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A CLASS OF INTEGRAL IDENTITIES
WITH HERMITIAN MATRIX ARGUMENT

DAYA K. NAGAR, ARJUN K. GUPTA, AND LUZ ESTELA SÁNCHEZ

(Communicated by Richard A. Davis)

Abstract. The gamma, beta and Dirichlet functions have been generalized
in several ways by Ingham, Siegel, Bellman and Olkin. These authors defined
them as integrals having the integrand as a scalar function of real symmetric
matrix. In this article, we have defined and studied these functions when the
integrand is a scalar function of Hermitian matrix.

1. Introduction

Several generalizations of Euler’s gamma function are available in the scientific
literature. The multivariate gamma function which is frequently used in multivari-
ate statistical analysis is defined by (Ingham [4], Siegel [10])

(1.1) Γm(a) =
∫

X>0

etr(−X) det(X)a−(m+1)/2 dX,

where etr(A) = exp(tr(A)), det(A) = determinant of A, and the integration is
carried out over m × m symmetric positive definite matrices. By evaluating the
above integral it is easy to see that

(1.2) Γm(a) = πm(m−1)/4
m∏

j=1

Γ
(

a − j − 1
2

)
, Re(a) >

m − 1
2

.

The multivariate generalization of the beta function is given by

Bm(a, b) =
∫

0<X<Im

det(X)a−(m+1)/2 det(Im − X)b−(m+1)/2 dX(1.3)

=
Γm(a)Γm(b)
Γm(a + b)

= Bm(b, a),

where Re(a) > (m−1)/2 and Re(b) > (m−1)/2. Siegel [10] established the identity

(1.4) Bm(a, b) =
∫

Y >0

det(Y )a−(m+1)/2 det(Im + Y )−(a+b) dY
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which can be derived from (1.3) by using the matrix transformation X =
(Im + Y )−1Y . The multivariate gamma function defined above arises naturally in
the probability density function (p.d.f.) of the Wishart matrix. If W ∼ Wm(n, Σ),
n > m − 1, Σ > 0, then its p.d.f. is given by{

2nm/2Γm

(n

2

)
det(Σ)n/2

}−1

etr
(
−Σ−1W

2

)
det(W )(n−m−1)/2, W > 0.

Further, if W1 ∼ Wm(n1, Im) and W2 ∼ Wm(n2, Im) are independent Wishart
matrices, then the p.d.f.’s of X = (W1 + W2)−1/2W1(W1 + W2)−1/2 and Y =
W

−1/2
2 W1W

−1/2
2 are given by{

Bm

(n1

2
,
n2

2

)}−1

det(X)n1/2−(m+1)/2 det(Im − X)n2/2−(m+1)/2, 0 < X < Im,

and {
Bm

(n1

2
,
n2

2

)}−1

det(Y )n1/2−(m+1)/2 det(Im + Y )−(n1+n2)/2, Y > 0,

respectively. Thus multivariate gamma and multivariate beta functions frequently
occur in the densities of random matrices (e.g., see Gupta and Nagar [3]) and hence
play a pivotal role in multivariate statistical analysis.

Let A = (aij) be an m×m symmetric matrix. Define A(α) = (aij), 1 ≤ i, j ≤ α.
Bellman [1] has defined a multivariate gamma function as

Γm(a1, . . . , am) =
∫

X>0

etr(−X) det(X)am−(m+1)/2∏m
α=2 det(X(α))kα−1

dX,

where aj = km−j+1 + · · · + km and Re(aj) > (j − 1)/2, j = 1, . . . , m. Using an
inductive argument, Bellman [1] showed that

Γm(a1, . . . , am) = πm(m−1)/4
m∏

j=1

Γ
(

aj −
j − 1

2

)
, Re(aj) >

m − 1
2

.

Olkin [7], using matrix transformation, evaluated the above integral and established
similar results for the beta function. He also derived a matrix variate version of the
Liouville integral.

It may be noted here that integrands in (1.1), (1.3) and (1.4) are real-valued
non-negative functions of symmetric matrices and have been evaluated over the
space of positive definite matrices. When these functions (or their modified forms)
have a Hermitian matrix as an argument and are integrated over Hermitian posi-
tive definite matrices, complex multivariate gamma and complex multivariate beta
functions are defined. These functions occur in the p.d.f. of complex Wishart
and complex beta matrices and play an important role in complex multivariate
statistical analysis.

