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ABSTRACT. We prove that, if a metric measure space admits a stratification
so that each stratum satisfies the strong doubling condition, then the intrinsic
distance induced from the Cheeger-type energy form coincides with the original
distance. In other words, we can reconstruct the distance function by the
Cheeger-type energy form. We also observe that this reconstruction does not
work for the Korevaar-Schoen-type energy form.

1. INTRODUCTION

The theory of Sobolev spaces for functions on an arbitrary metric measure space
is making remarkable progress in recent years (see [C], [HK], [Hel, [KoSd], etc.).
There the Sobolev space is defined as a space of functions with finite energies, and
there are several definitions of energy forms on a metric measure space. Among
them, in this article, we shall consider Cheeger’s and Korevaar and Schoen’s def-
initions ([C], [KoSc]), and intend to reveal the difference between them from the
geometric point of view.

Our main theorem (Theorem [B.2]) asserts that, if a metric measure space ad-
mits a stratification so that each stratum satisfies the strong doubling condition
(in the sense of Ranjbar-Motlagh [R2]), then the intrinsic distance defined by us-
ing the Cheeger-type energy form coincides with the original distance. Here the
strong doubling condition (Definition [51I) can be regarded as a generalization of
Measure Contraction Property in [J] as well as the weak measure contraction prop-
erty of Bishop-Gromov type in [KuSh|, and the intrinsic distance (Definition [£.1])
is defined as in [BM]. The coincidence between the original distance and the in-
trinsic distance induced from the canonical Dirichlet form is known for Riemannian
manifolds and, more generally, for Alexandrov spaces with lower curvature bounds
(IKMS|, Theorem 7.1]).

One aspect of the theorem is that we can reconstruct the distance function by
using the energy form, and another aspect is that we can distinguish metric spaces
by comparing the energy forms on them (Corollary [61). We will observe that
the analogue is not true for the Korevaar-Schoen-type energy form in the case of
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3406 SHIN-ICHI OHTA

Banach spaces (§0). Thus it seems that the Korevaar-Schoen-type energy form is
suitable when we consider Riemannian spaces such as Alexandrov spaces, rather
than Finsler spaces.

2. PRELIMINARIES FOR THE CHEEGER-TYPE ENERGY FORM

This section is devoted to recalling the definition and some fundamental proper-
ties of the Cheeger-type energy form. See [C] for details. Throughout this article,
let (X, dx) be a metric space and let u be a Borel regular measure on X such that
0 < u(B(z,7)) < oo holds for all z € X and r > 0. Here B(z,r) denotes the open
ball with center x and radius r. For real numbers a,b € R, we set a Ab := min{a, b}
and a V b := max{a,b}. We will use some terminologies on Dirichlet forms (with
quotation marks ‘- - -’); consult [FOT] for them.

Following the idea of Heinonen and Koskela [HeK], a Borel measurable function
g: X — [0,00] is called an upper gradient for a function f : X — R if, for any
unit speed curve 7 : [0,1] — X, we have

|F(7(0)) = fF(v(1)| < /Olg(’y(t)) dt.

Definition 2.1 (Cheeger-type energy form). For p € (1,00) and f € LP(X), we
define the Cheeger-type p-energy Ef(f) of f by
EC(f):= inf liminf|g?,,
P () {(fi,9:)}2, =00 lg |LP
where the infimum is taken over all sequences {(f;, g;) }$2, satisfying that f; — f in

LP(X) as i — oo and that g; is an upper gradient for f; for each i. The Cheeger-type
(1,p)-Sobolev space H'P(X) is defined as a space

H"P(X) = {f € L”(X) | E} () < o0}
equipped with a norm |f|z1.0 == |f|zs + ES(f)/.

