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ABSTRACT. Recently J. J. Kohn (2005) proved C'*° hypoellipticity for

P, =LL+L|z|?*L=-L"L - (z*L)*z*L with L= 9 izg,
0z ot
(the negative of) a singular sum of squares of complex vector fields on the com-
plex Heisenberg group, an operator which exhibits a loss of k — 1 derivatives.
Subsequently, M. Derridj and D. S. Tartakoff proved analytic hypoellipticity
for this operator using rather different methods going back to earlier methods
of Tartakoff. Those methods also provide an alternate proof of the hypoellip-
ticity given by Kohn.
In this paper, we consider the equation
Pok = LinLm + Lo |2|** Ly, with Ly, = 9 + iz\z|2m2,
’ 0z ot
for which the underlying manifold is only of finite type, and prove analytic
hypoellipticity using methods of Derridj and Tartakoff. This operator is also
subelliptic with large loss of derivatives, but the exact loss plays no role for
analytic hypoellipticity. Nonetheless, these methods give a proof of C*° hy-
poellipticity with precise loss as well, which is to appear in a forthcoming paper
by A. Bove, M. Derridj, J. J. Kohn and the author.

1. INTRODUCTION AND STATEMENT OF THEOREMS

J.J. Kohn’s recent paper [7], inspired by work of Siu [9] on singular metrics and
the implied applications, studied a singular sum of squares of complex vector fields
on the (complex) Heisenberg group

(*1) P=-LL-L|z*L with L= % + z‘?%,
ie.,
P=T'L+ (Z"L)"z"L.

He showed that this operator was hypoelliptic but loses k—1 derivatives (in Sobolev
norms), and a note [3] by Christ showed that, as in the Baouendi-Goulaouic exam-
ple, hypoellipticity is destroyed by adding an elliptic contribution in a new variable.

Subsequently, in [5], M. Derridj and D. S. Tartakoff proved analytic hypoelliptic-
ity for this operator using rather different methods going back to [10], [I1]. These
methods provide an alternate proof of the main result in [7] (cf. [I]).
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3344 DAVID S. TARTAKOFF

In this paper, we consider the more degenerate equation
- 0 0
(ki) P =Py = LinLy + Ly [ L with Ly = = + 22" =,
z

for which the underlying manifold is only of finite type, and prove analytic hypoel-
lipticity for this operator.

Theorem 1. The operator P, is analytic hypoelliptic: P,u € C¥ — u € C¥.

Remark 1. We note that in a forthcoming paper, together with A. Bove, M. Derrid]j
and J. J. Kohn, we will utilize these methods to give a proof of the C*° hypoellip-
ticity for these operators.

2. THE a priori ESTIMATE

As in [5] we work with v € C§° and denote by A the ‘pseudodifferential’” operator
with symbol A(z,t; ¢, 7) = (1+]7]?)}/2. Since A acts in the ¢ variable alone, negative
powers of A do not have negative order in the usual Sobolev spaces. However, from
the point of view of analytic hypoellipticity this will not matter, since for ¢ different
from zero the operator P,, is elliptic, hence analytic hypoelliptic, near z = 0, and
for z different from 0, the operator P,, has symplectic characteristic variety and
satisfies maximal estimates in L and L, hence is even analytic hypoelliptic there by
[10], [12], [11]. An important property of A is that it commutes with P,,, since the
latter is independent of ¢.

Thus we will need only study the behavior of powers of 9/0t applied to the
solution v locally. We shall do so in L? norms with appropriate powers of A.

The a priori estimate satisfied by P, is actually better than that satisfied by Fp,
but as is well known, analyticity does not use the precise degree of subellipticity in
an important way.

We begin by giving a short proof of the main estimate of [7].

Proposition 1. For all values of m, we have
IZmol® + 125 Lo||* + [|v]® 1oa < Cl(Prv,v)l, v € CF°.

