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THE CLASSIFICATION OF PLANAR MONOMIALS
OVER FIELDS OF PRIME SQUARE ORDER
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ABSTRACT. Planar functions were introduced by Dembowski and Ostrom in
1968 to describe affine planes possessing collineation groups with particular
properties. To date their classification has only been resolved for functions
over fields of prime order. In this article we classify planar monomials over
fields of order p? with p a prime.

1. PRELIMINARY RESULTS AND NOTATION

Let p be a prime, e a natural number, ¢ = p°® and let F; denote the finite field
of order ¢. The ring of polynomials in X over F, is denoted by F,[X]. It is well
known that any function over F;, can be uniquely represented by a polynomial in
F,[X] of degree at most ¢ — 1. A polynomial f € F,[X] is called a permutation
polynomial over F, if f induces a bijection of F; under substitution. We will use
the classical criterion of Hermite for a polynomial to be a permutation polynomial.

Lemma 1.1 (Hermite [6]; Dickson [4]). A polynomial f € F,[X], ¢ = p°, is a
permutation polynomial over Fy if and only if
(i) f has ezxactly one root in F,, and
(ii) the reduction of f* mod (X?— X), with 0 <t < qg—1 and t # 0 mod p, has
degree less than q — 1.

A polynomial f € F,[X] is called a planar polynomial if for every non-zero
a € Fy, the polynomial f(X + a) — f(X) is a permutation polynomial over F,.
Any quadratic polynomial is planar over any field of odd characteristic. It is also
straightforward to show that there are no planar polynomials over fields of char-
acteristic 2. Consequently all statements given in this article concern fields of odd
prime characteristic p.

The motivation for studying planar functions stems from an article of Dembowski
and Ostrom [3], where they used such functions to construct affine planes of order
n with collineation groups of order n2. In addition, it was recently shown that the
classification of planar polynomials of the form

e—1 ) )
> ai XV € Fpe[X],
3,j=0
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p an odd prime, is equivalent to the classification of commutative semifields of
order p¢; see [I]. The Dembowski-Ostrom conjecture implies the classification of
all planar polynomials is equivalent to classifying planar polynomials of this form.
Although shown to be false in characteristic 3, the conjecture remains open for
characteristic 5 and greater.

The classification of planar monomials over prime fields was given by Johnson
(the full classification over prime fields followed soon after, independently, in [5],
[7], and [12]).

Lemma 1.2 (Johnson, [8, Theorem 4.6]). The polynomial X™ is planar over F, if
and only if n =2 mod (p — 1).

Few necessary conditions are known in the general case, even for monomials.
Among the stronger statements is the following part of [2], Proposition 2.4.

Lemma 1.3. If X™ is planar over Fy, then (n,q —1) = 2.

By [2], Proposition 2.4, X™ is planar over F, if and only if f(X) = (X +1)"— X"
is a permutation polynomial over F,. Since f(F,) C F, for any f € F,[X], the
following is clear.

Lemma 1.4. If X" is planar over Fy, then X™ is planar over every subfield of I, .

The next result is a special case of [2], Theorem 2.3.

Lemma 1.5. The monomial X" is planar over Fy if and only if X s planar
over Iy for any non-negative integer i.

We will also need the following well-known theorem of Lucas.

Lemma 1.6 (Lucas, [9]). Let p be a prime and let o > 3 be positive integers with
base p expansions a =y, a;p’ and = Zj Bijp’. Then

(3) =15 o

K2

where we use the convention (Z) =0ifn<k.

2. THE CLASSIFICATION OF PLANAR MONOMIALS OVER Fp2

Theorem 2.1. The polynomial X™ is planar over Fp2, p an odd prime, if and only
if n =2mod (p? — 1) or n =2p mod (p* — 1).

Proof. We need only consider n < p? since for n > p? the monomial X* with
k = nmod (p? — 1) acts the same as X™ under evaluation. Let n = a + bp be
the base p expansion of n. If X™ is planar over F,2, then n = 2mod (p — 1) by
Lemmas and [[L4l It follows that we need only consider two cases: a +b = 2 or
a+b=p+1.

If a+b = 2, then we have n € {2,p+ 1,2p}. If n = 2, then X" is planar
over [F,2, as any quadratic is planar over any finite field of odd characteristic. It
follows that X2 is planar over F,2 by applying Lemma If n =p+ 1, then
(n,p* —1) =p+1 > 2, so that XP! is not planar over F,> by Lemma [[3

Now suppose a+b=p+1. Notethat 2<a<p—-land2<b<p-—1. Ifp=3,
then a =b=2and n = p> — 1 = 8 and so X" cannot be planar by Lemma [[3
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For the remainder of the proof we assume p > 5. Set f(X) = (X +1)" — X" and
consider the polynomial

9(X) = f(X)""" mod (X" — X)
= (X + 1)) 4 Xt _ xnp(X 4 1)" — X™(X + 1)P" mod (X?° — X).

We show g(X) has degree p? — 1. It will then follow from Lemma[[T]that f cannot
be a permutation polynomial over > and so X™ is not planar over I,2, establishing
the result. We consider each of the components of g(X) in turn, determining the

coefficient of X?" ! generated in each case.
Set h(X) = (X + 1)". It follows from Lemma [[.6] that

- S5 (0

a=0 =0

Since h € F,[X], h(X)? = h(XP), and so

h(X)P = za: zb: (3) <Z> XA+oP mod (X7 — X).