We remark that the functions fi,g; € LP(X) in the definition of ES is defined
on the entire X, in other words, we actually consider some representatives of them.
It is clear by definition that Eg is ‘Markovian’. Indeed, for any f € H'P(X), we
have EpC(O VAL < Eg(f). It is also known that Eg is ‘closed’ in the sense that
(HY?(X),| - |g1.») is complete ([C, Theorem 2.7]).

Remark 2.2. In general, the Cheeger-type 2-energy form ES is not necessarily
bilinear in the sense that the symmetric form & : H12(X) x H»2(X) — R defined
by

ECf1. f2) = (UBS i+ f2) ~ BS (1 — )

is not bilinear (see [O]). In particular, £ is not actually a Dirichlet form. However, it
is at the heart of our reconstruction. Compare this with the Korevaar-Schoen-type
energy form which will be defined in 6l

A function g € LP(X) is called a generalized upper gradient for f € H'P(X) if
there exist sequences {f;}2; and {g;}32; in LP(X) such that f; — f and g; — ¢
in LP(X) as i — oo, respectively, and that g; is an upper gradient for f; for each
i. By definition, it clearly holds that Eg (f) <lgl5,. A generalized upper gradient
g€ LP(X) for f € H"?(X) is said to be minimal if it satisfies |g|7, = Epc(f).
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Theorem 2.3 ([C, Theorem 2.10]). For any f € HYP(X), there exists a unique
minimal generalized upper gradient g € LP(X) for f.

We denote by g7, € LP(X) the unique minimal generalized upper gradient for
feHY"Y(X).

Proposition 2.4 (‘Strong locality’, [C, Corollary 2.25]). For functions fi, fa €
HY(X) and a real number a € R, if fi = fo + a holds a.e. on a measurable set
A C X, then we have g, p = g¢,p a.€. On A.

We also state two more known properties for later use.

Lemma 2.5 ([C| Lemma 1.7]). Let g; and g2 be upper gradients for functions fi
and fo, respectively. Then, for any € > 0, the function g1(|f2] + &) + (|f1| +€)g2 is
an upper gradient for fifa.

Theorem 2.6 ([C| Theorem 2.5]). Let f € HYP(X) and {f;}2, C HYP(X) be
a sequence such that f; — f in LP(X) as i tends to oo. Then we have ES(f) <

3. REGULARITY

In this section, we show the ‘regularity’ of Eg under some appropriate assump-
tions on X. Recall that we always assume that 1 < p < co.

Definition 3.1 (Doubling condition). A metric measure space (X,dx, ) is said
to satisty the (local) doubling condition if there exist constants Cp = Cp(X) > 1
and Rp = Rp(X) > 0 such that

u(B(z,2r)) < Cpu(B(z,r))
holds for every z € X and r € (0, Rp].

Definition 3.2 (Poincaré inequality). A metric measure space (X,dx, ) is said
to satisfy the (local) weak Poincaré inequality of type (1,p) if there exist constants
Cp=Cp(X)>1, Rp=Rp(X)>0,and A = A(X) > 1 such that we have

1/p
Lol radaescor(f nra)
B(z,r) B(z,r) B(x,Ar)

for all z € X, r € (0, Rp], and for all f € H"P(B(z, Ar)).

As usual, for a measurable set A C X, we define {, fdu = p(A)~' [, fdu.
A metric space (X,dx) is said to be geodesic if any two points =,y € X can be
connected by a minimal geodesic between them, i.e., a rectifiable, constant speed
curve v : [0,]] — X satisfying v(0) = =, v(I) = v, and length(y) = dx(z,y). A
subset V' C X is said to be convez if every two points in V are joined by a minimal
geodesic contained in V. Henceforth, let (X, dx, ) be a complete, geodesic metric
measure space and assume the following.

Assumption 3.3. There exists an (at most) countable family of open sets in X,
say {U,}22,, which satisfies the following:

(1) U, C U,y for all n > 1.
(2) X =UnZ1 Un-
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(3) Denote the connected components of V;, := U, \ U,_1 (= (U, \ U,_1)") by
{Vma}g;l, 1 < N,, < o0, where we put Uy := (. Then each V,, , is convex and,
for any x € X, R > 0, and any n > 1, only finitely many V,, ,’s intersect with
B(z,R).