In this article we study Bellman’s gamma function and Olkin’s beta function
in the case of Hermitian positive definite matrices. We also study the Liouville
integral and its generalizations to the complex case.

In Section 2 and Section 3 the generalized complex multivariate gamma and
generalized complex multivariate beta functions are defined, and several proper-
ties have been studied. In Section 4, the complex multivariate Dirichlet function
is studied, and the relationship between the Dirichlet function and the complex
multivariate gamma function is established. Finally, in Section 5, using results of
Section 2 and Section 3, we define generalized complex matrix variate gamma and
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generalized complex matrix variate beta distributions. The distributions so defined
are closely related to the complex matrix variate gamma and the complex matrix
variate beta distributions.

2. Generalized complex multivariate gamma function

In this section we will define generalized complex multivariate gamma function.
We first state the following notations and results (Khatri [5], Srivastava [13]) that
will be utilized in this and subsequent sections. Let A = (aij) be an m × m
matrix of complex numbers. Then, A′ denotes the transpose of A; Ā denotes
conjugate of A; AH denotes conjugate transpose of A; tr(A) = a11 + · · · + amm;
etr(A) = exp(tr(A)); det(A) = determinant of A; A = AH > 0 means that A is
Hermitian positive definite and A1/2 denotes the unique Hermitian positive definite
square root of A = AH > 0. The submatrices A(α) and A(α), 1 ≤ α ≤ m, of the
matrix A are defined as A(α) = (aij), 1 ≤ i, j ≤ α, and A(α) = (aij), α ≤ i, j ≤ m,
respectively.

Lemma 2.1 (Khatri [5]). Let Z and W be m × m Hermitian positive definite
matrices. If Z = GWGH , where G (m×m) is a complex nonsingular matrix, then
J(Z → W ) = det(GGH)m.

Lemma 2.2 (Goodman [2]). Let W be a Hermitian positive definite matrix and
W = TTH , where T is an m× m complex triangular matrix with positive diagonal
elements. Then, (i) J(W → T ) = 2m

∏m
i=1 t

2(m−i)+1
ii if T is lower triangular, and

(ii) J(W → T ) = 2m
∏m

i=1 t2i−1
ii if T is upper triangular.

Lemma 2.3 (Khatri [5]). Let X = (xij), Y = (yij) and T = (tij) be m×m complex
triangular matrices with positive diagonal elements and Y = TX. If T and X are
lower triangular, then J(Y → T ) =

∏m
i=1 x

2(m−i)+1
ii and J(Y → X) =

∏m
i=1 t2i−1

ii .
Further, if T and X are upper triangular, then J(Y → T ) =

∏m
i=1 x2i−1

ii and
J(Y → X) =

∏m
i=1 t

2(m−i)+1
ii .

Lemma 2.4. Let W and A be m × m Hermitian positive definite matrices and
W = TATH , where T is an m×m complex triangular matrix with positive diagonal
elements. Then, (i) J(W → T ) = 2m det(A)

∏m−1
i=1 det(A(i))2

∏m
i=1 t

2(m−i)+1
ii if T

is lower triangular and (ii) J(W → T ) = 2m det(A)
∏m

i=2 det(A(i))2
∏m

i=1 t2i−1
ii if

T is upper triangular.

Proof. Write A = XXH , where X is a lower triangular matrix with positive di-
agonal elements, and let Y = TX. Then, using Lemma 2.2 and Lemma 2.3,
J(W → T ) = J(W → Y )J(Y → T ) = (2m

∏m
i=1 y

2(m−i)+1
ii )(

∏m
i=1 x

2(m−i)+1
ii ) =

2m
∏m

i=1{t
2(m−i)+1
ii x

4(m−i)+2
ii }. The result follows by noting that

∏m
i=1 x

4(m−i)+2
ii =

det(A)
∏m−1

i=1 det(A(i))2. The proof of (ii) is similar. �

The complex multivariate gamma function is defined by

(2.1) Γ̃m(a) =
∫

X=XH>0

etr(−X) det(X)a−m dX,
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where the integral is evaluated over m × m Hermitian positive definite matrices.
Evaluation of the above integral yields

(2.2) Γ̃m(a) = πm(m−1)/2
m∏

j=1

Γ(a − j + 1), Re(a) > m − 1.

