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ABSTRACT. We give two results concerning the distribution of Hecke eigenval-
ues of SL(2,Z). The first result asserts that on certain average the Sato-Tate
conjecture holds. The second result deals with the Gaussian central limit the-
orem for Hecke eigenvalues.

1. INTRODUCTION AND MAIN RESULTS

The aim of this paper is to give two results concerning the distribution of Hecke
eigenvalues. In the first result (Theorem [I) the Sato-Tate distribution appears,
and in the second result (Theorem [)) the Gaussian distribution appears. In the
following, p and p; (i = 1,2,...) stand for prime numbers, k is a positive even
integer, and x is a positive real number. We denote by Fj, the set of all normalized
holomorphic Hecke eigen cusp forms of weight k& with respect to SL(2,Z). For
f € Fir we write T, f = Xf(n)f, where T, is the n-th Hecke operator, and put
Af(n) = Xf(n)/n% Then we have

1) M) = 3 A (B

d|(m,n)

and it is proved by Deligne that A¢(p) € [—2,2] for p prime.

Inspired by the Sato-Tate conjecture for non-CM elliptic curves over Q, Serre
conjectured that for each f € Fy, As(p)’s are uniformly distributed with respect to
the Sato-Tate distribution, that is, for any continuous real function h on [-2, 2] we
have

1 1 /2
(2) th(Af(p)) — —/Qh(t)\/4—t2dt, as T — oo,

m(x = 2 J_

where 7(z) denotes the number of all primes up to z (see e.g. [MM3]). We also
refer to this conjecture as the Sato-Tate conjecture. This conjecture is equivalent
to the fact that for each integer m > 1, L(s, Sym™ f) has an analytic continuation
up to Re(s) > 1 and does not vanish on the line Re(s) = 1, where L(s,Sym™ f)
is the m-th symmetric power L-function attached to f. Murty [Mu] showed that
it is sufficient that for each m > 1, L(s,Sym™ f) has an analytic continuation up
to Re(s) > 1. Recently Kim and Shahidi [Ki], [KS] made remarkable progress
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3098 HIROFUMI NAGOSHI

concerning symmetric power L-functions. However, the Sato-Tate conjecture (2))
has not yet been proved for any f € Fj.

The next theorem is one of two main results of this paper. This theorem asserts
that on certain average the Sato-Tate conjecture (2)) holds.

Theorem 1. Suppose that k = k(x) satisfies iggi — o0 as x — 00. Then for any

continuous real function h on [—2,2], we have

1 12 —

p<z
fEFk

as r — Q.

In contrast to the Sato-Tate conjecture (), in which we fix f € Fj and take the
sum of A¢(p) over the primes, the limit distribution when we fix a prime p and take
the sum of Af(p) over Hecke eigenforms f € Fj, was studied by Conrey, Duke, and
Farmer [CDF], Theorem 1] and Serre [Sel, Théorem 1] (see also [Sa|] for Maass wave
forms of SL(2,Z)). For the case that p — oo see [CDF], Theorem 2], and similar
results were obtained in e.g. [Bi], [Nal, [Ydl.

The second main result of this paper is the following.

Theorem 2. Suppose that k = k(x) satisfies iggi — 00 as x — 00. Then for any

bounded continuous real function h on R, we have

1 2 p<z A (D) R e
(3) EZ% et ) m[mh(t)e dt

fEFK

as r — Q.

Theorem [2is a central limit theorem for Hecke eigenvalues and was inspired by,
for example, Erdés-Kac’s theorem ([EK], [El]). See also [MMI], [MM2]. We note
that usual theory concerning the central limit theorem (see e.g. [Bl Theorem 27.1])
is not applicable for the proof of Theorem [2} because the distributions of A¢(p) in
the case of varying f € F}, are different for each other prime p, according to [CDF]
and [Se] mentioned above.

We remark that the Sato-Tate distribution appears in the central limit theorem
of free probability theory (see e.g. [HP, Theorem 2.3.2]).

Let F<x = {f € Filk < K} = U, Fr for a positive integer K. By the
arguments in this paper, we can also obtain the same results as Theorem [ and

Theorem [ for F< g, in place of F, under the assumption that K = K(z) satisfies
log K
log x

— 0 as r — OQ.

2. LEMMAS

In this section we give some facts which are used in the proof of our theorems.
By using the trace formula for the Hecke operator T;,, the next lemma is proved in
[Sel Section 4].