(4) For any z € X, R > 0, and any n > 1, we have

liranjz)lpefpu((B(Un,a) \ Un) N B(z, R)) < o0

for a common p € (1,00), where B(Up,¢) := {z € X | dist(z,U,) < &}.
(5) Each (Vj, o, dx, pt) satisfies the doubling condition and the weak Poincaré in-
equality of type (1,p) for p in (4).

In Assumption B3|(5), we need to treat not only balls contained in V,, o, but
also the intersections of balls and V,, o, so that it requires the smoothness of the
boundary of V;, ,. We also remark that, by the doubling condition in (5) together
with Assumption B3|(3) and with the completeness, (X, dx) is proper. Therefore,
i is a Radon measure and (2) implies that, for any © € X and R > 0, we have
B(z, R) C U, for some n. (4) means that, roughly speaking, OU,, has a codimension
at least p in U, 41 \ U,. In particular, we have (90U, ) = 0. Therefore X may have
various dimensions.

Example 3.4. Let X = R UR"/ ~, m < n and n > 2, where Ogm ~ Ogn.
We consider the induced length metric and p := £™|gm + L"|g» on X, where L£F
denotes the k-dimensional Lebesgue measure. Then X satisfies Assumption [3.3] by
putting Uy = R™\ {Ogm }, Uz = X, and p = 2.

For f € LP(X) and x € V,, o, we set
M@= s f Al
0<r<Rp(Vn,a)/5 B(z,r)NVy, o
The following two lemmas are proved in the standard ways (see [HK] and [He]).
Lemma 3.5 (Maximal function theorem). Assume Assumption B3l
(i) For f € LY(X) and t > 0, we have
p({z € Voo | M(f)(2) > t}) < 2Cp(Va,)t ' fle (1 1120/23Vi )

(ii) For f € LP(X), we have |M(f)|pr(v,..) < Ci (p, CD(Vn,a))mLP(Vn,a)-
Lemma 3.6. Assume Assumption B3l and let f € HYP(X). For Lebesgue points
2,y € Vio of [ with dx(z,y) < min{Rp(Vy,0)/2, Rp(Vi,a) /10A(Vi )}, we have

|£(2) = f(W)| < Ca(Cp, Cp)dx (x, y){M(g})(2)/? + M(g})(y)"/7}.
We define, as a ‘core’,

(3.1)
C:={f € H"P(X)NCy(X)| f is locally Lipschitz on U, \ U,_; for all n > 1},

where Cy(X) denotes the set of continuous functions on X with compact supports.
For a continuous function f : X — R and a point x € X, we define

o @) = fw)l
MR IENEI, i dx@y)

Note that Lip f is Borel measurable and, if f is Lipschitz continuous, then it does
not exceed the Lipschitz constant of f. It is not difficult to show that, for a locally
Lipschitz function f, Lip f is an upper gradient for f (JC, Proposition 1.11]).
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Theorem 3.7 (‘Regularity’; cf. [Cl, Theorem 4.24]). Assume Assumption B3l Then
the set C is dense in both (HYP(X), |- |g1e) and (Co(X),| - |so)-

