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ABSTRACT. Let f be a newform of even weight k, level M and character ¢
and let g be a newform of even weight [, level N and character n. We give a
generalization of a theorem of Elliott, regarding the average values of Dirichlet
L-functions, in the context of twisted modular L-functions associated to f and
g. Using this result, we find a lower bound in terms of @ for the number
of primitive Dirichlet characters modulo prime ¢ < @Q whose twisted product
L-functions Ly y(s0)Lg,x(s0) are non-vanishing at a fixed point so = oo + ito
with § < o0 < 1.

1. INTRODUCTION

Let Ly (s) = Yo7, x(n)n~* be the Dirichlet L-function associated to a Dirichlet
character x. In [E], Elliott proved the following.

Theorem. Let Q > 2 be a real number, and sg = o¢+itg a complex number in the
half-plane oy > % Then we have

2 @ o, _Q*
> X sl = 5 o¢on +0 (0.2 )

P<Q Xx#Xo

as QQ — oo. Here the inner sum is taken over all non-principal characters (mod p),
for each prime p, and the outer sum over all prime numbers not exceeding Q.

Our first goal in this paper is to give a generalization of this theorem in the con-
text of twisted modular L-functions. Let S;(I'o(M), ) be the space of holomorphic
cusp forms of even weight k, level M and character ¢. For f € S(To(M), ), let

f2) = ap(n)n’z e2mins
n=1

be the Fourier expansion of f at ico. Let x be a primitive Dirichlet character mod
q with (¢, M) = 1. Then the twisted L-function associated to f and x is defined
(for Re(s) > 1) by
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Let E—1
Loox(s) = (zﬂ)*sr(% +5)

and

A (s) = (qVM)*Loo k(s) Ly x(5).
Then it is known that Af,(s) is entire, and if f is a newform (in Atkin-Lehner
sense), it satisfies the functional equation

(1) Aﬁx(s) = Ef,XAf,i(l —5),
where f is the conjugate newform in Sy, (I'o(M), ). Here

ef = epP(@)X(M)T ()%,
where |ef| =1 and 7(x) is the Gauss sum. Note that |ef | = 1.
We recall that for f € Sp(To(M), ) and g € S;(T'o(N),n) the Rankin-Selberg
convolution L-function is defined (for Re(s) > 1) by

L(f@g,s)zzw.

ns
n=1

The following can be considered as a modular analogue of the above theorem of
Elliott.

Theorem 1.1. Let f € S,(To(M),v) and g € S;(To(N),n) be newforms. Let
Q > 2 and let sg = o + ity be a complex number with oy > % Then we have

- Q> ¢(MN) @
Z Z Ly (s0)Lg,x(s0) = 210gQ MN L(f ®g,200) + O ((log Q)2>
a<Q,q primey(mod q)

(¢, MN)=1

where the inner sum is taken over the primitive characters modulo prime q. The
implied constant depends on f, g and sg. Here, ¢ is the Euler function.

In proving Theorem 1.1, we first find an asymptotic formula for the values
L (s0)Lg,x(s0) on average when x varies on the set of primitive characters modulo
a fixed positive integer ¢ (see Proposition 2.5). This result generalizes a theorem
of Stefanicki ([S], Theorem 2(a)).

Theorem 1.1 has an interesting application in the problem of non-vanishing of
twisted L-functions inside the critical strip. In Proposition 3.1, by employing the
large sieve inequality for characters, we establish an upper bound for the mean
square of the values |Ly¢ y (s0)Lg,y(50)|- Together, Theorem 1.1 and Proposition 3.1
imply the following.

Theorem 1.2. Let f € S,(To(M),%) and g € S;(To(N),n) be newforms. Let
so = 0g + ity be a fized point in the strip % < o9 < 1. Then we have

#{x| conductor(x) a prime < Q and Ly (s0)Lg(s0) # 0} > (10227;)4

as Q@ — oo. The implied constant depends on f, g and sq.