2

For any r < 0, since A commutes with everything, we have
IA"0|12 = ([Lom, 2]A"0, A"0) = (2A70, A" Lypv) — (L A" 20, ZA" T2 0),
S0
(2.1) A% < s ||A 0|2 + L. |Tov||? + s.c.|| LA™ 20| + Le.|[ZA™ 2 0|,
Now integrating by parts and commuting L,, and L,, we have
LA™ 302 < [T A" 502 + ||AT] 2,
so that (21 becomes
(22) AP S Tl + [ZA7 2 0]* S | (Prv, o)) 4 [2A7H 0],
In the last term we integrate by parts, and obtain
[ZA™ 202 = (ZA"F 20, ZA7 T2 0) = (22A7 0, ATv)
< s AT[)2 A+ Le || 22 AT |2
so that, iterating and absorbing the first term on the left in (2.2)),

k—

(2.3) ATV S (P, v)] + |2 AT 5 ]2,
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ANALYTICITY FOR DEGENERATE VECTOR FIELDS 3345

To finish the derivation of the a priori estimate, we write k2*~! = [L,,, 2¥], so

that
k2[5 wl|* = ([Lin, 2w, 257 )
(24) ko k=1 k k—1 i P
= (L2 "w, 2" w) — (2" Lpw, 2 w) = A+ B.
Then

|A] < (2" ', 2L 2" w)| < s.e.|| 2 w|)? + Le. | Tmw|)?
since [Ly,, 2871] = 0, while
|B| ~ s.c.||z" " w||? + Le|| 28 Lypw]|2.

The terms with the small constant (s.c.) will be absorbed on the left-hand side of

24), yielding

(2.5) 12 wl® < C{I|Lmwl|? + |[2* Linw]?}.
Combining this estimate with (21, since ||z*w]|| = ||Z*w]|, leads to
(2.6) 1A= 0] < C{IZpol? + [[Z* Lo]*} = Cl(Pv, v)].

Remark 1. If one wishes to use the full pseudodifferential operator with symbol
(14|¢|2+|7|>)"/? instead of A, the derivation is virtually identical, with the addition
of a lower order norm on the right of (2.6)).

3. THE LOCALIZATION OF POWERS OF 1" AND ITS COMMUTATORS
To apply (2.8) we must replace v by a localization of powers of 9/0t, or, for
convenience, we will localize powers of
2t 0
m+ 10t

applied to the solution u. Note that
[Lmvm] = (m + 1)2|Z‘2mT’

which will be of technical use later.

For now we treat the solution w as being smooth, and concentrate on the esti-
mates, remarking that by multiplying the Fourier Transform @(z,%,7) of w in ¢ by
dilations of ¥(7) equal to zero for |7| > 2 but identically equal to one for |7] < 1,
once we obtain uniform estimates (in €) for derivatives of the inverse transform of
U(r/e)(2) we may let € — 0 to obtain the same estimates for the same derivatives
of u.

The localization in space may be taken independent of z, Z, since taking a product
of two localizers, 1(t)p2(z,Z), in terms where no derivatives land on o, it just
survives to the left of P,, = f, while in terms with derivatives, those terms are
supported in the region where z is different from zero, i.e., in regions where the
result is known, as remarked above.

But even with ¢ depending on ¢ alone, the localization must be done very care-
fully. For example, the first bracket with P,, which we encounter will contain
(Limp(t))TP ~ Z|2|?>™ /TP, which is problematic for any value of m.

In Kohn’s work [7] (m = 0), the Z (or z) in front of each derivative of ¢ is
carefully followed, and shown to provide, after some work, a gain of 1/2 derivative.
Analyticity was not considered in that paper, nor does it seem likely that it could
be shown by those methods.
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3346 DAVID S. TARTAKOFF

Derridj and Tartakoff found in [5] that an entirely different approach, involving
a delicately balanced localization of TP, led to analyticity rather directly.

Here, to handle the case m > 0, which corresponds to a CR manifold of finite
type, we find it simpler to use a somewhat differently balanced localization. With
this localization both C* and C'*° hypoellipticity come together.

3.1. The case m = 0. For motivation, and to show how much simpler the example
is in the contact case, we first give the definition in the case m = 0.

Definition 3.1. For any pair of non-negative integers, (p1,p2), let

(TP1P2) = Z L, 0z 0T P00 plath) o TP2=bo b o b
T all] :

as<py
b<po

where

Note that the leading term (with a + b = 0) is merely T7* o ¢ o TP?, which is
equal to the operator TP*7P2 on any open set (g where p = 1.
We have the precise commutation relations:

Proposition 3.1.
[Lo, (Tghm)«p] = (Tgl’p271)w’ o Lo,
Lo, (T5* %)) = Lo o (T3 "),
(T3 7*)g, 2] = 20 (T3 )y,
and
(T 7)0,7] = (T 77), 0%,
where the = denotes modulo CPr—PiP2=P> terms of the form
L_Oplip/1 0 ZP1 P o TPL o p(P1FPat+1) o TP o 2P2P2 o LoP> P2
(p1 — P! (p2 — p)!

with either pj = 0 or py = 0, i.e., terms where all free T derivatives have been
eliminated on one side of ¢ or the other.