Proof. The density in (Co(X), |- |oo) is well known (see [Hel, Theorem 6.8]), so that
it suffices to show that every function f € H'?(X) is approximated by a sequence
of functions in C with respect to | - |g1.». It is not difficult to show that, by using
Lemma 23] every f € HYP(X) can be approximated by bounded functions whose
supports are bounded. Therefore, without loss of generality, we can suppose that
|f| < M for some M > 0 and that supp f C B(zo, R) for some z¢p € X and R > 0.
Furthermore, by Assumption B32), (3), and (4), we know supp f C Uy for some
N > 1, supp f NV, C Uo", Vi.o for some oy, < oo, and

a=1

C(n) := limsup e Pu((B(Un,€) \ Un) N B(xo, R)) < 00

for all n > 1. Put

Cp(V,) = max Cp(V,.a), Rp(Vy):= min Rp(V,.a),

1<a<ay, 1<a<an,

and define Cp(V,,), Rp(V;,), and A(V,,) in the same manner. In the remainder of
this proof, we will omit ‘NB(zg, R)’ for brevity.
We fix n > 1 for a while and consider an approximation of fl|y, . For I > 1, set

A= {x € V,,| Lebesgue point of f, M(g})(z) <"}
Then, by Lemma B5)i), we find
1(Va, \ Al) = ,u({M(g?) > lp} NVp) < ZCD(Vn)l_pLgf|Iz,p({g§c’zlp/2}m/")a

and hence lim;_, o Pu(V,, \ 4;) = 0. It follows from Lemma that, for z,y €
ANV, o with a < o, and dx (z,y) < min{Rp(V4,)/2, Rp(V,,)/10A(V,,)}, we have

|f(x) = f(y)| < 2C3(Cp, Cp)ldx (,y).

Since V,,,o NV, 3 = 0 if o # 3, we can choose a positive 6 < min{Rp/2, Rp/10A}/4
for which B(V,,.,28) N B(V,, 3,20) = 0 holds if o # § and «, 8 < ay,. Moreover, as
U, C U,11 and U, N B(xg, R)~ is compact, we can assume that B(U,,d) C U,i1
by taking smaller § > 0 if necessary. Take [ large enough to satisfy [=2 < § and

A inf B .
pVa\A) < inf - u(B(e,6)NVa)

We remark that the right-hand side is positive by the doubling condition together
with Assumption B.3(3). We can extend f|a, to W, := B(V,,l7?)\ U,_1 by a
local version of MacShane’s lemma, more precisely,

frna(x) :==1nf{f(y) + 2Csldx (z,y) |y € Ai N B(z,25)}.

Note that, for any = € W, ;, we have p(A; N B(x,20)) > 0 by our construction
and that, for any 1,y € A; 1 B(x,26), we have | F(yn) — f(y2)] < 2Caldx (yr,p2).
Hence f,; = f on A; and f,,; is locally Lipschitz on W, ; (with a Lipschitz constant
2051). Tt follows from Assumption B3|(4) that

llim PuWyi\ A) = llim P{u(B(Un, 1)\ Uy) + (Vi \ A} =0,
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and hence, by Proposition 2.7,

|f = fralmreow,.)
<M+ (M +4C260) | Lo (w,, \A) F19f—foi Lo W, 0\
< (2M + 4C280) (Wi \ ADYP + |g ¢ Low, ) + 2C2ln(Wiy \ AP

— 0

as [ tends to infinity.
Fix m > 1 and define a partition of unity {¢,}22; by ¢o = 0 and

1—¢n-_1(x) if z € U,,
on(x) = 1 (dist(z, U,)12)"™ i 0 < dist(z, Uy) < 172,
0 otherwise

for n > 1, inductively. Recall that B(U,,,[=2) C U, 1, and hence ¢,, is continuous.
Note also that, by Assumption B3(1), >>° ¢, = 1 holds on B(zo, R) if [ is
sufficiently large. Set f; := fo:l @n fn,. It is a finite sum since supp f is bounded,
so that f; € Cy(X) and f; is locally Lipschitz on each U,, \ U,,_;. We have

1f = filme <D len(f = fa)lmrew, na)

n=1

and

on(f = fad)lLrow,nay < (2M +4C2(Va)ol) (Wit \ A)YP — 0,

as [ tends to infinity.