This theorem should be compared to some non-vanishing results in the theory
of automorphic forms. To explain the connection, let F' be a number field, let
S be a finite set of places of F, and let m be a unitary cuspidal automorphic
representation of GL(n) over F. Let so = o¢ + ity be a fixed point in the complex
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plane. Then Rohrlich [R] proved that for n = 1 and 2 there are infinitely many
primitive ray class characters x of F' such that y is unramified at the places in S
and L(m ® x, so) # 0. For n > 3, Barthel and Ramakrishnan [BR] proved that the
same result remains true as long as 7 is tempered (i.e. satisfies the Ramanujan
conjecture) and o9 > 1— niﬂ (see also [LRS] for a related result). For automorphic
representations of GL(4) over Q (the case that is related to this paper) the result
of Barthel and Ramakrishnan states that for o¢ > % there are infinitely many
primitive Dirichlet characters such that L(m ® x,s9) # 0. Note that our non-

vanishing result (Theorem 1.2) surpasses the bound % This is due to the fact that
we are dealing with the product of two twisted GL(2) L-functions (L (s)Lg(s))
and thus the Gauss sums associated to the functional equations of these two L-
functions cancel each other (see Lemma 2.2). Therefore the contributions from the
sums corresponding to 1 — sg in Lemma 2.2 can be dealt with in ways similar to
the sums corresponding to sg. This enables us to prove a non-vanishing result in
the half plane oy > % In fact a similar result should be true on the line oy = %,
however establishing such a result needs a more elaborate treatment of the error
terms in Proposition 2.5.
In the next two sections we prove the above theorems.

2. PrRoOF OF THEOREM 1.1

Let k£ > [ and sg = gg + itg. We set

Py(s0) = L x(50)Lg,x(0)-

We first derive an asymptotic formula for Zx P, (sg) as x varies over the primitive
characters mod ¢q. Here we do not assume that ¢ is a prime. Let

1 . _gds

Zso () = — / Lo 1(8+ 50)Loo,i(s + o)z~ °—.

1)

= omi

Writing the integral representations of the I' functions in the expression for Zs, (z)
and interchanging the order of integration, we arrive at

2  Elis-1 © Slys-1
Zs,(z) = (2m)~ UD/ 2 e " [L , b7 e 2dty | dity.
O T

Note that this representation for Z (x) shows that |Zs,(x)| < Z,,(x). Moreover
by integration by parts we can find an expression for Z, (x) in terms of K-Bessel
functions. Applying the standard bounds for K-Bessel functions yields

1, z <1,
©) Z@l < { i tpine, o

(see [Al, Lemmas 6.2 and 6.3, for details).
We next represent P, (sg) as a sum of two rapidly convergent series.

Lemma 2.1. Let f € Sp(To(M),y) and g € Si(To(N),n) be newforms. Suppose
that x is a primitive Dirichlet character modulo q with (¢, MN) = 1. Then

N\. =~
o (50) Lot (50) Py (0) = 1. 50) + € PV AT ()08 (1 = ).
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where

Spafoo) = Y A (1) 7, (Tt

m,n>1

and

Spol—so) = 3 LUealn) (Y 5 (S m)n ()

wody (mn)imee An ¢>vVMN
Proof. We have
1 ds
Stg(s0) = 2—7”/ Loo’k(s—i—so)Lf,X(s+so)Loo,l(s—FEO)Lg’g(s+§0)(q2vMN)s?.
(1)

Moving the line of integration to the left of zero and calculating the residue at
s = 0, along with application of () result in

N 1to
S£.9(50) = Loo k(50) Loo,i(50) Py (50) + €5.x€5.5(¢*VMN)' 270 (M>
1

X % 1) Loo,k(l_S_SO)Lf,X(l_S_SO)
—sd
Looy(1— s —80) Ly (1 — s — 50)(¢>VMN) ;S
Now changing s to —s yields the result. Il

From now on for simplicity we let Lo (S0) = Loo,k(50)Loo,i(50). Next we average
P, (s0) over all primitive Dirichlet characters modulo q. We have

Lemma 2.2. Let ¢ £ 2 (mod 4) and (¢, MN) =1. Then

Loo(s0) Y Pylso)

x(mod q)
= ue@ <S?,g<50> s ereunloVarm) " (48,0 - 50>> ,
dlg

where p is the Mobius function, ¢ is the Euler function,

5¢ 4(s0) = Z %(%)“040(%)»

m,n, (mn,q)=1
m=n(mod d)

and

Sf0-sm= Y Aol (3)" B )

m,n, (mn,q)=1
Nm=Mn(mod d)

Proof. From Lemma [ZT] we have

*

Loo(s0) > Py(s0)
X(mod ¢q)

*

P> (Sf,g<80>+efegwmq)x(M)x(N)(q?¢MN>1—2“°(%) OS*f,gu—so)).
)

x(mod ¢
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SIMULTANEOUS NON-VANISHING OF TWISTS 3147

Note that e; €55 = €re5¢7(q)x(M)X(N). To simplify the above expression, we
need to evaluate Z;(mod pX(m)x(n) and Z;(mod o X(Mn)x(Nm). Let
*
hmn(@) =Y x(m)x(n).