Proof. The proof is a straightforward calculation involving a shift of index in the
definition of (T7""?),. O

3.2. The case m > 0. For m > 0, we use a related, but somewhat different
definition of the localization, owing to multiple brackets. Parts of this discussion
are in the style of [4], [2].

Definition 3.2. For m > 0, and (p1,p2) as above, set

0\
(p(d) = <ZE) (p(t)7

’

_ b (ZLm)b
No= 2 AL
b <b
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ANALYTICITY FOR DEGENERATE VECTOR FIELDS 3347

where the A%, (real) are to be determined subject to A2 =1,

’

\7 a Q—IZ;E)“ *
o= dg==mi — ()

a’'<a
with the same coefficients, and finally we set

(Tf;’m)cp _ Z Na o TP~ sD(aer) o P20, Ny

a<pi

bSPQ
We have
Lo (T 7)) = [Ty 3 N TP ot Treby)
a<p1,b<ps>
(3.1) = Z [T, N TP =gt pr2=b N,

a<pi,b<p2
—]\7an1_“z\z|2m<p(a+b+1)T”2_bNb + ]\7anl—ago(a+b)sz—b[m7 Nb]}~

The last two terms on the right must cancel, to preserve the balance, since both
disturb the balance between derivatives on ¢ and gain in powers of T. We will
choose the coefficients A, of N, in such a way that, modulo acceptable errors,

(3.2) [Lons No) = 2|2|*™ TNy

This will provide the needed cancellation via a shift of index in a in the sum just
as in the case with m = 0. The corresponding relation for brackets with L,, will
follow by taking adjoints: again modulo acceptable errors,

(3.3) (L, Na] = —N,_1%|2)*™T.
Condition ([B2), using the definition of N, reads:

b
;Abf M [Tn, (sz)b'} = *Z|Z|2WTZAI’ 1 z];)”

Expanding the brackets and keeping all factors of sz to the right,

1 T ! 1 b/ 44 I g
i {Lm,(sz)b} =7 Z <b//>ad2Lm(Lm)(2Lm)b b

° 1<b7 <b’
1 v b —1 2 2m b’ —b"’
=7 2 g )adin (- )22l (L)
léb//éb/
) (m+1)""*1 (2L,,)" "
= (Z|Z| mT) Z pi (b/ _ b”)! :

1<b"” <b’

The condition ([B32]) thus requires, renaming b’ — b” as b on the right just above,

(m+1)""+1 b—1
(34) Z Ab“l’b”T == AE .

br=1
Fortunately, we have investigated these equations in [4] and, citing a result in the
book by Hirzebruch [6], have explicit solutions A in the case that m = 0, unique
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3348 DAVID S. TARTAKOFF

under the conditions that A = (—1)7, namely

A= ((e L 1)7‘“) o (0)/(r = s)!,

and for positive m we merely dilate by the factor of m + 1:

b r41 (r—s)
Ag = (mi“> (0)/(r —s)!

em+i — ]

In addition, we will also need good expressions for the other brackets: we com-

pute
I N Ab ZL _ Ab 1 (ZL)bl_bN L
[Lm, Ne] m’Z '75: = 2 Vo W — by ™
1<b// <b’
b/ <b
1 (ZL)blfb/,
N = Ablii,
[Nb, 2] ZOK;V b (B — B!
b’ <b

’ "
—a

- - mz)
(3.5) A o Y AL 7a, I
1<a’’<a’ !
a’<a

"

—_ ’
_ - 1 (=L,z)* "
[Z,Na] - Z IAZ/mi(a’—a”)! o Z.
1§aa/§7<za

In order to recognize these sums as N’s or N’s, we need to be able to shift the
lower indices on A%, down by one. But we have also done this in [4], with the result
that

Proposition 3.2. For any r,s, and c,

ZsT‘ sAr (C+J)
where
|SF| < CF.