We next estimate (g, (77, )|row, \a)- Let {(fi,9:)}52, be a sequence such
that f; — f — fny and g; — gy—y,, in LP(W,,;) as i — oo, respectively, and that
g; is an upper gradient for f;. Clearly we may assume |fil < 2M 4+ 4C5061. Since
¢, is bounded, ¢, f; tends to ¢, (f — fn,) in LP(W,,;) as i — co. Hence it follows
from Theorem and Lemma that

190, (£~ )| Lo (Wi \AD)
<timinf {|Lipgn - (1fil + i larow,. +1(n +i7Dgileran,n }

< (2M +4C280)|Lip wnlLr(w, ) T 195~ £ lLr (W, \A)-

On one hand, in the first part of this proof, we already observe that

Jim {gr— g, lzeow, nan = 0-

On the other hand, we have

Livulfo, = [ #{ipen) > 010, ) d

_ / P u({Lip on > £} A W) dt.
0
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It follows from |(d/ds)(1—(s1?)Y/™)| = (1/m)1?/ms(=m)/m together with Assump-
tion B.3)(4) that

|Lip90n|z£p(wnyl)/p

< / = (B, (mal=2/m) =/ =)\ 1))
12/m
+ 1(B(Un—1, (mtl=2/m)=m/ M=\ 7,,_)} dt

<{C(n-1)4+C(n)} tpfl(mtl72/m)fmp/(m71) dt

12/m
—(C(n— 1) + Cn) 3wl o/ [ L))
p 12/m
—{C(n—1)+ C(n)}m__lmfp _C-H+Cm)ym-1 .,
p p m

— 0,

as m tends to infinity. Therefore we obtain |f — fi|g1r — 0 as m — oo and then
[ — oo. This completes the proof. O

4. INTRINSIC DISTANCE

Theorem [B.7] allows us to adopt C as a set of test functions for defining the
intrinsic distance according to Biroli and Mosco ([BM]).

Definition 4.1 (Intrinsic distance). For p € (1,00) and z,y € X, define the p-
intrinsic distance between x and y by

dy(w,y) = sup{ f(x) = F(y) | f €C, g7 < 1 ae. on X}.

We first recall Cheeger’s theorem on the minimality of Lip f for a locally Lipschitz
function f.

Theorem 4.2 ([C|, Theorem 6.1]). Let (X,dx,u) be a complete metric measure
space satisfying the doubling condition and the weak Poincaré inequality of type
(1,p) for some p € (1,00). Then, for any locally Lipschitz function f € HYP(X),
we have g¢, = Lip f a.e. on X.

The following is an immediate generalization of Theorem 2l through Proposition

24

Lemma 4.3. Let (X,dx, 1) be a complete metric measure space satisfying Assump-
tion B3] for some p € (1,00). Then, for any function f € HYP(X) which is locally
Lipschitz on each U, \ U,,_1, we have gy, = Lip f a.e. on X.

Proposition 4.4. Let (X,dx,p) be a complete, geodesic metric measure space
satisfying Assumption for some p € (1,00). Then we have dx < d, on X and

dp < 202 (CD(Vn,oz); CP(Vn,Oz))dX

on Vy o for each n,a > 1. Here Cy is a constant in Lemma B0l In particular, d),
gives the same topology on X as dx.
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Proof. Fix two points z,y € V, o and a function f € C with g¢, < 1 a.e. on X.
As f is continuous, x and y are Lebesgue points of f, and hence it follows from
Lemma B.6l that |f(z) — f(y)] < 2C2dx(z,y).

Fix 2,y € X and put f(z) := max{dx(z,y) — dx(z,2),0} for z € X. Then
f is 1-Lipschitz, f € C, and clearly f(x) — f(y) = dx(x,y). Therefore we obtain
dx(li,y) Sdp(xvy) U

5. STRONG DOUBLING CONDITION AND THE MAIN THEOREM

To improve the estimate dx < d, < 2C2dx in Proposition €4 to the equality
d, = dx, we need a kind of measure contraction property. A measurable map
DX x X x[0,1] — X is called a geodesic bicombing if, for each x,y € X, a map
[0,1] 5t — ®(z,y,t) € X gives a minimal geodesic between x and y.

