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A BEURLING-CARLESON SET WHICH IS A UNIQUENESS SET
FOR A GIVEN WEIGHTED SPACE OF ANALYTIC FUNCTIONS

CYRIL AGRAFEUIL
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ABSTRACT. Let p = (p(n))n>0

define Bj, as the space of functions f which are analytic in the unit disc D,
continuous on D and such that

+oo
I£1l, == > 1f(m) p(n) < +o0,
n=0

be a sequence of positive real numbers. We

where f(n) is the n'® Fourier coefficient of the restriction of f to the unit circle
T. Let E be a closed subset of T. We say that E is a Beurling-Carleson set if

27 4 1
log"m ——————dt < 40
/0 & d(eit, ) :
where d(e’, E) denotes the distance between e and E. In 1980, A. Atzmon
asked whether there exists a sequence p of positive real numbers such that

n
lim p—( )
n—+oo N
every Beurling-Carleson set E, there exists a non-zero function in B, that
vanishes on E. In this note, we give a negative answer to this question.

= +oo for all k > 0 and that has the following property: for

1. INTRODUCTION

We denote by T the unit circle and by D the unit disc. We denote by @ the space
of functions which are analytic in D and continuous on D. For n > 0, we denote
by Q™ the space of functions in @ such that f(k) € @ for all 0 < k < n (we have

a® = a). We also set > = () @™ Let p = (p(n)), ., be a sequence of positive
n>0 -
real numbers. We define B, as the space of functions f in @ such that

—+oo

£, =D 1f ()] p(n) < +oo,

n=0

where f(n) is the n'" Fourier coefficient of fi-- Let E be a closed subset of T. We
say that F is a Beurling-Carleson set if

27 1
logm ———
(C) /0 og N dt < 400,
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where d(e’, E) denotes the distance between e and E. Let X be a subspace of
a. We say that F is ZX if there exists a non-identically zero function f in X that
vanishes on E. If E is not ZX, we say that E is a set of uniqueness for X (see
[2]). L. Carleson proved in [2] that E satisfies condition (C) if and only if E is
zZa™, for a given n > 0. Then, V. S. Korolevich proved in [5] (Theorem 2) that if
E satisfies condition (C), E is Za*°. Almost simultaneously, B. A. Taylor and D.
L. Williams published similar results in [6]. These developments culminated in a
description of closed ideals of @*° (see [6]) and a much deeper result for @™ (n > 1)
due to B. I. Korenblyum in [4].

We denote by €2 the set of all the sequences p of positive real numbers such that
for all k > 0, lirf % = 4o00. We remark that @*° = J B,. Indeed, if f € A,

n—-+oo peQ

then the sequence p defined by p(n) =

max (| ()| i*")(\nl—}-l)Z (n € Z) belongs to

and f € B,. This proves that @> C |J B,, and the other inclusion is clear. A.
peEQ

Atzmon wrote in [I] that it would be interesting to know whether there exists a
sequence p in €2 such that every Beurling-Carleson set is ZB,. We give a negative
answer to this question. More precisely, given a sequence p in §2, we exhibit a
Beurling-Carleson set E such that the only function in B, that vanishes on E is
the zero function.

2. A BEURLING-CARLESON SET WHICH IS NOT ZB, FOR p €

Let E be a non-empty closed subset of T and let A be a non-negative function
n [0,+00). We say that E is a A-Beurling-Carleson set if

27
1
M logt ———— ) dt
/0 <0g d(e”,E)) < 400,

where d(e®, E) is the distance from e’ to E. If A\(z) = x (z > 0), we recognize the
Beurling-Carleson sets defined in the Introduction.

The main result of this paper follows from the proposition below. Its proof is
based on an argument that was pointed out by L. Carleson in [2], and then by B.
A. Taylor and D. L. Williams in [7].