The complex multivariate beta function, denoted by B̃m(a, b), is defined by

(2.3) B̃m(a, b) =
∫

0<X=XH<Im

det(X)a−m det(Im − X)b−m dX,

where Re(a) > m − 1 and Re(b) > m − 1. The complex multivariate beta function
B̃m(a, b) can be expressed in terms of complex multivariate gamma functions as

(2.4) B̃m(a, b) =
Γ̃m(a)Γ̃m(b)
Γ̃m(a + b)

= B̃m(b, a).

Now we generalize the complex multivariate gamma function as follows.

Definition 2.5. The generalized complex multivariate gamma function, denoted
by Γ̃∗

m(a1, . . . , am), is defined as

(2.5) Γ̃∗
m(a1, . . . , am) =

∫
X=XH>0

etr(−X) det(X)am−m∏m
α=2 det(X(α))kα−1

dX,

where aj = km−j+1 + · · · + km and Re(aj) > j − 1, j = 1, . . . , m.

Theorem 2.6. For Re(aj) > j − 1, j = 1, . . . , m,

Γ̃∗
m(a1, . . . , am) = πm(m−1)/2

m∏
j=1

Γ(aj − j + 1).

Proof. Let X = TTH , where T is an upper triangular matrix with positive diagonal
elements, and partition X and T as

X =
(

X11 X12

X21 X22

)
, T =

(
T11 T12

0 T22

)
,

where X11 and T11 are (α − 1) × (α − 1) matrices. Now it is easy to see that
X(α) = T22T

H
22 , det(X(α)) =

∏m
i=α t2ii, det(X) =

∏m
i=1 t2ii and tr(X) = tr(TTH) =∑m

i<j(t
2
1ij + t22ij) +

∑m
i=1 t2ii, where tij = t1ij +

√
−1 t2ij , 1 ≤ i < j ≤ m. From
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Lemma 2.2 we have J(X → T ) = 2m
∏m

i=1 t2i−1
ii . Hence we can write (2.5) as

Γ̃∗
m(a1, . . . , am) = 2m

∫
· · ·

∫
−∞<t1ij ,t2ij<∞

tii>0

exp

[
−

m∑
i<j

(t21ij + t22ij) −
m∑

i=1

t2ii

]

×
m∏

i=1

(t2ii)
am−m+i−1/2

m∏
α=2

m∏
i=α

(t2ii)
−kα−1

m∏
i≤j

dtij

=

[
m∏

i=1

2
∫

tii>0

(t2ii)
am−i+1−m+i−1/2 exp(−t2ii) dtii

]

×
[

m∏
i<j

∫ ∞

−∞
exp(−t21ij) dt1ij

][
m∏

i<j

∫ ∞

−∞
exp(−t22ij) dt2ij

]

=

[
m∏

i=1

∫ ∞

0

y
am−i+1−m+i−1
i exp(−yi) dyi

]

×
[ ∫ ∞

−∞
exp(−x2) dx

]m(m−1)

.

Finally, using the results
∫ ∞
0

exp(−yi)y
am−i+1−m+i−1
i dyi = Γ(am−i+1 −m + i) and∫ ∞

−∞ exp(−x2) dx =
√

π gives the desired result, completing the proof. �
Let yij = xm−i+1,m−j+1, 1 ≤ i, j ≤ m, ki = nm−i+1 and bi = n1 + · · · +

ni, 1 ≤ i ≤ m. Then tr(X) = tr(Y ), det(X) = det(Y ),
∏m

α=2 det(X(α))kα−1 =∏m−1
α=1 det(Y (α))nα+1 and J(xij → ym−i+1,m−j+1) = 1, 1 ≤ i, j ≤ m. Making these

substitutions, the integral in (2.5) reduces to

(2.6)
∫

Y =Y H>0

etr(−Y ) det(Y )bm−m∏m−1
α=1 det(Y (α))nα+1

dY.

Thus, using the above integral we can also define generalized complex multivariate
gamma function as follows.

Definition 2.7. The generalized complex multivariate gamma function, denoted
by Γ̃∗

m(b1, . . . , bm), is defined as

(2.7) Γ̃∗
m(b1, . . . , bm) =

∫
Y =Y H>0

etr(−Y ) det(Y )bm−m∏m−1
α=1 det(Y (α))nα+1

dY,

where bj = n1 + · · · + nj and Re(bj) > j − 1, j = 1, . . . , m.