Lemma 1. We have

k—11

> Ap(n) =bp——— +0(n%),
12 nz

fEFK

where the implied constant and ¢ (> 0) are absolute, and 6, = 1 if n is a square
and 6, = 0 otherwise.
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In particular, taking n = 1, we get
kE—1 k
4 ~
) I T Y 1

The next lemma is proved in [CDF, Lemma 3].

as k — oo.

Lemma 2. Suppose p is prime. Then for an integer n > 1 we have
M) =D hn()Ar (),
§=0

where
) 2n+1
(5) ha(g) ==

/ cos” Osin(j 4 1)0 sin 6d6.
™ Jo

We note that by calculation,
(6) hn(j) =0

if n is odd and j is even, or if n is even and j is odd.

3. PrROOF oF THEOREM [II

This section is devoted to proving Theorem [Il
Since igg I; — 00 as x — oo, for an arbitrary positive real number a we have
log k > alog x and hence

(7) k> z°

if x is sufficiently large.

The Weierstrass approximation theorem implies that for a continuous real func-
tion h(t) on the compact set [—2,2] and for any e > 0, there exists a polynomial
p(t) such that |h(t) — p(t)| < € uniformly on [-2,2]. So it is sufficient for getting
Theorem [ to prove that for each integer r > 0,

2

(8) 1 Z Ar(p)" — L/ t"/4 —t2dt as x — 0o.
—2

w(x) #Fy 2m

p<z
feFk

Note that, by changing variables u — 2 cos 6 and ([,

1 /2 or+1
(9) — t'\/4 —t2dt =

2 J_o m

/ cos” fsin? 0df = h,.(0).
0

In the case r = 0, (§) holds. We now fix an integer r > 1. By Lemma [2] we have

Sw,r = Z Z )‘f(p)r

p<z fEF

=> > D i G)

p<z feFr j=0

=D > i) Do As)

p<z j=0 fE€FK
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This, Lemma [l and Af(1) =1 yield

=3 k(0 #ﬂ+ZZh ( 211%+0(pjc))

p<lx p<lzx j=1

( #Fkﬂ- +Zh 12 Z pJ ZO )

p<m p<lz

(10)

Since the formula Zpﬁx 1/p ~ loglog x holds, we have for 1 < j <r,
k—1 Opi < kE—1 1

_ — ~

i =
12 <z p2 12 pgmp

-1
loglog x.

This, ) and the prime number theorem m(z) ~ z/logx give

1 k—1 i
(11) T TR
w(x) #F, 12 =ipt

for 1 < j <r. Since

—0 as r — 09,

Y o) <D 0@™) <an(x),

p<z p<z

we also have, by (IZI) and (@),

rc

12 o) <« —0 as & — 00.
- AR L0V <4
Combining (I0), (II) and [IZ), we obtain
1
—— S, — h(0 as r — 00.

This and (@) give () for fixed » > 1. Hence we complete the proof of Theorem [II

4. PROOF OF THEOREM

This section is devoted to proving Theorem Pl Asin (), for an arbitrary positive
real number a we have

(13) k> ax®

if = is sufficiently large. Since prime p is an integer, it is sufficient for getting (3]
to prove it only when z runs through the positive integers. Moreover, according to
Theorem 25.8 and Theorem 30.2 (the method of moments) in [B], it is sufficient to
prove that for each integer r > 1,

R RN 5 DV A N S e
(14) Uer = o > ( NCT) ) \/%/_wte dt

fE€FK
as a positive integer x goes to co. It is known that

r! . .
if r is even,

R
e e 2)°
21 J - 0 if 7 is odd.

)
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We have, by the multinomial formula,

(16) > Arp)

T

p<zx
—zz” A A A )

(715000570) T‘1"F2 Ty 'U' D) ! Fz FAu ’
where Z(mm)”) means the sum over the u-tuples (r1, 79, ..., 7,) of positive integers
satisfying 71 +ro +---+r, = r, and ZE?I ..p,) eans the sum over the u-tuples
(p1,p2, .., pu) of distinct primes not greater than x. For u-tuples (rq,...,7,) and
(p1,-..,pu) as in ([I0) we define

B(Tlv"'aru;pl,“wpu . Z )‘f Pl o (pu) )

fEFK
(2)
A(ry, ..oy 7m0) ::Z B(r1y - s Tu;P1y- -y Du)-

(P1:-,pu)
Then (8] gives

(1) rl 1 1 1
! L A ).
( 7) Z Z(”‘l, Ta) rl|r2| ru! u! 7T($)5 #.7:]@ (7"1 T )

By Lemma 2l and (),

B(rlv"wru;pla"'apu)

= [ Gon @) | - | D B GAs )

feF, \41=0 =0
=3 S0 G e GoAr ] p)
(18) feFi 0<g1<r,
0<ju<ra
Z Py (1) B, (Gu) Z )‘f(pjl.1 - 'piu)~
0<j1<r1, fEFk
0<ju<ra

Under this setting, we have the following lemmas.