These brackets, then, together with the proposition, immediately translate, set-
ting b = cand b= —b", into

S

(2L) 1 ey qoemg (2L)°
(L, No| = Z Ab+c B! ©Lm = Z ESJ ’ AE ! B! © L

b<b—c ’ b<b—c—j

or
[Lons NoJ = D, - SC*JNZ,,C,]- o Lim

c+j<b
1<c
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Similarly,
- - 1
Ly, Nal = =Ly S5 Na—emj,
[ ] © C;u C! J J
1J§?
N 1 c —
[z, N, = Z C|Sj+JNa,C,j 0%,
c+j<a
1<ec
and

1 erie
_ +J
[Ny,2] = zo E ESJ' Np—c—j.
ctj<b
1<c

These precise commutation relations mean that the whole localization (T7*72),
may be commuted meaningfully with the vector fields L,,, L., and with z,Z.

Proposition 3.3. Modulo terms in which either py or ps has been reduced to zero,
and in view of the cancellations ensured by (32),

1

(3.6) (Lo, (TP2P2) ] = Z ESJC.“‘j(Tyl;Ll,P2*(C+j))¢(c+j) 0 L.
1<e,0<)
ct+j<pa

Proof.
[Lm, (Tﬁbhm)sa] = Z Na o TP~ g (p(a+b) o sz_b[Lm, Nb]

a<pj
b<pa

= Y Y PR em e gl oTrtN, oL,
C.

a<py c+j<b
b<py 1<c

-y ¥ l'S;HNQTm—a@(CH)(‘”’”C’j)TP2—(C+j>—<b—c—ﬂNb,C,joLm
C:

a<py c+j<b
b<py 1<c

1 ; ,
= Z ESJGJFJ(T71%17172—(C+J))Lp(c+j)oLm'

1<c,0<j
c+ji<p3

O

Similarly we state the following proposition, and omit the proofs, which are
virtually identical to that of the previous proposition.

Proposition 3.4.
1

(3.7) Lo, (T 7)) = =Loo > S5 (TmF0P2) oy,
1<c0<; ©
ct+ji<p1
1 eay et -
(3.8) [z, (TP1P2) ] = Z —'Sjﬂ (TP ( +J),p1)¢(c+j> 0%,
1<c,0<; ¢
ct+ji<p1
and
1 cui (ewi
(3.9) (2, (TP1P2) ] = — Z —'Sjﬂ (TP~ +J))W(C+j) oz,
1<c0<s ©
c+ji<p2
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What these commutation relations mean is that we may move the vector fields of
P,, past (TP1P2), freely, at each stage incurring errors with the same vector fields
and a gain in derivatives in (T%1?2),,. Thus we may iterate the a priori inequality
modulo errors of nearly arbitrarily low order—all of the = signs above mean that
we will ultimately arrive at errors where either p; = 0 or p; = 0.

So we first insert v = (T?1P?),u into (2.8]), then bring (T272), to the left of
P,, = LL + LzFZ" L, now writing L instead of L,,, since the formal expansions of
the brackets are insensitive to m. Therefore, we have

P
2

IT(TE 72 g3 + |25 L(TEP2) g3 + [|A 5 (T
(3.10) S P (THP) u, (TP )pu) 2]
SITEP) o P, (T2 72 ) ) 2|+ ([P (T317) s (T572) pu) 2],

Joull§

and by the above bracket relations, modulo the same terms as above where all T"s
from one side of ¢ or the other have been ‘converted’ into L’s or L’s, we have

([P (T 72) Ju, (T3 7))
= (LT, (7 7) Ju, (17 7)) + (2L, (177) Ju, (17 72) )
= (L (TP Lot (79) )+ (L (T772) s, (T77) )
L (772 5 Lt (17277) ) (L (174) 2 Lo (1777) )
T (TP L, (797) )+ (T3 L, (17 72) Ju, (T792) )

= Z gS]cﬂ((Tphpz (C+j))¢(c+j)LfU, (TP ,pz)wu)

1<c,0<y
c+ji<p2

=Y SR e, (TR ) )
e

_ Z 55]04‘1( (Tﬁj_(cﬂ)’p?)w(cﬂ)zkEkLu, (TP1P2) u)
Y

(3.11) Z > 'j“ A (Trep =)y o PR R Dy, (TRP2) Ju)
C.

k/—1 1<c,0<j
ct+j<pa

i (T 1k 5k —(c+9), —k—kK' ,
+§ : § : S’ J > (Trzr? (0+J)p1)@(cﬂ_>z Lu, (T p"‘)(pu)
=0 1<c,0<j c!
ct+ji<p1