Theorem 2.8. For Re(aj) > j − 1, j = 1, . . . , m, and B = BH > 0,

(2.8)
∫

X=XH>0

etr(−BX) det(X)am−m∏m
α=2 det(X(α))kα−1

dX =
Γ̃∗

m(a1, . . . , am)∏m
α=1 det(B(α))kα

,

where aj = km−j+1 + · · · + km.

Proof. Since B = BH > 0, let B = CCH , where C = (cij) is a lower triangular
matrix. Substitute Λ = CHXC; then tr(BX) = tr(CCHX) = tr(CHXC) = tr(Λ),
and J(X → Λ) = det(C)−2m = det(B)−m. Now partition C, X and Λ as

C =
(

C11 0
C21 C22

)
, X =

(
X11 X12

X21 X22

)
, Λ =

(
Λ11 Λ12

Λ21 Λ22

)
,
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where C11, X11 and Λ11 are (α − 1) × (α − 1) matrices. Then, Λ22 = Λ(α) =
CH

22X22C22, and det(Λ(α)) = det(CH
22X22C22) = det(X22)

∏m
i=α c2

ii = det(X(α))∏m
i=α c2

ii. Thus the left hand side of (2.8) reduces to

det(B)−am∏m
α=2

∏m
i=α(c−2

ii )kα−1

∫
Λ=ΛH>0

det(Λ)am−m etr(−Λ)∏m
α=2 det(Λ(α))kα−1

dΛ

=
Γ̃∗

m(a1, . . . , am) det(B)−am∏m
α=2

∏m
i=α(c−2

ii )kα−1
.

Now the result follows by noting that
∏m

i=α c2
ii = det(B)/det(B(α−1)). �

Theorem 2.9. For Re(bj) > j − 1, j = 1, . . . , m, and B = BH > 0,

(2.9)
∫

X=XH>0

etr(−BX) det(X)bm−m∏m−1
α=1 det(X(α))nα+1

dX =
Γ̃∗

m(b1, . . . , bm)∏m
α=1 det(B(α))nα

,

where bj = n1 + · · · + nj.

Proof. Similar to the proof of Theorem 2.8. �
Theorem 2.10. For Re(aj) > j − 1, j = 1, . . . , m,∫

X=XH>0

det(X)am−m etr(−X)(trX)r∏m
α=2 det(X(α))kα−1

dX =
( m∑

j=1

aj

)
r

Γ̃∗
m(a1, . . . , am),

where aj = km−j+1 + · · · + km with (a)0 = 1 and (a)r = a(a + 1) · · · (a + r − 1) =
(a)r−1(a + r − 1), r = 1, 2, . . . . Further, for Re(bj) > j − 1, j = 1, . . . , m,∫

X=XH>0

det(X)bm−m etr(−X)(trX)r∏m−1
α=1 det(X(α))nα+1

dX =
( m∑

j=1

bj

)
r

Γ̃∗
m(b1, . . . , bm),

where bj = n1 + · · · + nj.

Proof. Setting B = tIm in (2.8) and differentiating the resulting identity r times
with respect to t, we obtain∫

X=XH>0

exp[−t tr(X)] det(X)am−m(trX)r∏m
α=2 det(X(α))kα−1

dX

=
( m∑

j=1

aj

)
r

Γ̃∗
m(a1, . . . , am)t−(

∑m
α=1 αkα+r).

Now, substituting t = 1 above we get the desired result. The proof of the second
part follows similar steps. �

3. Generalized complex multivariate beta function

The generalized multivariate beta function is defined as follows.

Definition 3.1. The generalized complex multivariate beta function, denoted by
B̃∗

m(a1, . . . , am; b1, . . . , bm), is defined by

B̃∗
m(a1, . . . , am; b1, . . . , bm)(3.1)

=
∫

0<X=XH<Im

det(X)am−m det(Im − X)bm−m dX∏m
α=2{det(X(α))kα−1 det((Im − X)(α))nα−1} ,

where aj =
∑m

i=m−j+1 ki, bj =
∑m

i=m−j+1 ni, Re(aj) > j − 1, and Re(bj) > j −
1, j = 1, . . . , m.
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Theorem 3.2. For Re(aj) > j − 1, and Re(bj) > j − 1, j = 1, . . . , m,

B̃∗
m(a1, . . . , am; b1, . . . , bm) =

Γ̃∗
m(a1, . . . , am)Γ̃∗

m(b1, . . . , bm)
Γ̃∗

m(a1 + b1, . . . , am + bm)
.

