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ABSTRACT. Using the method of forcing we prove that consistently there is a
Banach space of continuous functions on a compact Hausdorff space with the
Grothendieck property and with density less than the continuum. It follows
that the classical result stating that “no nontrivial complemented subspace of
a Grothendieck space C(K) is separable” cannot be strengthened by replacing
“is separable” by “has density less than that of l»”, without using an addi-
tional set-theoretic assumption. Such a strengthening was proved by Haydon,
Levy and Odell, assuming Martin’s axiom and the negation of the continuum
hypothesis. Moreover, our example shows that certain separation properties
of Boolean algebras are quite far from the Grothendieck property.

1. INTRODUCTION

For an infinite compact Hausdorff space K, let C(K) be the Banach space of the
continuous real-valued functions on K, with the supremum norm. The purpose of
this work is to show that the existence of a Grothendieck space C(K) with density
less than the continuum (denoted by ¢) is independent from the usual axioms of set
theory. Recall that a Banach space X is said to be a Grothendieck space (see [4] for
more details) whenever each weak* convergent sequence in its dual X* converges
weakly. To obtain this independence result we make the following two assertions:

(0 If p = ¢, then every Grothendieck space C(K) has density > c.
In a model obtained by forcing, there is a Grothendieck
(I1) space C(K) with density < c.

The main purpose of this work is to prove (II), since (I) is already known: it follows
from a result of [9]. To present a direct proof of (I) here, we define the cardinal
p: we call p the least infinite cardinal x for which there exists (My)a<x C p(N)
such that (,cp M, is infinite for all finite subsets F' of x and there is no infinite
M C N such that |M \ M,| < oo for all &« < k. This means that we can in some
way diagonalize less than p subsets of N which are finitely compatible. It is known
that wqy < p < ¢ (wy is the first uncountable cardinal) and that MA (Martin’s
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axiom) implies that p = ¢. We have that every infinite compact Hausdorff space
with weight less than p has a nontrivial convergent sequence (see [6], Proposition
24 A), and therefore C'(K) is not a Grothendieck space (see the proof of Theorem
9.5 of [11]). So, assuming p = ¢ we have that if C'(K) is a Grothendieck space, then
K has weight at least ¢, and by the Stone-Weierstrass Theorem, C'(K) has density
at least c.

It follows from a result of [4] that no nontrivial complemented subspace of a
Grothendieck space C(K) is separable. A strengthening of this statement fol-
lows from a result of [9], assuming MA (or simply p = ¢) and the negation of
CH (continuum hypothesis): each nontrivial complemented subspace of a non-
reflexive Grothendieck space (hence each nontrivial complemented subspace of a
Grothendieck space C'(K)) has density at least ¢. Our result shows that we need
an additional set-theoretic assumption to prove such strengthening.

Pelezytiski asked (see [§]) if every Banach space of continuous functions should
contain either a complemented copy of ¢y or a (complemented) copy of lo. Ta-
lagrand (assuming CH, see [16]) and Haydon (without any additional hypothesis;
see [8]) answered this question negatively. Moreover, the space constructed by
Talagrand does not have a quotient space isomorphic to l,. On the other hand,
Haydon, Levy and Odell proved in [9] that p = ¢ and the negation of CH imply
that every Grothendieck space C(K) has I, as a quotient. Our space has stronger
properties than that constructed by Talagrand: it is a Grothendieck space C'(K)
or, equivalently, a Banach space C'(K) with no complemented copies of ¢y (by a
result of [13]) with density less than ¢, which is the density of I, (and therefore it
has no quotient isomorphic to ).

Turning to properties of Boolean algebras, we would like to note that there are
many of them which imply that C'(K) has the Grothendieck property, with K its
Stone space. Some of them are the subsequential completeness property (see [8]),
subsequential interpolation property (see [7]), etc. However, all of them also imply
that the Boolean algebra has cardinality at least ¢, which is not the case of ours.
So, our space is a Grothendieck space C'(K), for K the Stone space of a Boolean
algebra, which does not have such properties. This illustrates that these properties
are quite far from the Grothendieck property.

