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ABSTRACT. We develop for a large class of locally compact groups a method of
approximation of convolution operators on G by finitely supported measures
with control of the support and of the operator norm of the approximating
measures.

1. INTRODUCTION

Let G be a locally compact group, let 1 < p < oo and let C'V,(G) be the Banach
space of all p-convolution operators on LP(G). If 1 is a bounded measure on G, the
corresponding p-convolution operator is denoted A2 (f)(p) = ¢« (AP f).

If G is amenable, given T € CV,(G) and  any open subset containing supp T,
then the operator T is in the weak closure of the set of all operators A7, (f), where
f is a continuous function with compact support (f € C,o(G)) with supp f C Q
and |[[ANL ()|l < IIT)/lp (see [6, Thm. 5]). The following problem is discussed in
the present paper: is it true that the operator 7' is in the weak closure of the set of
all operators A (n) where p is a finitely supported measure with supp p C  and
(Il < 1IITl],?

In [7, 8L @], N. Lohoué investigated a similar question for G abelian. He used in
a strong way the dual of G, and his approach only applies to commutative groups.
Our techniques are different and apply to a large class of non-commutative groups,
such as the Heisenberg group. For a given T' € CV,(G), we construct in an explicit
way an approximating net of finitely supported measures converging to T. In a
preprint of [6] C. Herz announced a similar result for locally compact amenable
groups. In the final version of the paper this was suppressed.
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2. PRELIMINARIES

Let G be a locally compact group and H the set of the closed subgroups of G.
For each K compact subset of G and F finite family of open subsets of G, we set
UK,F)={HeH:HNK =0, HNA#0 VYae€ F}. We provide H with
the topology generated by U(K, F). A net of closed subgroups which is converging
to G in this topology is called a dense net. We use the terminology of [12]. For
example, an increasing sequence (H, )nen of closed subgroups with UZO=1 H,, dense
in G is a dense net. Let mg denote a left Haar measure of G.

Theorem 2.1. Let (H,)aer be a dense net of closed subgroups of G. For each
a € I, there exists a left Haar measure mg, of H, such that

lim/f(h)dma(h) = /f(x)dx, for all f € Coo(G).

acl

Moreover, if f € Coo( , then

uniformly on the compact subsets of G.

This result is due to K. A. Ross & K. Stromberg [I1, Thm. 2] for sequences and
to J.-L. Rubio [12] Cor. 3] for nets.
The following lemma will be useful.

Lemma 2.2. Let ® be a continuous map of G into (Coo(G), ||.|sc) and K a compact

subset of G such that supp(fb(y)) C K, for ally € G. Then, for each € > 0 and
L,V compact subsets of G, there is g € I such that, for all a > ay,

’ / Y(zh)dme(h) — /@(y)(u)du‘ <eg,
G
forallz € L andyGV.
We also need to transfer convolution operators from groups to subgroups and
from subgroups to groups.

If H is a closed subgroup of G, there is a isometry i of C'V,(H) into C'V,(G) (cf.
[51 p. 76]) which satisfies, for all T' € CV,(H) and r, s € Cyo(G),

) r
(D), 8) 1oy Lo (@) = /<T<m)zH

G/H

S .

where r, g (h) = r(zh). The following properties are satisfied (cf. [1, [5]):

(2.1) 1D = T
and
(2.2) supp (i(T)) = supp(T).

Let H be a closed subgroup of G, f € Cy,o(G) and & € G/H. We define

T o(f /th
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where g(zh) = q(z)Ag(h)Ag(h™t) (cf. [10]).
For each T' € CV,(G) and k,l € Cyo(G), J. Delaporte and A. Derighetti defined
in [3]

(2.3) ATV, 0) Loy 1o a1
= <T(Tp(ql/p(k *H TpQD)))an' (ql/p (Ixm Tp’w)»LP(G),LP’ (G)>

for all p,1) € Coo(G). Then Ag{l) is a linear map of CV,(G) into CV,(H) with

(2.4) A D)< T (D 1T ()
(2.5) A (PM,(G)) € PM,(H),
(2.6) supp(Ak‘fl) (T)) CcHnN (supp(k)_1 supp(T) supp(l)).

In the present paper, we always suppose ¢ = 1 (i.e. Resg(Ag) = Ap). This
property is verified for normal closed subgroups or more generally for neutral closed
subgroups of G. In this case, we set A,(fl) =Ap g and Ty g =Ty.