Proof. We have, by Definition 2.5,

Γ̃∗
m(a1, . . . , am)Γ̃∗

m(b1, . . . , bm)(3.2)

=
∫

X=XH>0

∫
Y =Y H>0

etr(−X − Y ) det(X)am−m det(Y )bm−m∏m
α=2{det(X(α))kα−1 det(Y(α))nα−1} dX dY,

where aj =
∑m

i=m−j+1 ki, bj =
∑m

i=m−j+1 ni, Re(aj) > j − 1, and Re(bj) >

j − 1, j = 1, . . . , m. Now, let X + Y = TTH , where T is an upper triangu-
lar matrix with positive diagonal elements and W = T−1X(TH)−1. Then X =
TWTH , Y = T (Im − W )TH , det(Y(α)) = det((Im − W )(α))

∏m
i=α t2ii, det(X(α)) =

det(W(α))
∏m

i=α t2ii, and tr(X +Y ) = tr(TTH) =
∑m

i<j(t
2
1ij + t22ij)+

∑m
i=1 t2ii, where

tij = t1ij +
√
−1 t2ij , 1 ≤ i < j ≤ m. The Jacobian of transformation from

Lemma 2.1 and Lemma 2.2 is given by J(X, Y → W, T ) = 2m
∏m

i=1 t
2(m+i)−1
ii .

Hence (3.2) can be written as

Γ̃∗
m(a1, . . . , am)Γ̃∗

m(b1, . . . , bm)

=
∫

0<W=W H<Im

det(W )am−m det(Im − W )bm−m∏m
α=2{det(W(α))kα−1 det((Im − W )(α))nα−1} dW

× 2m

∫
· · ·

∫
−∞<t1ij ,t2ij<∞

tii>0

exp
[
−

m∑
i<j

(t21ij + t22ij) −
m∑

i=1

t2ii

]

m∏
i=1

(t2ii)
am+bm−m+i−1/2

m−1∏
α=1

α∏
i=1

(t2ii)
−(kα−1+nα−1)

m∏
i≤j

dtij

= B̃∗
m(a1, . . . , am; b1, . . . , bm)Γ̃∗

m(a1 + b1, . . . , am + bm).

The last equality follows from Definition 3.1 and Theorem 2.6. �

Theorem 3.3. For Re(aj) > j − 1, and Re(bj) > j − 1, j = 1, . . . , m, we have∫
0<X=XH<Im

det(X)am−m det(Im − X)bm−m∏m−1
α=1

{
det(X(α))kα+1 det(Iα − X(α))nα+1

} dX

= B̃∗
m(a1, . . . , am; b1, . . . , bm),

where aj =
∑j

i=1 ki, bj =
∑j

i=1 ni.

Proof. Similar to the proof of Theorem 3.2 �

4. Liouville-Dirichlet integral

In this section we study multivariate Dirichlet integral, Liouville integral and its
generalizations (Sivazlian [11, 12], Klamkin [6], Olkin [7, 8]) in the complex case.
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Definition 4.1. The complex multivariate Dirichlet function is denoted by
B̃m(a1, . . . , ar; b) and is defined by

B̃m(a1, . . . , ar; b) =
∫

· · ·
∫

0<
∑r

i=1 Xi<Im

Xi=XH
i >0,i=1,...,r

r∏
i=1

det(Xi)ai−m det
(

Im −
r∑

i=1

Xi

)b−m r∏
i=1

dXi,

where Re(ai) > m − 1, i = 1, . . . , r, and Re(b) > m − 1.

The relation between the complex multivariate Dirichlet function and the com-
plex multivariate gamma function is given in the following theorem.

Theorem 4.2. For Re(ai) > m − 1, i = 1, . . . , r, and Re(b) > m − 1,

(4.1) B̃m(a1, . . . , ar; b) =
Γ̃m(b)

∏r
i=1 Γ̃m(ai)

Γ̃m(a + b)
,

where a =
∑r

i=1 ai.

Proof. Consider the integral

(4.2) φ(X) =
∫

· · ·
∫

∑r
i=1 Xi=X

Xi=XH
i >0,i=1,...,r

r∏
i=1

det(Xi)ai−m det
(

Im −
r∑

i=1

Xi

)b−m r∏
i=1

dXi.