To show (IT) we will not make use of well-known axioms like CH or p = ¢, as occur
in the results of Talagrand and Haydon, Levy and Odell. Instead, we shall prove
the consistency directly by forcinglll Using a product of Sacks forcings (also known
as the perfect set forcing) we obtain the model in which there is a Grothendieck
space C(K) with density less than c¢. It would be interesting to decide if axioms
such as p < ¢ imply (II) directly. Other applications of the Sacks forcing in analysis
can be found in [2] and [I5].

The idea of showing (II) was motivated by a result of [I0]. In this work, Just
and Koszmider showed that a certain compact Hausdorff space K with weight
less than ¢ (and so, C(K) has density less than ¢) has no nontrivial convergent
sequences. Although this is not sufficient for C(K) to be a Grothendieck space, it
is necessary. Thus, generalizing and modifying the methods used in [I0] we prove
that C(K) is a Grothendieck space. Moreover, Schachermayer proved (see [13])
that a necessary (but not sufficient) condition for a Boolean algebra to have the

LA classical example of the use of forcing to obtain a result in analysis is the proof of the
consistency of the automatic continuity of homomorphisms between Banach algebras (see [3]).
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Grothendieck property (that is, for C(K) to be a Grothendieck space, where K is
its Stone space) is that it is not a countable union of a strictly increasing sequence
of subalgebras. One of the results of [I0] (which follows, also combining ours and
that of [13]) is that our Boolean algebra is not such a union.

In this paper, B denotes an infinite Boolean algebra and S(B) its Stone space.
We use \/,.;b; for the supremum of the family (b; : i € I) C B, if it exists, and
we say that a family A C B is an antichain in B if for each a,b € A with a # b we
have that a - b = 0. We denote by p a real-valued finitely additive measure on B,
and if p is bounded, |u| denotes the variation of u. K will always denote an infinite
compact Hausdorff space and Bor(K) the o-algebra of its Borel sets. A Radon
measure u on K is a real-valued o-additive bounded regular measure on Bor(K),
and ||p]| denotes its norm (see [I3] and [I4] for the definitions).

Let B be a Boolean algebra. In what follows we will identify the Boolean algebra
B with the Boolean algebra Clop(S(B)) of the closed and open subsets of S(B),
using the Stone duality. Recall that given a Radon measure p on K, u|g is a finitely
additive measure on B. On the other hand, if p is a finitely additive measure on B,
then there is a unique Radon measure i on K such that fi|z = p. Thus, we have
a correspondence between finitely additive measures on B and Radon measures on
K, and we will identify them in the sequel. Recall that the Riesz Representation
Theorem guarantees that C'(S(B))* (the dual space of C(S(B))) is isometric to the
space of the Radon measures on S(B). Hence we also identify each Radon measure
on S(B) (and thus, each finitely additive measure on B) with the correspondent
functional in C(S(B))*.

We use a standard terminology for the Sacks forcing: we denote by S the Sacks
forcing and given s € Sand p € s, let slp={qg€s:qgCporp Cq} €S. We
denote by I(n, s) the nth forking level of s € S, and we say that s <,, t if s < ¢ and
I(n,s) =1(n,t) (see [1] for the definitions).

Given a regular cardinal x, we denote by S* the product of x Sacks forcings, and
given s € S*, a finite subset F' of dom(s) and n € N, we denote by {(F,n,s) the
set {o : dom(c) = F and for all @ € F,o(a) € l(n,s(a))}. We say that s <g,, t if
s <tand l(F,n,s) =1(F,n,t). Finally, if s € S*, if F is a finite subset of dom(s)
and if o is a function with domain F' such that o(a) € s(«) for all @ € F, let
s|lo € S* be such that (s|o)(a) = s(a) for a € dom(s)\ F and (s|o)(a) = s(a)|o ()
for @ € F. We will need some results about this forcing, which are all proved in [IJ.