Lemma 2.3. Let 1 < p < oo, G a locally compact group, H a closed subgroup of
G, f € Coo(@), k,l € CL(Q), ¢ € LP(@) and ¢ € L (G). Then, we have

(i (Ak,l(A%(f)))% 7/1>Lp(c),Lp’(G) - </\Ic);(f)§0a ¢>Lp(c)’y)’ (@)

B /f(z) (/(/Aé!"’(u) k(z""yu) o(u)
G

G G

(m(ﬁ(u)) - /Aé/p’ (v) 1(yv) ¥(v) dv) du> dy> dz
G
+(f*kxTppo, Lx T — Tp'¢>LP(G),LP’ (@)
+ {(fx(k* TpP — Tpcp), Tp'¢>LP(G)7LP/ (G)

where m is the canonical map of G onto G/H.
Proof. Let 8 be a Bruhat function of (G, H). On the one hand, we have
(i(Ak i (NG ())) s V) 1o(), L7 (G)

= /<Ak,l()\g(f))$%,Ha1/’m,H>Lp(H)7Lp’(H)d$
G/H

= /5(»’8)0\%@)% (k *H Tp(@m,H)),Tp/ (l *H Tp! (¢r,H))>Lp(G)7Lp/(G)dﬂf
G

= /f(z)(/ (/ﬁ(x) Ty (Aé/p (s-1yk) ¢ (TH (Agp' (yl)zb)ow)) (m(x)) dm) dy) dz
G G
<Agp (z-14k) cp(TH (AlG/p/ (yl)d)) o w)) (u) du) dy) dz

Agp(u) E(z"'yu) o(u) Ty (Aé/p/ (D) (7 (u)) du> dy> dz.
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On the other hand,

</\p (e ¢>Lp(c;) L*' (G) = (f *Tp, T 1/’>Lp(c),Lp'(G)

G/ (/(/ AUP(u) k(= 1y (/A”p v) (v )dv)du)dy)d

(frkx 10, L% Ty 1)) 1o (), 1 ()

Finally,

(i(Aea NGV Loy v (@) — Ae(D ) Loy Lo ()

:<i(Ak,l()\Ié(f>))90 ¢>LP(G) LY (G) —(frkxTpo,lx Ty 1P>L19(G),sz/(c:)
F{fxkx7p0, L Ty ) Loy, 1o () = (% E* o0, T ) Loy, v ()
+ (f %k *Tp0, Tp V) 1oy, 10" (G) — MGy ) Loy, (@)

- / e ( / ( / AP ) k() o)
(TH(Al/p ) /Al/p v) ¥(v) dv) du) dy) dz

(f*k*rpq),l*Tp ) — Ty ¢>LP(G),LP (@)
+ {f* (kx 10 = 7p90), To¥) Lo (), L' ()

3. ATOMIZATION PROCESS FOR AN INDUCTIVE LIMIT OF DISCRETE GROUPS

Let 1 < p < oo, G a locally compact group and (Ha)ael a dense net of closed
subgroup of G.

Theorem 3.1. Let (Hy)aer be a dense net of closed subgroups of G. Then, there

is a net (Lg)ger of uniformly bounded endomorphisms of CV,(G) such that:
(i) for every f € Coo(G), N&(f) is a cluster point of the net (L'g ()\%(f)))

in the weak operator topology;
(i) for each B = (e,k,l,a) €T, ||Ll] <1+¢€;
(ili) for every neighborhood U of supp f, there is By € T with supp Lg(A%(f)) C
UﬂHou fOT’ﬁ = (8,]{1,1,0() 2 ﬂO'

Proof. Let

A= {k € CL(G): /k(u)du - 1}

G

We suppose Resy, (Ag) = An,.
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and

7= {(s,k,l,a):0<5< 1, k,l € A, suppk, suppl neigh. of e in G,

‘/ k(xh)dme(h) — 1‘< e for all x € suppk,

Hao

Hao

|/l(xh)dma(h) —1|<eforallz e suppl}.

For 8 = (e, k,l,c), 3

(e k', I',a') € I, we define the relation § < g if and
only if ¢/ < e, a <&, suppk’ C suppk and supp!’ C suppl. Then, (Z,<) is a
directed set.