Definition 5.1 (JR2]). A geodesic metric measure space (X, dx, ) is said to satisfy
the (local) strong doubling condition along a geodesic bicombing & : X x X X
[0,1] — X if there exist positive numbers a = a(X) > 0 and R = R(X) > 0 such
that we have

1(®(z, A, 1)) > ap(A)
for any x € X, t € [1/2,1], and any measurable subset A C B(z, R).

Finite-dimensional Alexandrov spaces with lower curvature bounds as well as
Riemannian manifolds with lower Ricci curvature bounds satisfy the strong dou-
bling condition (see [KuSh|, [R2]). Clearly the strong doubling condition implies
the doubling condition. Furthermore, it is shown in [R2] that, if (X, dx, u) satisfies
the local strong doubling condition, then it satisfies the weak Poincaré inequality
of type (1,1) for the Cheeger-type energy form (see also [R1]).

Theorem 5.2. Let (X,dx,p) be a complete, geodesic metric measure space sat-
isfying Assumption B3(1), (2), (3), and (4) for some p € (1,00). If, in addition,
each (Vi o, dx, 1) satisfies the strong doubling condition (along a geodesic bicombing
O =07, ,), then we have dx =dp, on X.

Proof. Note that the strong doubling condition of V,, ,, implies Assumption B3(5).
We already know dx < d,, by Proposition [£4] so we need only show d, < dx. We
first show this inequality on V;, o. To do this, it is sufficient to prove that every f € C
with gf, < 1a.e. on X is 1-Lipschitz on V;, . Suppose that there exist two distinct
points x,y € V;, o and a function f € C with g, <1 a.e. on X such that we have
|f ()= f(y)| > (1+2¢)dx (z,y) for some & > 0. Since V,, , is convex, without loss of
generality, we may assume dx (z,y) < R(V,.)/2. We remark that f|y, , is locally
Lipschitz by Lemma Since f is continuous, we can find a sufficiently small
r > 0 such that |f(w) — f(2)| > (1+¢)dx (w, 2) holds for all w € B(z,r)NV,, o and
z € B(y,r) N Vy o We define A:={z €V, o|Lip f(z) > 1+ ¢}, denote by x4 the
characteristic function of A, and set k as a smallest integer not smaller than — log, r.
We put @y := & and P;(x,2,t) := ®(x,P;—1(x,2,1/2),t) for i = 1,2,...,k — 1,
inductively. Then we have, for every z € B(y,r) NV, q,

k—1 1
Z/ Xa(®ilz,2,1)) dt >0,
i=0 7/ 1/2
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since |f(Pr_1(x,2,1/2)) — f(2)] > (1 + €)dx(Px_1(x,2,1/2),2). Note also that
w(B(y,r) N Vo) > 0. By the strong doubling condition, we obtain

k—1 1

0< Z/ / xa(®i(x, 2,t)) dt du(z)
i B(y,m)N\Vn,o 4 1/2
1/2 J B(y,m)NVp,a

_ //2 / ¥ Xal@) (B0 () ()

)t

k—

1
<Y a(Vya) 0 / / xa(2) du(z) dt.
i—0 1/2 J®;(z,B(y,r)N

i Vi,at)

Therefore we have p(A) > 0, but it is a contradiction. Thus every f € C with
grp < 1a.e. on X is 1-Lipschitz on V,, «, so that we obtain d, = dx on V;, .