Proposition 2.1. Let A be a non-negative function on [0,+00) which is twice
differentiable with A" > 0 on [0, +00) and such that lim % = +oo. We define

r—400
a sequence p by p(0) = 1 and p(n) = e*1°8™) for n. > 1. Let E be a closed subset
of T. We suppose that there exists a non-zero function F' in B, that vanishes with
all its derivatives on E. Then E is a A-Beurling-Carleson set.

Proof. Let F' be a non-zero function in B, that vanishes with all its derivatives on
FE. Using the Taylor formula, we get, for all n > 0,

Az, E)" | —
= IF. eD),

|F(2)| <
where H Hoo is the supremum norm over D. Now, an easy calculation shows that

k!
(n) M
1P < s I
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Without loss of generality, we can assume that HF ||p =1, so that for all n > 1,

d(z, E)" k!
‘F(Z)‘ - n! 2;2 (k—n)!'p(k)
= A E®
(2.1) < d(z,E)"exp{ iglo) (nt — A1)} (z € D).

The conditions satisfied by A imply that A’ increases strictly and that lim X\ (z) =

Tr——+00
+00. So X has an inverse function A'~! defined on [N (0),+00). It is easy to see
that for all n > X (0), we have

sup (nt — A(t)) = nN "' (n) — AN " (n)).

>0

So we deduce from (ZI)) that for all n > max (X'(0),1),
(2.2) —log |F(ei9)‘ > nlog 7d(ei;, B
Since mkmoo)\ () = 400 and QZETOO A(UZJ) = 400, there exists § > 0 such that for
all z > §, we have )\’( ) > 1+ max (XN(0),1) and A(z) — 2 > 1A(z). Let e be
such that d(e?, E) < . We set n = {X(log Pl E)) , where, for a real number
x, [x] denotes the integer such that [z] < z < [z] + 1. Observing that the function
z — —zXN 7 (x) + A(N7(2)) is non-increasing and n < )\'(log m), we get

—nXN " H(n) + AN TH(n)).

X7 ) + AN (n))

\%

—logd( 75 X(logd( L ))+)\(1ogd( I E))

1 1
S R G

So we deduce from ([2.2) that if d(e’?, F) < e,

, 1 1
6
el = M (los g ) ~ o8 g
1 1
> 5(log d(ci0 E))
Since z — —log ’F(z)} is integrable on T, E is a A-Beurling-Carleson set. (]

We need the following three lemmas.

Lemma 2.2. Let A be a non-negative function on [0,+00) and non-decreasing on
[A, +00) for some A > 0. Let E be a closed subset of T. Let (I,) ., be the

sequence of the complementary arcs of E, and denote by |I,| the length of the arc
—+o0

I,. If 3 |In|/\<log+ \I_1|> = 400, then E is not a A-Beurling-Carleson set.
n=0 "

Proof. There exists ng > 0 such that for all n > ng, |I,,| < e~ 4. Let n > ng; for all
et € I,,, we have d(e', E) < |I,|. Also, since ) is non-decreasing on [A, +00), we

have 1 1
A(k’gd( tE)) A<1°g 7, |)
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Hence, for all n > ng,

/In)\(long m)dt

/1 " A(log s (ei’E)>dt
|In|)\<log ﬁ)

Then, to conclude, it suffices to use (23) and observe that

27 N 1 +oo N 1
/O )\(log W)dt>nzzno/ln>\(log W)chs

+o0
and that > |In|)\(1og \I_ln\> = +o00. O

n=no

(2.3)

Y

Remark. Note that it is well known that E is a Beurling-Carleson set if and only if

+oo

1
|[E|=0 and Z |1, logm < 00,
n=0 n
where |F| is the Lebesgue measure of E.
Lemma 2.3. Let F be a positive function on [0, +00) such that lim F;(CI) = +o00

r——+00

and ir;% F(x) > 0. Then, there exists a positive function A on [0, +00) such that
x

(i) X is infinitely differentiable on [0, +00) and X' > 0.