For each 8 = (¢, k,l, ) € Z, we define the endomorphism of C'V,(G),
CB = Z.a o Aoz,k,la
where i, is the canonical isometry of C'V,(H,) into C'V,(G) and A, j; the map of
CV,(G) into CV,(H,) defined by 23).
Let 8= (e, k,l,a) € I, p € LP(G) and ¢ € LP (G). From (ZI)),

(it (D)2 6) (9,10 9| < T | T (0] | T (1)
But, the net (THa(k))ael

and || T, (W) = [/,

elpll

is converging to [, k(u) du = 1 uniformly on 7, (supp k),
T, (@) d < | T, |22

Moreover, for each @ € m, (suppk), |Tu, (k)()| < € + 1. Then,
(e + D)V and [|Tu, ()], < (e +1)"/?. Therefore

THQ (k)”p <

[ia Bt )P0 1oy 9] < NNy (& + 1) ol

and (ii) is verified.

From ([Z2) and (2.6]), for each § € Z,
supp(Ls(T)) = supp (ia (Aa,k’l(T))) Ciq (supp(Aa,k’l(T)))
= supp(Aa i (T)) C Ho N (supp(k) =" supp(T) supp(l)).
Then, (iii) is verified.

Let f € C,o(G), W C G a neighborhood of supp(f)~1, &1 > 0, p,v € C,o(G)
and 8 = (g,k,l,ap) € T.
Let 0 < ¢ < min{eq,e0}.

There is a compact neighborhood V of e with V = V~! and V supp(f)V C W.

There are k',1I' € Cyo(G) with ||k'|[1 = ||I/|l1 = 1 such that supp(k’) and supp(l’)
are neighborhoods of e, supp(k’) C supp(k) NV, supp(l’) C supp(l) NV,

[|K" % T — Tppllp <

€
L+ 3[[ flla 1]l
and -
I’ * Tprth — Tl <

L3l fllallell
There is iy € I such that, for all @ > o, [T, (K')(&) — 1|< &, for each & €
To(supp(k')) and [Ty, (I')(&) — 1|< €, for each @ € 74 (supp(l')).
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By Lemma [22] there is ap € I such that, for all a > as,

?/ (AL (1)) (uh)dma (h) - / (A" (D) () dv| <
Hq

G

3
L+3] flllimpells’

for each y € supp(f)V supp(p)~! and for each u € supp(yp).
Let o/ > ag, a1, a5. We define 8’ = (¢,k',I',a’). We have 5’ € Z and ' > .

We have {y € G : 3 u € supp(p), 3 z € supp(f) with k(z~tyu) # 0} C
supp(f)V supp(¢)~!. Let us make some estimations:

/’f(z)’</ La(y) </‘A};/p(U)k(z_lyu)<p(u)’du) dy> dz
G G G
- G/ 1] ([ ([ |24 mtmet]|d)ay )

G G

- /\f<z>\ dz/\k! w el @)y = 1 £l el
G G
Then

,/f(Z) ( / ( [ A4 e o)
G

G G

(THQ (AL (1)) (7o (1)) — / AYY () 1) ¥(v) dv) du> dy> dz

G

< [lr|( [ 1am( [ |alrwre )
G G G
‘THa (ALY (1)) (7 (1)) — / AYY (0) 1(yv) 9 (v) dv‘ du) dy) dz
G

< G/ o G/ L4t G/ Ak ()i ) )z g
£

< z.
3

Moreover,

‘(f* kxTpo, lx ) — Tp’¢>Lp(G),LP’ (G)‘
< I x ksl i = 7l < 1Ml el |2 7 = s

p/
€ €
<|fl kel ——— < =
PP 3 el T3
and
‘(f * (k% Tpp = Tp#)s T ) 1o(), 10’ (G)‘

< Hf * (k*Tpp — Tp@)HpHTp’d)”p’ < Hf”lHk *Tpp — TP‘PHP‘WHW

e 3
< W hlelly ==y < 3
P T3, 3
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Finally, from Lemma 23] we have

‘<£ﬂ()‘%(f))% ¢>LP(G)7LP’ G) — <)‘Ic):(f)<P7w>Lp(G),Lp’(G)} <e.
(Il

Corollary 3.2. Let1 < p < oo, G a locally compact group, (Ha)ael a dense net of
discrete subgroups of G. Then, for each f € Coo(G), there is a net (ug) of finitely
supported measures of G such that:

(i) for every f € Coo(G), N&(f) is a cluster point of the net (A% (up))
the weak operator topology;
(if) for each B = (e, k,1,a) € I, [[|AG(a)lll < [IAG(H)Illp + &
(iii) for every neighborhood U of supp f, there is By € T with supp Eg()\’é(f)) C
U; fO’f’ ﬁ Z ﬁO'

Proof. By Theorem B1] we have supp L5 (A%(f)) C supp Qi (AL(f)), where g =
(e, k,l,a). But supp Qk’l()\’é(f)) is a compact subset of the discrete group H,,
and therefore is a finite set. Finally, there is a finitely supported measure pg with

Ls(M&(f)) = A (up)- 0

Corollary 3.3. Let1 < p < 0o, G a locally compact group with (Ho‘)ael a dense
net of discrete subgroups of G and T' € C'V,(G) with compact support. Then, there
exists a net of finitely supported measures which converges to T with control of the

support and the operator norms of the approximating measures.

BeT m

Proof. There exists a net ( fa)a I of positive compactly supported functions of G

with || fo|l1 = 1 such that A%, (Tp (T(Agp/ fa))> converges weakly to T with control
of the support and of the operator norm (see [6, Prop. 9]). O

Remark 3.4.

(1) If G is amenable and has a dense net of discrete subgroups, every T €
CV,(G) can be approximated similarly by finitely supported measures with
control of the support and of the operator norm. A similar result was
formulated in a preprint of [6] but was suppressed in the published version.

(2) The amenability is not needed for the Corollaries B2 and B3

Example 3.5. The atomization process is available for the following groups:
(1) R with the subgroups H,, = 27 "Z.
(2) T with the subgroups H,, = Z/2""Z.
(3) The group of the symmetries of the plane 0(2) with the subgroups H,
generated by the symmetries of the regular polygons with 2" sides.
(4) The Heisenberg groups with the subgroups H,, of the matrices
1 g2 " b2—2n
0 1 c2™" |, where a,b,c € Z.
0 0 1
This also applies to finite products of groups admitting a dense net of
discrete subgroups:
(5) Elementary groups, R! x T™ x Z" x F with I,m,n € N, where F is finite.
(6) Locally compact abelian groups with no small subgroups [2, Prop. 7.9].
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4. INDUCTIVE LIMITS

Let G be a locally compact group and (G(m)):zl a dense sequence of closed
subgroups of G. We suppose that for each m € N, there is a dense sequence
(G%m)):ozl of discrete subgroups of G™).

With this hypothesis, we have:

Theorem 4.1. There is a net (L,)yex of uniformly bounded endomorphisms of
CV,(G) such that:

(i) for every f € Coo(GQ), NG(f) is a cluster point of the net (E,Y ()\%(f)))

in the weak operator topology;

(ii) for each v = (e,k,l,m,n) € K, |Ly|| < 1+¢;

(iii) for every neighborhood U of supp f, there is vy € K with supp EV()\’&(]‘)) C
Uun G%m), for every v = (g,k,l,m,n) > .

yeK

Proof. For m,n € N, the maps i, : G)}' — G™ i, : G — @ and T =
in © im,n : Gt — G denote the canonical inclusions; m,, : G — G/G(m) and
Tmon Gm — G(m)/G%m) denote the projections.
For k,l € Coo(G), Amn ki, Ak and /v\m,n,;ml denote the associated? maps of
these inclusions.
Let f € Cyo(G), v € LP(G) and ¢ € LP (G).
We consider the set K of all v = (g, k,1, m,n) with:
(a) e>0,m,neN, ke Cu(@) with ||k]|1 = ||l|1 = 1;
(b) supp(k) and supp(l) are neighborhoods of e in Gj
(c) / k(xh)dmem) (h) — 1’ < g, for all z € supp(k);
Gm)
(d) / l(zh)dmgm) (h) — 1‘ < %, for all z € supp(l);
G(m)

(e) / k(zh)dm m (h) — / k(u)dmgom) (U)‘ < e, for all z € supp(k) N G™);

alm Gm
() / Uxh)dmom (h) — / k(u)dmem) (u)’ < g, for all 2 € supp(l) N G™);
alm Gim)

(g) <Zm,n (Am,n,k,l ()‘pG(m) (f)))% 1b>Lp(G(m)),LP' (G(m))

- <>\’E;<m> (e, ¢>Lp(c(m>),Lp’ (G| S €

Lemma[2.2]and Theorem [BIlimply that K is non-empty. Moreover with the relation
(e, k,l,m,n) < (e,K,U',m',n')if and only if ¢’ < ¢, supp(k’) C supp(k), supp(l’) C
supp(l), m <m’ and n <n’, K is a directed set.