In Section 2 we present some combinatorial results needed for the proof of (II) and
in Section 3 we present the proof of the main result. The notation and terminology
used are those of [0] for Grothendieck spaces and those of [I] for Sacks forcing.

2. SOME COMBINATORIAL RESULTS

In this section we present some combinatorial results, which will be necessary in
the proof of the main theorem. The following lemma is implicit in [12].

Lemma 2.1. Let B be a Boolean algebra and let k be an uncountable cardinal. Let
(an : n € N) be an antichain in B and let (ur, : k € N) be a sequence in C(S(B))*.
If (N¢ = € < k) is an almost disjoint family in p(N) (that is, a family of infinite
subsets of N such that for all £ < & < k, Ne¢ N Ng is finite), then for all but
countably many &’s we have that for all k € N and all M C N, if \/,,cp; an emists,
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then

e ( \/ an) = Z i (an).-

neM neM

Proof. Suppose that the lemma does not hold. Then there is an uncountable X C s
such that for each £ € X there is k¢ € N and an infinite set M C N¢ such that
Ve, @i exists and Zi€M£ e (@) 7 fhke (Viens, ai)- We can assume without loss
of generality that there are natural numbers k and m such that for all £ € X

1
i\ @)= 3 mlan)] > —
i€ Mg i€ Mg

Fix § € X. Let 6c = pun(Vien, @) = Ziens #rlai). Since p(Vicpy, 50 @)
converges to d¢ as [ — oo, there are arbitrarily large I € N such that

1
(%) k(\/ ai) = 0¢| < 10| — —.
i€ Mg i>1
Let n be a natural number greater than m - |ug| and let &1, ..., &, be different
ordinals in X such that d¢, are either all positive or all negative. For each 1 < j <n,
let I; be a natural number as in (*) and such that (Mg, \ {0,...,l;})1<j<n are

pairwise disjoint. Note that (x) implies that uk(\/ieM& i1 a;) are also either all
”

positive or all negative and that |u(\/ 1, @) > L. Then,

’L‘GM&J. 1>

N C N al =" Im( ai)|2n~%>llﬂkll,
j=1

1<j<n i€Mg,i>l; €M, i>l;
a contradiction. Therefore the lemma is true. O

Lemma 2.2. Let m, A and N be natural numbers. For each i < N, let G; be a
finite subset of N with cardinality at least A+m. Fix an infinite X C N and suppose
that for each i < N and each k € G;, Xy, C X is such that X C | J{Xy,: k € F}
foralli < N and all F C G; with |F| > m. Then, for eachi < N, there is H; C G;
with cardinality at least A such that (\{ Xy, : % < N,k € H;} is infinite.

Proof. Let u be a nonprincipal ultrafilter in N which contains X. By the hypothesis,
for each ¢ < N, there are at most m — 1 elements k € G; for which X}, ; ¢ u, since
if they do not belong to w, their union does not belong to u as well. Taking
H;, ={k € G, : Xj; € u}, we have that |H;| > |G;| —m > A, which concludes the
proof. O

Lemma 2.3. Let N be a natural number and for each i < N, let G; C N be finite.
For each k € \J,. y Gi and each i,j < N, let (mf](n) :n € G;) be a sequence of
positive real numbers such that
Vi,j <N, Vke|JG, > mfn) <M,
I<N neG;

for a fixed positive real number M. Let n be a positive real number and let m be a
natural number such that m-n > M. Given a natural number C, there is a natural
number B depending on C, N and m such that if |G;| > B for all i < N, then,

for each i < N, there is G} C G; with cardinality C such that for all i,j < N with
i#j, all k € G} and all n € G, we have that mfj(n) <.
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Proof. We prove it by induction on N. If N = 1, we are done.