Substituting
∑r

i=1 Xi = X, Wi = X−1/2XiX
−1/2, i = 1, . . . , r − 1, in (4.2) with

the Jacobian

J(X1, . . . , Xr−1, Xr → W1, . . . , Wr−1, X) = det(X)(r−1)m,

we get

φ(X) = det(X)a−m det(Im − X)b−m(4.3)

×
∫

· · ·
∫

0<
∑r−1

i=1 Wi<Im

Wi=W H
i >0,i=1,...,r−1

r−1∏
i=1

det(Wi)ai−m det
(

Im −
r−1∑
i=1

Wi

)ar−m r−1∏
i=1

dWi

= det(X)a−m det(Im − X)b−mB̃m(a1, . . . , ar−1; ar).

Now from (4.3) and (2.3) we can write

B̃m(a1, . . . , ar; b) =
∫

0<X=XH<Im

φ(X) dX(4.4)

= B̃m(a1, . . . , ar−1; ar)

×
∫

0<X=XH<Im

det(X)a−m det(Im − X)b−m dX

= B̃m(a1, . . . , ar−1; ar)B̃m(a, b).

From the recurrence relation (4.4) we get

(4.5) B̃m(a1, . . . , ar; b) = B̃m

( r∑
i=1

ai, b

)
B̃m

( r−1∑
i=1

ai, ar

)
· · · B̃m(a1, a2).

Substituting for the complex multivariate beta functions in (4.5) and simplifying
gives the result. �
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The following result is the complex matrix variate analog of Liouville’s extension
of the Dirichlet integral.

Theorem 4.3. Let f(X) be a continuous scalar function of an m × m Hermitian
matrix X and let B be a Hermitian positive definite matrix of order m. Then, for
Re(ai) > m − 1, i = 1, . . . , r, and

∑r
i=1 ai = a,∫

· · ·
∫

0<
∑r

i=1 Xi<B

Xi=XH
i >0,i=1,...,r

r∏
i=1

det(Xi)ai−mf

( r∑
i=1

Xi

) r∏
i=1

dXi

= B̃m(a1, . . . , ar−1; ar)
∫

0<X=XH<B

det(X)a−mf(X) dX

=
∏r

i=1 Γ̃m(ai)
Γ̃m(

∑r
i=1 ai)

∫
0<X=XH<B

det(X)a−mf(X) dX.

Proof. Making the same transformation as in Theorem 4.2, the above left-hand side
integral becomes∫

· · ·
∫

∑r−1
i=1 Wi<Im

Wi=W H
i >0,i=1,...,r−1

r−1∏
i=1

det(Wi)ai−m

(
Im −

r−1∑
i=1

Wi

)ar−m r−1∏
i=1

dWi

×
∫

0<X=XH<B

det(X)a−mf(X) dX.

The desired result now follows from Definition 4.1 and (4.1). �

The next two theorems give generalizations of the above theorem. We will give
proof of Theorem 4.4. The proof of Theorem 4.5 can be constructed along similar
lines.

Theorem 4.4. Let f(X) be a continuous scalar function of an m × m Hermitian
matrix X and let B be a Hermitian positive definite matrix of order m. Then∫

· · ·
∫

0<
∑r+s

i=1 Xi<B

Xi=XH
i >0, i=1,...,r+s

r+s∏
i=1

det(Xi)ai−mf

( r∑
i=1

Xi

) r+s∏
i=1

dXi

= B̃m(a1, . . . , ar−1; ar)B̃m(ar+1, . . . , ar+s−1; ar+s)B̃m(a(2), m)

×
∫

0<X=XH<B

det(X)a(1)−m det(B − X)a(2)
f(X) dX,

where a(1) =
∑r

i=1 ai, a(2) =
∑r+s

i=r+1 ai and ai > m − 1, i = 1, . . . , r + s.