Lemma 3. Let k = k(z) satisfy 225 — 0o as © — co. Assume that an u-tuple

log x
(ri,...,1ry) in (7)) satisfies the condition that ¢ is odd for some €. Then
1 1
————A(r,...,7y) — 0
O

as r — Q.

Proof. By ([I8)), (6) and the assumption that r is odd, we have

®) _
(19) B(r1,--.,Tuip1s-- - Pu) =Z(j1 iy PG o B, () > Ap(plt - pi),
B fEFK
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where 28’331) denotes the sum over the u-tuples (j1, .. ., j, ) of integers satisfying

that 0 < j; <r; foralli=1,...,u and that j, is odd. Since jy is odd, p{l coeplu s
not a square, so that by Lemma, [I]

B(ri,...,Tu;P1y- s Du) :Z
=2

ji, )hrl(]l)hTu(.]u)O ((p{l ...p{;,,)c)

(
(
Eh, wsJu) (pl pZLu)c)

This and u < r give

(2) 3 r T\ C
A(Th...,?"u)zz( Z ) ) OT((pll"'pu“) )

D1y 5Pu) (J15++20u)
)

(2 3
- O,.((p" ---p")°
(m, ,pu)z(jl,, ) (P71 P)°)
E : (3) @)
- § O, (2" = O, (zre
) 2stisei) O = 2y O

< 7T(x)uor(xurc) <<r W(.%)T$T2c < xr+r20.
Hence by this, @) and (I3]), we obtain

11
m(z)2 #F%

(riy...,ry) —0 as T — 00.

O

Lemma 4. Let k = k(z) satisfy %giz — 00 as x — oo. Assume that an u-tuple

(ri,...,my) in ([I0) satisfies the condition that all v; (i = 1,...,u) are even. If

ri =2 foralli=1,...,u, then we have

(20) %L (riy..oymy) — 1 as T — 00;
m(x)z #Fx

if not, then we have

(21) %L (ri,...,7y) — 0 as T — 00.
m(x)z #Fx

Proof. First we consider the case (r1,72,...,7,) = (2,2,...,2) and will prove ([20).
Recalling vy + -+ - + r, = r, we have

(22) u:%

From (I8), @) and the fact ho(0) = ho(2) = 1, it follows that
B(Tlv"'aru;pl,“wpu): Z Z )‘f(pilpiu)

Jis: Ju fEFk
0

=D /\f(1)+z(4) Z Ar(py - i),

J1s- ;Ju
FEF b FeF,

(23)

where 281) ..j.) denotes the sum over the u-tuples (J1,- -, ju) satisfying that for
eachi=1,...,u, j; is equal to 0 or 2 and that (j1,...,j.) # (0,...,0). Then since
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plt -+ ple in @3) is a square, Lemma [T gives

B(r1y o s TuiP1y- - s Du)

= k-1 1 J1 Ju\C
#fk+zjl’ 7]u < 12 (pg_l j +O((p1 pU))>

Y41 ...pﬂ“’)%

pht)3
So
A(ﬁ, . ,ru)
(2) k -1 (2) (4)
= f 1 T |
(24) # kZ(m,...,pu) + 12 (m,i..,pu)z(]‘hn_’ju) oh
) “ , _
O((pl*...p7)°).
+Z<p1,”.,pu>Z(jlmju) (1" pi)°)
We have
(2)
1= L
Z(phwpu) (» E:P ): (p Zp ):
(25) JPLePu ) ()

pi = p; for some i, j (i # j)

— 7(@)" + O (w(a)*) = (@)% + 0, (x(@)i )

1

3103

by (22Z). Since for an u-tuple (ji,...,J,) in 2(31 ) ji’s are 0 or 2, and the

formula ~ loglog x holds, we have

(2 4 1
Z Pu) Z ; i j

(P, (G1du) (pI* - pl)2

2) 1
_Zh, Ju) Z(:Dh ) (p{1~~~p%“)%
(4) 1
(26) — Z Z J1

G\ £
(J1seesdu) pu<z (pl ...pu“)g

U—a(J1sees5u)