So, assuming that the result holds for N, we prove it for N 4+ 1. Fix a natural
number C and let C' = C+C-m. By the inductive hypothesis, there is B(N,C’) € N
satisfying the lemma for N and C’. We claim that

B(N +1,C) = max{C + N?-C"-m, B(N,C")}

works.

Since B(N 4+ 1,C) > B(N,C"), we have that for each i < N, there is GI* C G;
with |Gf*| = C’ satisfying the thesis. Taking K = |J{G?* : i < N}, we have that
|K| < N -C'. For each j < N and each k € K, there at most m elements n of G
such that m’fv7j(n) > n. So, taking

Gy ={neGy :mﬂ“\ﬂj(n) <n, for all k € K and all j < N},

we have that |G3| > C and mf, ;(n) < n for all k € K, all j < N and all n € Gy
We can suppose without loss of generality that |G| = C. Since for each i < N
and each k£ € G there are at most m elements n of G;* such that mﬁN(n) >,
taking

Gy ={ne G :mfy(n) <n, forall k € Gy},
we have that |Gf| > C and for each i, < N with ¢ # j, each n € G} and each
k € G} we have that mﬁj (n) < n, which concludes the proof. O

Proposition 2.4. Let s € S¥, let E C N be finite and let € and M be positive real
numbers. Let (i, : k € N) be a sequence of names for finitely additive measures on
the Boolean algebra p(N), let (Ay : k € N) be a sequence of names for subsets of N
and let X be a name for a subset of N. Suppose that

VEeN, |l < M,

Vi K eN, k#K, Ay,nAy =0,
sk < X is infinite,

EnX =0,

Vke X, |u(Ay) > e

Given a natural number N, a finite subset F of k and a positive real number 6,
there are: s* € S* with s* <pn s; a* CN; E* C N with |[E*| < oNIEl - ¢ sequence
of names (Az : k € N) for subsets of N; and a name X* for a subset of N such that
s* forces that:

(1) forallk €N, At = Ay \ a* and so, for all k,k' €N, k # K, Ar 0 A%, = 0;

(2) X* C X and X* is infinite;

(3) for all k € X*, |ji|(a*) <& and so, for all k € X*, |(A%)| > & —6;

(4) for all k € E, |ju|(a*) < 9;

(5) there is k € E* such that |ju,(a*)| > & —§;

(6) B* C X\ X*.

Proof. First, take K = 2NIFl and n = %. Fix a natural number m such that
m-n > M. Let B € N be large enough (we need it large enough in order to have a
number greater than 1 after several applications of Lemmas and 23).

We will define a* as the “union of some Ay’s” with k € X. To find the k’s that

will work, we have to decide many (but finitely many) elements of X*, and after
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that, we will eliminate those which do not serve. So, take L = [(F, N, s) and let
D ={peS": thereis G C N with |G| = B and such that p I G C X}.

Since D is dense below s and open, by Lemma 1.8 of [I] there is s’ <p n s such
that s’|o € D for all o € L. Hence for each o € L, there is G, C N with cardinality
B such that §'|o forces that G, C X.
Now, we want to decide Ay, for each k € G, and each o € L. Let G = User G
and

D' ={peS*: forall k € G there is A;, C N such that p - A, = Ay}

Again, since D’ is dense below s’ and open, applying Lemma 1.8 of [I] we obtain
" <pn § such that for each o € L we have s”|c € D’. Hence for each ¢ € L
and each k € G, there is Aj(0) C N such that s”|o forces that Aj(oc) = Aj and
therefore, for each o € L, (Ax(0))rec is pairwise disjoint.
Since we want the measures of a* to satisfy properties (3), (4) and (5), and the
names A* to satisfy properties (1) and (3), we will approximate the values of the
measures fi for k € E UG in the sets A, (o) for 0 € L and n € G,.