Hence

= 3035 () () (4) (D) o 0 -,

a=0 $=0v=0 §=0

Now B+ +(a+8p < (p+1)+ (p+1)p < 2(p?> — 1) for p > 5. Hence the
only terms of degree p?> — 1 in h(X)P*! mod (X”2 — X)) are those terms where
B+ =a+d=p—1. In particular, § and 7 are completely determined by «
and 8. Since 0 < a<a,0<d<band a+b=p+1, the only way we can have
a+d=p—1lisifa—2<a<aand § =p—1— . A similar argument yields
b—2 < B <b. Thus the coefficient, ¢, of X?°~1 in h(X)P*! mod (Xp2 —X)is

ol ol (3T S [

Recalling (}) = (,”,) and a + b =p + 1, we write this in the equivalent form

=2 2 (0605
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Expanding, we have

D o (A TPV AT
> (0 (2065
-0

Hence we get no term of degree p? — 1 from h(X)P*! mod (X”2 - X).
Since n(p+1) = 2p+2 mod p?—1, it follows that X™(P+1) = X2P+2 mod (XT’QfX).
For p > 5, 2p+2 < p?—1, and so we get no term of degree p?>—1 from this component.
Next we have

a b
XX +1)"=X"Ph(X)=> > <Z) (Z) XPHat@tIP mod (X7 — X).

a=0 =0

Now b+ a + (a+ B)p < 2(p? — 1) for p > 5, and so the only term of degree p? — 1
in X"(X + 1)"™ mod (Xp2 — X) is the term where b+« = a+ 8 =p—1. The
coeflicient of this term is

(o)) -6

The final component is

a b

XMX + )P =X"h(X)P=> >

( " )X“+5+(b+a)f’ mod (X?° — X).
a=03=0 o+ ﬂp

In a case similar to the previous one, we have a + 3+ (b+ a)p < 2(p* — 1), so that
the coefficient of the only term of degree p?> — 1 in X™(X + 1)P" mod (sz —X)is

(p—(i—b) (p—ll)—a> - @(2)
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Overall, the coefficient of X?*~! in f(X)P*! mod (X?* — X) is therefore

2(5) () 2 (")

2 (5 0)

# 0 mod p,

as 2 < a < p—1. Hence g(X) has degree p* — 1, and so Hermite’s Criteria now
shows f(X) cannot be a permutation polynomial over 2. It follows that X™ is
not planar over Fp2 if n=a+bpanda+b=p+ 1. O

It should be mentioned that both possibilities in the theorem define Desarguesian
planes.

3. SOME REMARKS ON THE CLASSIFICATION
OF PLANAR MONOMIALS OVER [,

When restricted to monomials, the Dembowski-Ostrom conjecture implies that
every planar monomial over Fe is of the form X™ with n = p’ + p’. The planarity
of such monomials is well understood, [2, Theorem 3.2]: with n = p’ + p’ and
i > j, X™ is planar over Fp. if and only if (27—5]6) is odd. The conjecture remains
open for characteristic p > 5. However, it was shown to be false in characteristic
3 by Matthews and the author in [2]. There it was shown that X" with n = 3L
is planar over Fse if and only if («,2e) = 1. Using the identity n = L;l =
et oL it s straightforward to show n = 1 — o (252) mod (p — 1). If X™ is
planar over Fpe, then it is planar over F,, by Lemma[l.4] and now Lemma [[2 yields
n =2 mod (p—1). This implies « is odd and p = 3, and so this case does not yield
a counterexample to the conjecture for p > 5; see also [I1].

For general n, a consequence of Lemmas and [[4]is that if X™ is planar over
Fpe, then n = 2 + k(p — 1) for some integer k. Thus n = 2, p + 1, 2p are the three
smallest possibilities. Since each of these may be written as p?+p’ for particular i, j,
the planarity of each of these is easily determined. In fact, the smallest exponent
n for which the planarity of X™ over Fj. is not known isn =3p —1. For p > 5, a
combination of Lemma [[[4] and Theorem 2.1l shows that X3P~ is not planar over
Fpe whenever e is even. We can also eliminate characteristic 3 with little effort.

Let n =3 — 1. Then

(X —1)3 _th_lzx?’ -1
X-1 X -1

where hp(X) = 14+ X + --- + X*. The permutation behaviour of hj(X) over
fields of odd characteristic was completely determined by Matthews in [T0]: hg(X)
permutes F,e with p odd if and only if & = 1 mod p(p® — 1). Now 3! — 1 =
gtmode 1 mod (3°—1), and so 3' —2 = 1 mod 3(3¢ — 1) if and only if 3t ™4 ¢ = 3.
Thus hst_o(X) is a permutation polynomial over Fse (and hence X™ is planar over
Fse) if and only if ¢t = 1 mod e. In summary:

(X —1)¥ - x3 -1 = — X¥ T = ha o (X)),

Proposition 3.1. Let t and e be positive integers. The monomial X' =1 s planar
over Fpe if and only if p =3 and t =1 mod e.
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In particular, X® cannot be planar over Fs. unless e = 1. In another direction,
an application of Lemma yields the following statement.

Proposition 3.2. Let p = 3mod 4, e be even, k be odd, and n = 2+ k(p — 1).
Then X™ is not planar over Fe.

It follows from the above discussion that the smallest exponent n for which the
planarity of X™ over [Fpe is not known is:
16 if e is odd,
22 if e is even,
3p—1 if e is odd,
p>+2p—1 ifeis even.

o forp=3,n

o forp>5n=
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