K’ C G and a sequence {n;} C N such that K’ N, (K') # 0 for all k£ > 1, i.e.,
{¢n,} is not a run-away sequence. By Proposition 3.1, {T},, } is not hypercyclic
and hence not densely hypercyclic. This is a contradiction.

(iii) = (ii). Since (iii) implies that every subsequence {¢,, } is run-away, {7}, }
is hypercyclic and thus is densely hypercyclic, by Proposition 3.1. Hence {7} is
hereditarily densely hypercyclic. (I

Let H(C) be the entire function over C endowed with the compact-open topology,
for which a sequence { f,,} C H(C) converges to 0 means that lim sup |f,(z)| =0

for all R > 0. That is, f,, — 0 if and only if for all R > 0 and all € > 0, there exists
an NV such that for all n > N,

|fr(2)| < e for all |z] < R.

In [3], it was shown that the “weighted differentiation” operator Ty, Tx(f)(z) =
f'(Az) acting on H(C) is hypercyclic if and only if |A| > 1. It can also be observed
from the proof of Theorem 13 in [3] that T) is hypercyclic if and only if it satisfies
the Hypercyclicity Criterion with respect to the full sequence. In the following
theorem, we consider topological mixing of a sequence {T;,} of weighted differential
operators defined below.

Theorem 3.3. For a bounded sequence {a,} C C with 0 not belonging to {a,} and
{bn} C C, define T,, : H(C) — H(C) by

To(£)(2) = b ™) (an2).

Then the following are equivalent:

n

1
(i) |bn|™" = 0(?1%—:)2) for all R > 0;
(ii) {T,} satisfies the Hypercyclicity Criterion with respect to the full sequence;
(iii) {T,} is topologically mixing.

Proof. (i) = (ii). Let Xo = Y be the set of all polynomials, which is dense
in H(C). For any p(z) = > j_,cx2® € Xo, we obviously have T,,p = 0 for all
n > m, showing condition (a) of (5) in Definition 2.1. On the other hand, let

un(z) = Y pep Z—E% It is easy to check that T,u, = p. Using Stirling’s

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3178 JENG-CHUNG CHEN AND SEN-YEN SHAW

1
formula, n! ~ n"T2e~" as n — oo, we have for R > 0

k'\z|k+”
n <
g ()l < Z'Ck' B e+ )l an <o)

Z| | k'|R‘k+n
e+ ) [anlF[bal”

IN

k.!|R|k+nen+k

m
~ Ck
T

—————  for some K > 0.
(n)"*3 by |

IN

Since the assumption implies that the last term tends to 0 as n — oo, we have
t, — 0 in H(C). This shows (b) of (5) in Definition 2.1.

(ii) = (iii). This is proved in Theorem 2.7.

(iii) = (i). Suppose to the contrary, there exist ¢, R > 0 and an increasing
sequence {ni} C N such that _R[Phek > ¢ for all k > 1. Therefore, by

1
(nk)"k+2 ‘bnk ‘nk

Cauchy’s inequality and Stirling’s formula we infer that for every f € H(C),

T, = bk (nx)
‘H‘lggil (/)(2)] |H|13}1§| [ (an, 2)]
m! | max |f()
= |bnk| k H?g}é{ n:n;; } for any r > 0
M.,|b k!
< M for some M, >0
/r.n
K M, |by, |™ (ng) "+ 2
< O [ (g )2 for some K, M, > 0.
rnkenk

If we let r = R, then In‘lzg)é\Tnk(f)(zﬂ < KMpg/e for all k > 1, so that no subse-

quence of {T,, f} converges to the constant function KMp/e + 1. Thus {T,, } is
not hypercyclic, and hence {T},} is not topologically mixing by Theorem 2.6.
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