Claim 1. For each 0,0 € L, each k € EUG and eachn € G,, there ism” _,(n) € R
and t <p n s such that for all 0,0" € L, allk € EUG and alln € GU, t|a forces
that || (An(0”)) < mk ,(n) and such that for all 0,0’ € L and all k € EUG,

Z mfj)g, (n) <M

neG,

Proof of Claim 1. Since EUG is finite and s forces that ||| < M for all k € EUG,
it also forces that there is 6 > 0 such that M — ||jix|| > 6 for all k € EUG. Thus,
there is p <g n s” such that p forces that M — ik || > §forall k€ EUG.

There is t <p ny p and for each 0,0’ € L, each n € G, and each k € EUG, there
is m¥ ,/(n) € R such that

N

2Go|

Recall that for each 0 € L, (Ar(0))rec is pairwise disjoint. Therefore, for all
0,0/ € L and all k € EUG, t|o forces that

tlo IF 0 < 1itg i (1) — lfak| (An(0")) <

0
M — Z )> M — Z (il (A m) — |l el =

neG, neG,

>0

M\Qm
M\Qm

and so, ZnEGU m’;,o’ (n) < M. Moreover, for each n € G,, each 0,0’ € L and each
k € EUG, tlo forces that |f|(A,(c") < mk . (n), concluding the proof of the
claim. (Il

From the fact that for each 0,0’ € L and each k € E, >, mk _,(n) < M, it
follows that for each ¢,0’ € L and each k € E there are at most m elements n of
G, such that mfjﬁ, (n) > 7. Since B is large enough, we can assume without loss
of generality that

(7) Vo,o' € L, Vk€E, VneG,, mf,(n)<n,
and by Lemma 23] we can assume without loss of generality that
(8) Vo,0' €L, o#0', VneEG, Vke€Gy, mk,(n)<n.
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To obtain X* satisfying (2), for each o € L and each n € Gy, let X,, , be a name
such that t forces that X, , = {k € X : |jix|(An(0)) < n}.

Claim 2. There is s* <pn t and for each o € L there is a nonempty H, C G,
such that s* forces that (\{Xn.o : n € H,,0 € L} is infinite.

Proof of Claim 2. Let (0; : ¢ < K) be an enumeration of L. To prove the claim,
we will proceed by induction on j < K to construct a sequence of conditions s
such that 711 <FN s7 <pn t, and for each ¢ € L, we construct a sequence of
finite nonempty sets H,; with H, ;41 € H,; € G, such that 5j|crj forces that
ﬂ{XW, in € ﬁmj, o € L} is infinite.

For the construction, fix 0 < j < K and suppose we already have s/ and H,;
for all o € L as wanted. We have that s/ forces that X C (J{X,, : n € H} for
all c € L and all H C H, ; with |H| > m. For if not, then there would be o € L,
keN, HC H,; with |H| > m and (s?)’ < s/ such that (s’)’ forces that

ke X\ {Xno:neH}

Since for each o € L, (A,,(0))nen are pairwise disjoint, we would have that (s7)
forces that || (U{An(c) :n € H}) > Y oneH |f1e|(An () > -7 > M, contradict-
ing our hypothesis. We apply Lemma in V[G], and using Lemma 1.8 of [I] we
have that there is s7*1! <rnN s, and for each o € L there is H, ;41 C Hy j, such
that s/+1(0;,, forces that ({{ X, :0 € L,n € Hyj41} is infinite. Since C is large

enough, we can assume each H, x_; to be nonempty, and taking s* = s¥~! and
H, = H,; x—1 we conclude the proof of the claim. O
For each o € L we take k, € H, of Claim 2. We define a* =, Ar, (o) and

E* = {k, : 0 € L}. For each k € N, we define A names for Ay \ a* and X* a name
such that

s IF X" =({Xpo 1 k€ Hyyo € L} \ E.