1
p<z p

o . 1
_Z(Jl, 7]u) ) Z_

p<z p

4 ] . . .
<u Z( ) 7T(x)a(h,-‘.,]u) (log log x)u_a(]l’“'ﬂu)7

(jla“'?ju)

where for an u-tuple (j1,...,7,) we put a(ji,...,5,) = #{1 <i < u|j; = 0}. For
any u-tuple (jq,...,Jy) in 283 du) W have a(j1,...,ju) < w—1. This, (26) and

22) yield
)DIRD D ——
(P1yyPu) (J1seeerdu) (p]f .. 'pi“)%
4
<<’LL ZEJI”JH) W(x)ufl(log log x)u
<, m(z)" (loglog 2)" = m(x)5 ' (loglog z)%.

(27)
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We have

DD DI I (RNZO0

(2) (4)
(28) < Z(zzl,)‘..,m Z(jleu) o
2 ro12

< Z(m,.u,pu) et < (@) et = m(z)2act

Combining ([24), 28), @7) and (28)), we obtain
Alry, .oy ry) = #F% (71'(1‘)5 10, (ﬁ(x)gq))
+ % O, (w(x)2 " (loglog ) ?) + O (ar(x)%g;%rzc) 7

so that, by @), (I3) and the formula 7(z) ~ z/logz,

1 1
m(x)2 #F%k
as © — 00. Therefore (20) is proved.

Next we shall consider the case (r1,r2,...,7,) # (2,2,...,2) and prove ([2I)). In
this case, using the assumption and recalling r1 + - - - + 7, = 7, we have

A(ry, ... ) — 1

(29) u< - —1.

N)I\Z

By ([I8), (@) and Lemma[I]

B(Tla"'vru;p17"'7pu)
*Z 1"1 ]1 ]u Z )‘f piu)
(J15eeesdu) feFr
-1 1
12 (pf* - plir)2

-

where Z( ) ju) denotes the sum over the u-tuples (j1,---,Ju) of even integers
satlsfymg that 0<yj;<r;foreachi=1,...,u. Hence

(J15+5du)

by (41) -+ - B, (Gu) (k + O((p{I e ,piu)c)> )

Ary, o) = P21 ® 2(5) Ry (1) - oy (Gu)
bt TY Lrpa) i) (pl - pht)

+Z(2) )Z(S) . hm(]l)hru(Ju) O((pjll ..,piu)c)_

(P15e-sPu (J1seeesu)

Using (29), we have

]u)

S P

2) (5) hry (1) -+ o,
Z(plw-wpu) Z(jlv--wju) Ju)

( 1-. pu

(P15--+5Pu) (J1seedu)

2) u r—1
—E ) < m(a)" < mw(x)?

Pl; 7Pu
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and
(2) (5) ; .
By (31) -+ o (Gu) O((p7F -+ - pI)©
Z(pl,...,mZ(jl,..,,ju) (1) () O((p1" -+ - p2)°)
(2) (5) (2)
— O urc — O urc
Z(pl,,..,pwzm,n.,ju) r(@) Z(pl,,..,m r@)
<, 7T(x)uxurc < W(ﬂf)57 x(Zfl)rc’
so that

ATy .oy ry) Kp ——

This, @) and ([I3) give
11 1 B p(r)lali-Dre
————A(r, .., Ty) Lo 12 4 — 0
O R 7 S =5 T

as x — o0o. Therefore we obtain ([21]). O

From Lemma Bl and Lemma [l it follows that for an u-tuple (rq,...,r,) in ({I),

1 1 1 if (r,..,r) =(2,...,2),
——A(r1, ..., Ty) —
w(a)F B )

as x — oo. Note that if (ry,...,7,) = (2,...,2), then u = Z, as in [22).

We now consider the sum U, , in (I7)) and let « be a positive integer. Suppose
that r is odd. Then by 71 + -+ 4+ 7, = r and [B0), all terms in (1) go to 0 as
x — o0, and hence U, , goes to 0. Next suppose that r is even. Then by ([B0U) we
have that as * — oo, all terms in (7)) go to 0 except the term corresponding to
u=gandry =---=r, =2, which goes to r!/(ri!---r,lu!) = r! -. Hence Uy,

(30) .
0 otherwise,

r!
goes to P Gy

This, (I4) and ([I5) complete the proof of Theorem [
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