For each v € IC, we define

AC’y = im,n o Am,n,k,l-

The points (ii) and (iii) are straightforward from the proof of Theorem Bl
Let € > 0 and Yo = (80, ko,lo,mo,no) e K.

2See (Z3).
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I) There are k, 1 € C,o(G) with ||k||x = ||l]|1 = 1, supp(k) C supp(ko), supp(l) C
supp(lp) and

€
ITpe — k*gom Tpellp < ,
P PR 16 (1 + (| f Il

€
1T — Uk Tprthllp < '
» G IR > 96(1 + | flllell)

Therefore, for each m € N,

<)\g(m) (e, ¢>LP(G(m>),LP’ (GOm))

€
—{f *qm) k *qom) TP, L *gim) Tp/¢>Lp(G(7,L))7Lp/ (qmy| < 3

Moreover, by an indirect use of Theorem 2.1l there is m; > mg with, for each
m 2 my,

‘(f *m) K *gom) Tp@, Uxgom) Ty ) po(gom))y, o' (Gom)y
— Gim (At OB(D) ) 2.8} (61,1 ()| < 5-
In conclusion, for all m > my, we have
‘<im (Am,k,l O%(f)))% ,(/}>LP(G)7LP/(G) - O‘%(m) (e ¢>Lp(c),Lp’ (G)‘
< [fim (At VB(0)) 08} o0 )
— ([ *Ggm kxgm) T, Lkgom Tp'w>LP(G(m))’LP’(G(m))’
+ ‘(f *am) kxgom) Tp@, Lxgom) Tprh) Lo (qom), Lo (Gom)

€
_ <>\g(m) (f)ﬁp, w>LP(G)7Lp/ (@) ‘ < Z

With similar arguments, we can choose k,1 € Co0(G) with ||k|l; = ||I]1 =1 and
my € N such that, for each m > my and n € N, we also have

<\Zlm,n (]\m,n,k,l ()\chl(f))) P, w>LP(G),LP’ (@)
€

- <Zm,n (Am,n,k,l (Ag(m) (f))) @, ¢>LP(G("L)),LP’ (G(m)) < Z

IT) From Theorem B there exists m € N with (eq, k,1, m,n) > (g0, k, 1, m1, no),
such that

[ (A (V5 (9) ) 020D o,

€

- Q\%(f)@ﬂ/ﬁm(g),m/ (@) < Z

But, (G%m))zozl is a dense sequence of G(™. Therefore, by Theorem 3.1} there

exists n > ng such that

‘ <im,n (Am,n,k,l (Xg(m) (f))) ®, ¢>LID(G(m))’LP' (G(m))
€

- <>\Ié;<m>(f)<,071/J>Lp(G<m>),Lp’ (G| < 1
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III) Finally, let v = (g0, k, 1, m,n). We have v > o and

9

<im,n (Am,n,k,l (Ag(f))) P w>LP(G)7Lp/ (@) — <)‘Zc)¥(f)503 q/}>LP(G),LP’ (G) ’

<

<im,n (A/me,n,k,l (/\Ic);(f))) 2 17[}>LP(G)’LTJ’ (@)

- <7/m,n (Amm,k,l ()‘g(m) (f)))‘pv w>LP(G(m))’LP’ (G(m) ’

+ ‘<7lmn (Am,n,k,l (Moo (f))) @, V) Lo(Gom), Lo’ (GOm)

— (Ao (e, q/’>LP(G<’">)’L"'(G(’"))’
+ ‘(AIé(,,L) (e V) o (ay.0v ()

— (im (Am,k,l (A%(f))) @, ) Lo(G), L7 () ’
+ ‘ (im (Am,k,l (A’é(f))) ) Lo(e), e (@)

— L9 im0 (0] < €

O

Example 4.2. Consequently, we have an atomization process for abelian metriz-
able locally connected groups [2, Prop. 8.17].
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