(if) lim A = oo,

(iii) A < F on [0, +00).
Proof. For x > 0, we set G(x) = t11>1f F(t). G is a positive and non-decreasing

function such that G < F and lim @ = 4o00. So, without loss of generality,

r——+0o0
we will suppose that F' is non-decreasing. Let m be the largest convex minorant of

F'. Tt is clear that m is a positive and non-decreasing function. Since lirf @ =
T— 100

+o00, for all M > 0, there exists a > 0 such that F(z) > M(x — a) for all x >
0. By definition of m, we have m(z) > M(xz — a) for all x > 0. This proves

that 1ir4r_1 # = +00. Now, let x be a non-negative and infinitely differentiable
r— 100

function on R, with support included in [0, 1] such that fol x(t)dt = 1. We extend
m in a non-decreasing convex function on R by setting m(x) = m(0) if < 0. Also,
we define a function p on R by

() = / m(z — Ox(t)dt.

It is clear that p is a positive and infinitely differentiable function on R. Since m
is non-decreasing, we have, for all x > 0,

p@) < mo) [ x(d = m)

and p(xz) > m(z-— 1)/O x(t)dt = m(z — 1),
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so that 4 < m < F on [0, +00) and hm % = 4-00. Furthermore, m is convex,
x—> oo

so is p, and in particular we have p” > 0. Denote by ¢ = 11;% F(z), and set, for
x

>0, Mz) = 2p(z) + Se~®. It is clear that X satisfies conditions (i)-(iii) of the
lemma. (]

Lemma 2.4. Let A be a non-negative convex function on [0,+00) such that

lim M =400

Tr——+00 €T

Then there exists a perfect closed subset of T which is a Beurling-Carleson set but
not a \-Beurling-Carleson set.

/

% = +o00, we can find a sequence (ak

of real numbers in

Proof. Since xEI-Eoo )kZl

the interval (0,e~1) such that for all k > 1,

1 1
a, log — < =
1
(2.4) and )\(log —,) > klog —
@y aj,
For all £ > 1, let ni be a non-negative integer such that
1 1 2
(2.5) = < nyaj log < k:2
We define (an)n>1 by

ap =a), if 1<n<n
and a,=a, if ni+...+np1+1<n<ni+...+ng (k>2).
Thanks to ([Z4) and (), the sequence (a,) satisfies

n>1
+00 1
Z an log — < 400
n=1

(2.6) and Z an, <10g —) = +00.

Now, since the function z — x log 1 - is one-to-one and onto on (0, e~ 1), there exists,
for all n > 1, a non-negative real number b,, € (0,e~!) such that

1 1
anlog — = 2""1p, log —.
an bn,
Hence, we have
(2.7) 22" b, log 5 < oo
Furthermore, we have

(2.8) 2"*1bn)\(10g bi) = anlogai(log bi)_l)\(log—).

n

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3292 CYRIL AGRAFEUIL

A(@)=A(0)

Since A is convex, the function x +— is non-decreasing. So, as for allm > 1,

b, < a,, we have
(10g i) _IA(log i) (10g i) B ()\(log i) - )\(0)) + (log i) _1)\(0)
<log i)il ()\(log %) - )\(O)).
Therefore, we deduce from (Z.8) that

2"—1bnA<1ogbi) > anA(logi)—anA(o)

vV

Y

Qn
1 1
> an)\(log a_) — A(0)ay, log o

We deduce from this inequality and (Z6]) that
+oo 1
2.9 271, A(log .- ) = +o0.
(2.9) ; gy

The condition (Z7) implies that the series Y. 2"71b,, converges. We can change a
n>1

finite number of terms of the sequence (b”)n>1 to have

+oo
(2.10) > 2vth, =2

n=1
We will construct a perfect symmetric set with non-constant ratio of dissection as
follows. We set Fy = [0,27]. We cut off in the middle of Fy an open interval of
length by; there remain two closed intervals of length %(27r — b1). Then, we cut
off, in the middle of each of these remaining intervals, an open interval of length

by. So after the n' step, it remains a closed subset F),, which is a union of 2"
n

closed intervals of length 5= (2m — 3 2¥71b;,). We set F = (] F,. F is a perfect
k=1 n>0

symmetric set with non-constant ratio of dissection, and the complementary arcs

of F consist in a union on n > 1 of 27! open intervals of length b,, (see [3] for

further details). We set
E={c'eT:teF}.