For general x € V,, o and y € Vi, 3, let v : [0,dx(z,y)] — X be a minimal
geodesic between them. By Assumption B.3(2) and (3), we have

([0, dx (z,9)]) UUV;“,

k=1lo=1
for some N > 1. Set ty := 0, (ko, 00) := (n,a), and

t1 :=sup{t € [0,dx (x,y)] | 7(t) € Viy,00}-

If t; = dx(z,y), then we put (ki,01) := (m,5) (= (n,«a)). If not, then we find
v(t1) € Vi o for some (K',0") # (ko,00), and put (k1,01) := (K',0’) and 3 =
sup{t € [tl,dX(:E ] Y(E) € Viy,0, ). We iterate this construction and obtain a
sequence 0 = tg < t; < tg < -+ < tyy = dx(z,y). By our construction, we
observe M < N2. By the first part of this proof, we know d,(y(t;—1),v(t;)) =
dx (y(ti—1),v(t;)) for I =1,2,..., M, and hence we conclude that

(z,y) <Zd (ti—1) ZdX (ti-1) (tl))

= dX ($7 y)
This completes the proof. ([

In a quite general setting, the condition Lip f < 1 a.e. does not imply the 1-
Lipschitz continuity of a Lipschitz function f. At least, the Poincaré inequality is
necessary to ensure that, if f has zero energy, then it is constant.

6. DISTINGUISH METRIC SPACES BY ENERCGY FORMS

Two distance functions d and d’ on a space X are said to be equivalent if there
exists a constant C' > 1 for which C~'d < d’ < Cd holds on X. By Theorem
with X = Vj 1, we find the following.

Corollary 6.1. Let d and d' be two equivalent distance functions on a measure
space (X, p) such that both (X,d) and (X,d") are complete and geodesic and that
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both (X,d, ) and (X,d',u) satisfy the strong doubling condition. If g;‘f’p = g?jp
holds a.e. on X for some p € (1,00) and every f € C, then we have d = d'.

Here we denote by g}l)p and g}l:p the minimal generalized upper gradients for f
with respect to d and d’, respectively. We remark that the core C defined as (B1))
is common to d and d’ since they are equivalent.

Corollary means that we can distinguish two (equivalent) distance functions
by comparing energy measures of functions in the core C. In the reminder of this
article, we shall observe that, if we consider the Korevaar-Schoen-type energy form
in place of the Cheeger-type, then we cannot distinguish some metric spaces. In
particular, we cannot reconstruct the distance function by using the Korevaar-
Schoen-type energy form. In the following, we treat only the case of p = 2.

Definition 6.2 (Korevaar-Schoen-type energy form). For f € L?(X), define the
Korevaar-Schoen-type 2-energy EXS(f) of f by

KS(F) — limsu [f(x) = f)I*  duly) dp()

r—0 r w(B(y,m))"? | w(B(w,r))!/?

This definition is due to [S] and is slightly different from that in [KoSc]. By [S,
Theorem 5.6], EX gives a Dirichlet form if (X, dx, i) satisfies the strong Measure
Contraction Property.

Example 6.3. Let n > 2 and (X,dx,un) = (R™, |- |,dr) be an n-dimensional
Banach space with the standard measure. Then there exists an inner product (-, )
on R™ such that we have Ef¥(f) = [, (df, df) dz for every f € C§°(R™). On the
other hand, we know EY (f) = [, |df|? dz, where we denote by (R™,|-|.) the dual
space of (R™,|-|).

Note that the moduli space consisting of inner products on R™, that is, the
space of positive definite symmetric n X n matrices, is obviously finite dimensional.
However, the moduli space of norms on R"” is infinite dimensional, so that many
norms give the same Korevaar-Schoen-type energy form. For example, for all [,-
norm |- |, with p € [1, 00|, the associated inner product is a constant multiple of
the standard Euclidean one (because they are symmetric enough). If we denote
that constant by c,, then the Korevaar-Schoen-type energy form with respect to

the norm c,l,/ ’|-] p coincides with the standard Dirichlet form on R™. Therefore the
Korevaar-Schoen-type energy form cannot distinguish these (uncountably many)
norms.
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