Claim 3. s* forces that for all k € (W{Xno :n € Hy,o' € L} and all 0 € L,
|| (A, () <77

Proof of Claim 3. Suppose that s* forces that k € Xn,o for each n € H, and each
o € L. Then, by the definition of X,, , it means that s* forces that |jx|(A,(0)) <7
for each n € H, and each o € L. Since each k, € H,, we conclude the claim. [J

Let us now verify that we have everything we wanted: first, note that by the
definition of A% we have that s* forces that AZ = Ay \ @* and (A})ren are pairwise
disjoint, since it forces that (Ay)ren are pairwise disjoint. Therefore we obtain (1).

By the definition of X* we have that s* forces that X* C X. By Claim 2 we
have that s* forces that X* is infinite, since E* is finite. So we obtain (2).

By Claim 3 we have that

s IEVk e X*, (@) = linl(|J Ak, (0)) < D liml(Ar, (0)) < K -7 <
o€l ocel

S

By the hypothesis of the proposition, s forces that |/ (Ag)| > & for each k € X.
To obtain (3), note that

s IEVE € X, in(Ap)] > |im(Ak)| — || (@) > & = 4.
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To verify (4), note that Claim 1 and (7) imply that for all 0,0’ € L, all k € E
and all n € G,
$*10 I il (An(o”)) < 10E o (n) < .
Since for all 0 € L, k, € H, C G, then, for each ¢ € L and each k € E we have
that

sl il @) = (U Ae (0) < 3 il (A, (o) < K 17 <6,
o'eLl o'eLl
and so, by Lemma 1.9 of [I] we obtain (4).
To verify (5), note that Claim 1 and (8) imply that for all o,0’ € L with o # o,
alln € G, and all k € G,

s 1o IF |kl (An (o)) < b i (n) <.
Since for all 0 € L, k, € H, C G, we have that for each o € L,

5710 1 i, (@) > i, (A, @) = 3 i (Ax, (07) > 6 — K -7 = 2— 5,
o'€L,oc'#o0
and again by Lemma 1.9 of [I] we obtain (5).
By the definition of E* and that of X* we have (6). O

3. THE PROOF OF THE MAIN THEOREM
We now show how the main result follows from Proposition 2.4

Theorem 3.1. Let k > w1 be a regular cardinal. Let G be an S”-generic filter over
a set-theoretic universe V. where CH holds. In V|G|, if K is the Stone space of
the Boolean algebra o(N)NV, then C(K) is a Banach space with the Grothendieck
property and density wi which is less than xk = c.

Proof. First we work in V[G]. By Theorem 1.11 of [I], |o(N) N V| = wq, and by
Theorem 1.14 of [I], w1 < k = ¢. So, K has weight wy and C(K) has density wy,
which is less than c.

Now suppose that C'(K) is not a Grothendieck space. Then there is a sequence
(1x)ken € C(K)* which is weak™ convergent to p € C(K)* but does not converge
weakly. If {u : k € N} were weakly compact, by the Eberlein-Smulian Theorem,
it would be sequentially weakly compact. Then there would be infinite and disjoint
sets My, My C N such that (ug)gens, is weakly convergent to v; for i = 1,2, and
vy # vo. Since weak convergence implies weak* convergence, we would have that
(k) kem,; converges weakly® to v; for i = 1,2, a contradiction.

So, we can assume that {u; : k& € N} is not weakly compact. By the Uni-
form Boundedness Principle, (px)ren is a bounded sequence. By the Dieudonné-
Grothendieck Theorem (Theorem VII.14 in [B]), there is a pairwise disjoint sequence
(Uk)ken of open subsets of K and € > 0 such that for all kg € N there is k > ko
and ny € N such that |u,, (Ux)| > e. Since K is a Boolean space, using the regu-
larity of each uj, we can assume without loss of generality that Uy = By for some
By, € B. Moreover, if for some k € N we have that | (By,)| > € for some sequence
(ki)ien C N, it follows that |ur|(U;cy Br,) > D iew [k (Br,)| = oo, contradicting
the fact that py, is bounded. So, let ig € N and ng € N be such that |, (Bi, )| > ¢,
and we construct by induction g1 > i, and ngy1 > ng such that |u,, (B;)] > €.
Let Ay = B;,, and we have that (Ax)ren C p(N) NV are pairwise disjoint and
(nk)ken € N is an increasing sequence such that for all k € N, |, (Ag)| > €.
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Working now in V, let i be a name for the restriction of u,, to the Boolean
algebra p(N) N V. Let s € S*, let M and € be positive real numbers and let Ay be
names for the elements of (N) NV such that