Proof. Transforming
∑r

i=1 Xi = X,
∑r+s

i=r+1 Xi = Y , Wi = X−1/2XiX
−1/2, i =

1, . . . , r − 1, Wi = Y −1/2XiY
−1/2, i = r + 1, . . . , r + s − 1, with the Jacobian

J(X1, . . . , Xr+s → W1, . . . , Wr−1, X, Wr+1, . . . , Wr+s−1, Y )

= det(X)(r−1)m det(Y )(s−1)m
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on the left-hand side of the above integral, we get∫
· · ·

∫
0<

∑r−1
i=1 Wi<Im

Wi=W H
i >0,i=1,...,r−1

r−1∏
i=1

det(Wi)ai−m det
(

Im −
r−1∑
i=1

Wi

)ar−m r−1∏
i=1

dWi

×
∫

· · ·
∫

0<
∑r+s−1

i=r+1 Wi<Im

Wi=W H
i >0,i=r+1,...,r+s−1

r+s−1∏
i=r+1

det(Wi)ai−m det
(

Im −
r+s−1∑
i=r+1

Wi

)ar+s−m r+s−1∏
i=r+1

dWi

×
∫∫

0<X+Y <B
X=XH>0,Y =Y H>0

det(X)a(1)−m det(Y )a(2)−mf(X) dX dY.

Now, the first two integrals are readily evaluated as B̃m(a1, . . . , ar−1; ar) and
B̃m(ar+1, . . . , ar+s−1; ar+s). Substituting Z = (B − X)−1/2Y (B − X)−1/2 with
Jacobian J(Y → Z) = det(B − X)m in the third integral, we obtain∫∫

0<X+Y <B
X=XH>0,Y =Y H>0

det(X)a(1)−m det(Y )a(2)−mf(X) dX dY

=
∫

0<X=XH<B

det(X)a(1)−m det(B − X)a(2)
f(X) dX

×
∫

0<Z=XH<Im

det(Z)a(2)−mdZ

= B̃m(a(2), m)
∫

0<X=XH<B

det(X)a(1)−m det(B − X)a(2)
f(X) dX,

where the last line has been obtained by using (2.3). �

Theorem 4.5. Let f and g be continuous scalar functions of an m×m Hermitian
matrix argument and let B be a Hermitian positive definite matrix of order m. Then∫

· · ·
∫

0<
∑r+s

i=1 Xi<B

Xi=XH
i >0, i=1,...,r+s

r+s∏
i=1

det(Xi)ai−mf

( r∑
i=1

Xi

)
g

( r+s∑
i=r+1

Xi

) r+s∏
i=1

dXi

= B̃m(a1, . . . , ar−1; ar)
∫

· · ·
∫

0<X+
∑r+s

i=r+1 Xi<B

X=XH>0,Xi=XH
i >0, i=r+1,...,r+s

det(X)a(1)−m

r+s∏
i=r+1

det(Xi)ai−mf(X)g
( r+s∑

i=r+1

Xi

)
dX

r+s∏
i=r+1

dXi

= B̃m(a1, . . . , ar−1; ar)B̃m(ar+1, . . . , ar+s−1; ar+s)

×
∫∫

0<X+Y <B
X=XH>0,Y =Y H>0

det(X)a(1)−m det(Y )a(2)−mf(X)g(Y ) dX dY,

where a(1) =
∑r

i=1 ai, a(2) =
∑r+s

i=r+1 ai and ai > m − 1, i = 1, . . . , r + s.
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5. Related distributions

In this section, using results of Section 2 and Section 3, we define generalized
complex matrix variate gamma and generalized complex matrix variate beta dis-
tributions. The distributions so defined are closely related to the complex matrix
variate gamma and the complex matrix variate beta distributions. Further, we
show that these distributions arise naturally in statistical distribution theory.

Definition 5.1. The generalized complex matrix variate gamma kind 1 distribution
is defined by the p.d.f.

(5.1)
∏m

α=1 det(B(α))kα

Γ̃∗
m(a1, . . . , am)

etr(−BX) det(X)am−m∏m
α=2 det(X(α))kα−1

, X = XH > 0,

where aj > j − 1, j = 1, . . . , m, with aj = km−j+1 + · · · + km and B = BH > 0.

Definition 5.2. The generalized complex matrix variate gamma kind 2 distribution
is defined by the p.d.f.

(5.2)
∏m

α=1 det(B(α))−nα

Γ̃∗
m(b1, . . . , bm)

etr(−BX) det(X)bm−m∏m−1
α=1 det(X(α))nα+1

, X = XH > 0,

where bj > j − 1, j = 1, . . . , m, with bj = n1 + · · · + nj and B = BH > 0.