x(mod q)
We have

th,n(d) = Z x(m)x(n) = { ¢E)C]) Ifm=n (mod q),

otherwise.
dlq x(mod gq)

Now applying the Mobius inversion formula ([M], Section 1.1) on the above identity
yields

*
_ q
> xmx(n) =hma()) = Y #(5)e(d).
x(mod q) d|(g,m—n)
Applying this and a similar identity for Z;(mod o X(Mn)x(Nm) in the expression
for Loo(so)z;(mod o Px(s0) at the beginning of the proof imply the result. O

Next we find an asymptotic for the terms in S}{ 4(80) corresponding to m = n. To
explain our result we need to introduce a notation. We know that for any prime p,
af(p) = aya(p)+ayz2(p) and ag(p) = ag1(p)+ag.2(p), where ayi(p)ay2(p) = ¢ (p)
and ag,1(p)ag,2(p) = n(p). Let

Rq(s):H(l_ wn(p))‘lﬁﬁ (1_ M)

2s
pla p i=1j=1

Lemma 2.3. Let f, g and sg be as Theorem 1.1. Then

2

Z af(Zng(”) Zso(qz\;LW) ~ Loo(30)L(f ® g,200) Ry(200)

n,(n,q)=1

as q — oo.

Proof. From the definition of Z,, (), we have

2

as(n)ay(n) n
2 o ol VMN )

n,(n,q)=1
1 sds
= 5= | Loos(s+50)Loci(s + 50) L(f © g, 25 + 200) Ry (25 + 200)(¢>VMN) o
1)
Moving the line of integration to the left of zero implies the result. O

The next lemma gives an estimation for the off-diagonal terms in S?ﬁ 4(80)-

Lemma 2.4. Let € > 0 be arbitrary. Then

Subew ¥ SO g

d|q m,n, (mn,q)=1
m=n(mod d),m#n

The implied constant depends on f, g, so and €.
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Proof. We closely follow Section 3.2 of [S]. First of all we recall Rankin-Shiu’s
estimate for the sum of Fourier coefficients of modular forms. Let d # 1 and
(n,d) = 1. Then for a newform g we have

> lagln)] < s loga)

n<w
n=m(mod d)

as x — 0o, where x > d* for 1 < a < 2. Here, 0 < €1 < 6 ~ 0.06... is arbitrary,
and the bound is uniform in m, d and « (see [S], page 5 for details). We use this
together with Rankin’s estimate [RAI]

Y lag(m)] < w(logz)~?

m<x

to bound the inner sum in the statement of the lemma. Let 1 < a < % be a fixed
number. We only need to find estimates for the following ranges of m and n:

(i) n > d*.

(ii) d5* <n <m < d°.

(i) n < d3® and d < m < d°.

Now we estimate the inner sum in the statement of the lemma in each case.

(i) We assume n > d“. By employing Rankin-Shiu’s and Rankin’s estimates,
bounds for Z,,(x) and partial summation we have

lay(m)] |ag(n)] mn L o oo
Z T an Z noo ZUD(qZ\/m)<<¢ (q MN)

moo (d)
92V MN n>d%,(n,q)=1
m2 —ga n=m(mod d)

(m,q)=1

and

3 jay(m)] 3 |aZ§?)‘Zoo(2mn)

m< L2V MN meoo n>dS (n,q)=1 q \/W
(m,q‘fil n=m(mod d)
1
< W(QQ\/W)l*”O(log(dfo‘(f\/m))lfé'

(ii) Next we consider the range ds® <n<m<d* We recall from the Rankin-
Selberg theory [RA2] the asymptotic formula

> lag(n)? = coz + O(a),

n<x

where ¢, is a constant depending only on g. By employing the Cauchy-Schwarz
inequality and the above asymptotic we have

S lag(n + di)ag(n)] < @

n<zx
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SIMULTANEOUS NON-VANISHING OF TWISTS 3149
uniformly for x > (dt)%. Now by writing m = n 4+ dt for 1 < t < d*7!, and
applying partial summation, we get the following estimation of the inner sum:

lar(n+ dt)ag(n)| (n+dt)n
2 2 (n + dt)7onoo Bl qQ\/W)

—1 4
LSt<d ! gha g VIR

(¢*VMN)1—o0 1,5 1—
E —_— —(¢°VMN) % logd.
< 1<t<do—1 dt < d(q : *

2
q ‘thMN <n < d°.