It follows from (2I0) that F is of Lebesgue measure zero and then from (27) that

LI is a Carleson set. Furthermore, as A is convex and lir+n Az) = o0, A is
T—T00

non-decreasing on [A, +00), for A large enough. So, according to Lemma and
condition ([Z9)), E is not a A\-Beurling-Carleson set. O

We can now give the main result of this paper.

Theorem 2.5. Let p be in Q). Then there exists a Beurling-Carleson set which is
not ZB,.

Proof. Without loss of generality, we assume that p(n) > 1 for all n > 0. We extend
p in a continuous function on [0, +00), linear on each interval [n,n + 1] (n > 0),
and we put F'(z) = log (p(e”)). We have 12%F(x) > 0, and since p € Q, F satisfies
Tz
F(x)

lirf % = +400. So according to Lemmal[2.3] there exists a non-negative function
T— 100
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A on [0,400) satisfying conditions (i)-(iii) of Lemma So we apply Lemma [Z4]
that gives a perfect closed subset E of T, which is a Beurling-Carleson set but not
a A-Beurling-Carleson set. As e*(1987) < p(n) for all n > 1, we have

B, C By,,

where py(0) = 1 and py(n) = e*1°8™) if n > 1. Now, let F be a function in B, that
vanishes on E. Then F' € B, , and since E is a perfect set, it vanishes with all its
derivatives on E. As F is not a A-Beurling-Carleson set, it follows from Proposition
2Tl that F' is the zero function. This means exactly that E is not ZB,,. O

Let ¢ > 0; we set

L 1

am={recm: 3 [fme* < +oo}.
Let E be a closed subset of T. Let p be a sequence of positive real number and
¢ > 0. We denote by A.(E),By(E) and Q> (F) the sets of restrictions to E of
functions respectively in A.(T), B, and @*. A. Atzmon showed in [I] (Theorem 2)
that if E is a Beurling-Carleson set, then there exists a constant ¢ > 0 such that
A(E) C ™ (F). Tt follows from Corollary 28] that this result cannot be refined in
the following sense: for all p € €, there exists a Beurling-Carleson set E such that
for all ¢ > 0, we have

Ac(E) ¢ By(E).
Corollary 2.6. Let p € Q); there exists a Beurling-Carleson set E such that
(2.11) 20 ¢ By(E).
Proof. Let p € 2. We claim that we can find a sequence ¢ in €2 such that for all
n >0, g(n) < p(n) and

< 2.

(212 Ay

We can construct such a sequence as follows. Let p be a sequence defined by
p(n) = ir;f p(m). Tt is easily seen that p is a non-decreasing sequence in € such
m-n

that p < p. Then we define a sequence ¢ by
q(0) = p(0),
g(n) = min(2q(n—1),5(n)) (n>1).

It is clear that for all n > 0, g(n) < p(n) < p(n), and that ¢ satisfies (212)). Then,
an induction on n shows that

q(n) = min{?kﬁ(n —k): 0<k<n}.
So, for all n > 0, there exists an integer k,, 0 < k,, < n, such that
q(n) = 2°p(n — ky).

Distinguishing the case k,, < [%} from the case k,, > [%}, we obtain

a(n) = min (5([5]),21815(0))
Then we deduce from this inequality that ¢ € Q. According to Theorem 2.5 there
exists a Beurling-Carleson set £ which is not ZB,. As B, C By, it suffices to prove
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that Zl_El ¢ B,(E) to show ([Z.II). Suppose that z‘_El € B,(E). Then, there exists

F € By such that 1 = F(z) for all z € E. Consequently, z — 1 — 2F(z) is a
non-zero function that vanishes on F, and thanks to (2.12), it belongs to B,. This
is in contradiction with the fact that E is not ZB,, and concludes the proof. [
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