+ Z c+j ’CEIC(T%)II 71’2*(C+j))¢(c+j)Lu, (TTZ;LI ,Pz)@u)

1<c,0<;
ct+i<pa
k k-1
=A1+ A+ As+ Y Agp + Y Asg + Ae.
k=1 k'=0

Concerning the critical L, L, z* and z*, note that in each term above

e No L, L, power of z or power of Z has been lost.
e The order among L,z*, 2%, and T is preserved.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ANALYTICITY FOR DEGENERATE VECTOR FIELDS 3351

e Letting |g| = q1 + g2, each term on the right contains (791:92) (-4 With
lg| < |p| and |p| — |g| derivatives on ¢.

e Just as (BII) demonstrates the errors which result in moving (77172),
past the vector fields L, L, 2*L,, and z*L, further such brackets used to
position the vector fields so as to make use of the a priori estimate again
will produce similar errors, with |g| still lower and the ‘lost’ T' derivatives
transferred to .

e Iterating this process, together with a weighted Schwarz inequality, will
produce a sum of terms with ¢; < £ of the form

k—1 k—1 PP
Le |A= (T2 gpi-tan Prullg + s.c A7 (T3 pu) %

e In fact, using larger constants 5’;“ subject to the same kind of bounds,

|5';+j | < Ceti, we may replace all sums on the right-hand side above by
suprema subject to the same range restrictions on the indices.

e This use of suprema allows us to easily iterate everything on the right with
easy control on the constants until either p; or ps, both of which start as &,
drops to zero, which may happen in two ways—either by stepwise decrease
as on the right-hand side above from successive brackets, or by the single
term in Propositions [3.1] and which is not cancelled, the term with all
L’s or L’s on one side or the other in the definition of (7%172),, whose
principal term is (Trﬂl*o)@(p2) (zL)P2 /py! or its analogue with p; is reduced
to 0.

e At this point we no longer have an effective localization of powers of T—for
example, brackets with L are not corrected. We proceed anyway, and when
we lack a ‘good’ vector field such as L (or of course Z*L), we create one by
integrating by parts

(3.12) ILwl* < [[Zwl® + [(|*" Tw, w)]

to use up the L and L derivatives with the byproduct of introducing up to
half the number of new T derivatives.

Overall, then, the strategy has been, with universal C, bounding derivatives of
the Ehrenpreis-type localizing functions ¢(") by (CN)" ~ C"r! for r < N ~ p:

k—1 k—1 P P
[A™F TPullgp=1y A= (Ta”)yu
(3.13) 0 — N
ko1 8p ko1
BT A== T:p“Hsuppso Lok A== T 43pu\|{<p1£1} o
4 N7

for suitable ¢; = 1 on the support of ¢. This will continue, with a sequence of ¢;
supported in nested intervals as in [10], [I1] until only a negligible fraction of p is
left, namely a bounded number of derivatives. Since the order in TP is reduced by
a factor of 3/4 each time, we will need log, /3 p such nested open sets. Thus (where
the constant Cp, ,, reflects the analytic growth of derivatives of P, u):

k=1
(A2 TPl (o=

1} < (P _k-l.3
Cilte=t < orja-ts

(3.14)

P
u‘l{iﬂlog4/3 pEl} + CPmu7
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3352 DAVID S. TARTAKOFF

where the 3 could be any other small integer. Of course the whole derivation could

have been done at the H?® level: for any given s,

HASi%TpuH{LpE
NP

which will end the story if this last norm is known to be finite even as the localizer

in 7 tends to the identity, provided that the terms that arise along the way are all
similarly bounded. The most important of these is of course

(AT (TR ) o Pu, A5 (T ),

which shows that P,u € H*" "= P implies that u € H*~ "7 *?, a loss of k — 1
derivatives.

(3.15) U < or|ps—t7+3

P
u||{@10g4/3 pEl} + CP,,LU’

Remark 1. The value of s will be chosen so that we know the norm on the right in
(BI3) is finite as the localizer in 7 goes to the identity, and then p will be chosen

so that P,u € HsT5575+P for that value of s. Tt follows that u € H*= 5 +P.

Remark 2. For analyticity, one needs to ensure that as we take p larger and larger,
the constants satisfied by the Ehrenpreis-type localizers are subject to bounds such
that the estimate ([BI5) is uniform in p. We have shown this often before (cf. [I0],
[11]), and the arguments are the same here.
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