For k1 = · · · = km−1 = 0 and km = am = a, the density in (5.1) slides to

(5.3) {Γ̃m(a)}−1 det(B)a etr(−BX) det(X)a−m,

which is a complex matrix variate gamma distribution denoted by X ∼ CGm(a, B).
Similarly, by substituting n1 = b1 = b and n2 = · · · = nm = 0, one can see that
the p.d.f. (5.2) reduces to a complex matrix variate gamma density with parame-
ters (b, B).

Definition 5.3. The generalized complex matrix variate beta kind 1 distribution
is defined by

{B̃∗
m(a1, . . . , am; b1, . . . , bm)}−1(5.4)

× det(X)am−m det(Im − X)bm−m∏m
α=2{det(X(α))kα−1 det((Im − X)(α))nα−1} ,

where aj =
∑m

i=m−j+1 ki, bj =
∑m

i=m−j+1 ni, Re(aj) > j − 1, and Re(bj) > j −
1, j = 1, . . . , m.

Definition 5.4. The generalized complex matrix variate beta kind 2 distribution
is defined by

{B̃∗
m(a1, . . . , am; b1, . . . , bm)}−1(5.5)

× det(X)am−m det(Im − X)bm−m∏m−1
α=1 {det(X(α))kα+1 det((Im − X)(α))nα+1}

,

where aj =
∑j

i=1 ki, bj =
∑j

i=1 ni, Re(aj) > j−1, and Re(bj) > j−1, j = 1, . . . , m.

Note that by specializing parameters in (5.4) and (5.5) one can obtain complex
matrix variate beta density. In the next theorem we derive generalized complex
matrix variate beta densities.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3340 DAYA K. NAGAR, ARJUN K. GUPTA, AND LUZ ESTELA SÁNCHEZ

Theorem 5.5. Let Ai ∼ CGm(νi, Im), i = 1, 2, be independent.
(i) If A2 = TTH , where T is a complex lower triangular matrix with positive

diagonal elements, then the distribution of U = TH(A1 + A2)−1T is given by

(5.6)
det(U)ν2−1 det(Im − U)ν1−m

B̃m(ν2, ν1)
∏m

i=2 det(U(i))2
, 0 < U = UH < Im.

Further, U and A1 + A2 are independently distributed.
(ii) If A2 = TTH , where T is a complex upper triangular matrix with positive

diagonal elements, then the distribution of U = TH(A1 + A2)−1T is given by

(5.7)
det(U)ν2−1 det(Im − U)ν1−m

B̃m(ν2, ν1)
∏m−1

i=1 det(U (i))2
, 0 < U = UH < Im.

Further, U and A1 + A2 are independently distributed.

Proof. (i) The joint p.d.f. of A1 and A2 is

etr[−(A1 + A2)] det(A1)ν1−m det(A2)ν2−m

Γ̃m(ν1)Γ̃m(ν2)
.

Transforming A = A1 + A2 and A2 = TTH , where T = (tij), tii > 0, tij =
t1ij +

√
−1t2ij , i > j, with the Jacobian of the transformation J(A1, A2 → A, T ) =

2m
∏m

i=1 t
2(m−i)+1
ii , we get the joint p.d.f. of A and T as

2m etr(−A) det(A − TTH)ν1−m
∏m

i=1(t
2
ii)

ν2−i+1/2

Γ̃m(ν1)Γ̃m(ν2)
,

where A−TTH > 0, tii > 0 and −∞ < t1ij , t2ij < ∞, i > j. Further, transforming
U = THA−1T with the Jacobian

J(T → U) =

[
2m det(A−1)

m∏
i=2

det((A−1)(i))2
m∏

i=1

t
2(i−1)+1
ii

]−1

,

we get the joint p.d.f. of A and U ,

(5.8)
etr(−A) det(A)ν1+ν2−m det(Im − U)ν1−m det(U)ν2−1

Γ̃m(ν1)Γ̃m(ν2)
∏m

i=2 det(U(i))2
,

since
∏m

i=1 t2i
ii =

∏m
i=1{det(U(i))/ det((A−1)(i))}. From (5.8), it is easy to see that

A, i.e., A1 +A2 and U are independent, A ∼ CGm(ν1 +ν2, Im) and the distribution
of U is given by (5.6).

(ii) The proof is similar to part (i). �

Theorem 5.5, in the real case, was derived by Olkin and Rubin [9].
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