(iii) Finally we consider m and n’s in the range n < d3 and d < m < d“. Note
that since 1 < o < & and ¢ > 3, we have 3 — 2 (1 — g9) > 0. We choose an €
such that 0 < e < % - %a(l — 09). By Deligne’s bound for the Fourier coefficients

of newforms we have

A similar estimation is true for the range

lar(m)ag(n)| <. d°.
By applying this bound we have

lay(m)ay(n)] mn 9 (1) _
7 d5a( oo)—1+e d—c.
4 2 (mn)7o UO(qQ\/MN) < <

Ay

Applying estimates of (i), (ii) and (iii) to the inner sum in the statement of the
lemma implies the result. (I

Combining the results of Lemmas 2.2, B3] and 2.4l we have the following.

Proposition 2.5. Let f, g and sg be as Theorem 1.1 and let € > 0 be arbitrary.
Let ¢ # 2 (mod 4) and (¢, MN) =1. We have

Z P, (s0) = L(f ® g,200)Rq(200) Zu(%)qg(d) + O(q272ao+e)'

Xx(mod ¢q) dlq

The implied constant depends on f, g, so and €.

Proof. First of all note that a result similar to Lemma 2.4] is also true for the off-
diagonal terms in S}‘?, g(l —380), and in this case the corresponding sum is bounded by
q*°0T¢. For the diagonal terms in Sig(l — 80) (ones corresponding to Nm = Mn),
by applying Deligne’s bound for Fourier coefficients of new forms we have

Jay(m)ay(n)] mn
2 e Al )

m,n,(mn,q)=1

Nm=Mn
n® Mn?
< 7o L gt
M.N ) (an)_l 2(—00) 41 O(qu\/m) q
Applying these estimates together with Lemmas 23] and 24] in Lemma will
imply the desired result. O

Proof of Theorem 1.1. We sum the asymptotic formula given in Lemma over
primes ¢ < @ where (¢, MN) = 1. Note that for ¢ prime, R,(200) = 1 + O(g~2°?)
and »_; ,1(G)é(d) = ¢—2. Now the result follows from the prime number theorem.

O
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3. PROOF OF THEOREM 1.2
First of all in Lemma [2.7] let

bu=3 arma(mx(m)xin) (&)

m
u=mn

Note that by Deligne’s bound for Fourier coefficients of newforms we have
by | < u
So by Lemma 2T] for given X we have
by u by U
L P — 2 g 2y (e
oo (50) Px(s0) Z e so(qz\/m)“L Z oo o(qzm)

u<X

N to E u
2 1—20 u
+ - (2VMN o[ = E vz -
€f7X€g7X(q ) < _7\[) = ul—o0 1 SO(qm /MN)

N\ o b U
+ esreq5(@VMN) 200 () A .
Fx€ax(q ) M gukoo 1 so(qg /_MN)
= Ly(s0) + La(s0) + L3z(s0) + La(s0).

From here we have

(3)
* 4
Loc(so)® > % 3 P (s0)P < Lo (50) Y % S ILi(so)l

. X/[S]\jQ)Zl x(mod q) i=1¢<Q x(mod q)

Now let X = VM NQ@?*(log@)?. Then by employing bound (@) for Z,(z), we have

(4) Z¢ @ Z |Li(s0)]? < @~ "

q<Q x(mod q)

for ¢ = 2, 4. We know that by the large sieve inequality for characters we have

SETID ) S

1<Q x(mod q) lu

(see |D], page 160, Theorem 4). Let

< (X +3Q%) ZlauF

u=1

U 7\ o
Ay =u 7, (———e ar(m)a n_n2(—) .
i) 2 armamx) (1
By Deligne’s bound and (@2]) we have
|an| < u™ 70t
This bound together with the large sieve inequality imply that for i =1

* X 2
Z Z aux(u)

< Q*(log Q)%
x(mod q) lu=1

*

(5) Zﬁ) 3 |Li<so>\2:2ﬁ

=029 iod o) 1<0 9@

The same bound is valid for i = 3. Now applying {@)) and [E) in @B) implies the
following.
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Proposition 3.1. Let f, g and sg be as Theorem 1.1. We have

*

3 % ST IPy(s0)? < Q*(log Q).

(@531 (mod gq)

The implied constant depends on f, g and sg.

Proof of Theorem 1.2. By Cauchy-Schwarz inequality we have

Z Z Py(s0)

<Q, i -
OB x(mod g)

#{x| conductor(x) a prime < @ and P, (s9)#0} >

*

q
Z @ Z |Px(50)\2
(ai5R x(mod gq)
The result follows from this inequality, Theorem 1.1 and Proposition 3.1. O
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