VkeN, lml<d,
s Ik Yk, k' € N, k?’ék‘/, AN A =0,
VkeN, |hn(Ar)| = &

By induction, we will construct a sequence (sy)nven wWith sy+1 <py N sy where
Fy = {aF 1i,k < N} and supp(sny) = {af : k € N}, a pairwise disjoint sequence
(an)nven in p(N), a pairwise disjoint sequence (En)nyen of finite subsets of N,
sequences of names (Aév)keN,NeN for subsets of N and a sequence of names (XN)NeN
for subsets of N such that sy forces that

(1) for all k € N, A,ICVH = AN\ any1, and so, for all k, k' € N if k # k', then
AN AN g,

(2) XN+1 C Xy and XN+1 is infinite;

(3) forall k € XN+17 |/lk|(dN+1) < SN, and so, for all k € XN+1, |/_Lk(AiV+1)| >
EN — On; .

(4) for all k € U<, Eis [kl (@n1) < 0w

(5) there is k € En1 such that | (an41)] > En — On;

(6) Ent1C Xn\ Xni1;

where g9 = ¢, 6o = 53 and for each N €N, ex;1 =ey —dy and dny1 = 57.

For the construction, let sg = s, Eg = 0, Ag = A, Xo = N and note that we
have the hypothesis of Proposition [2.4]

Now suppose we already have so, . . ., s, Eo, .- -, Exy (AN )ken, Xo, - -, X, and
ay,...,ay as we want. Note that (1), (2), (3) and (6) guarantee that the hypothesis
of Proposition [Z4]is satisfied. Then there are sy+1 <py.n SN, an+1 CN, Eni1 C
N, a sequence of names (Aé\”rl)keN for subsets of N and a name XN+1 for a subset
of N satisfying (1)—(6). This concludes the construction of the sequences.

Then, by Lemma 1.6 of [I] there is s* € S” such that s* < sy for all N € N.
We have that (1) guarantees that (an)nen are pairwise disjoint. Moreover, (4)
guarantees that
9) s*IFYN €N, if i < N and k € B, then |j|(an) < QN%
On the other hand, using (3) and (6) we conclude that
(10) s*IFYN €N, ifi > N and k € Bj, then |ju|(an) < 2N%

Finally we have that (5) guarantees that
3z
T
Let (Ko)a<w; € ©(N) be an almost disjoint family. For each o < w; we have
that

(11) s VN €N, 3k € Ey, |jm(an)| >

s*IF\/ an € p(N)N V.
NeK,

By Theorem 1.11 of [I], s* forces that (Ku)a<e, is an almost disjoint family of
subsets of N and &y = w;. By Lemma 2T applied in V[G], we obtain s** < s* and
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« € wi such that

s IFVk e N ,U,k( \/ ELN): Z ﬂk(dN).

NeK, NeK,

Take a = \/yeg, an and let us see that in V([G], if § = §, then there are
infinitely many n € N such that |u,(a)| > 20 and infinitely many ! € N such that
li(a)] < 6. If i € Ky, using (9), (10) and (11), we have that s** forces that there
is k € E; such that

. . . C /e 3 € <
(@) =1 Y @) > @) = Y liwl(an) = T 1-2
NeK, NeKu\{i}
On the other hand, if i ¢ K,, then
ok - - C 3 IS
SRR @ =] Y i@l < Y s < =

NeK, NeK,

Since a € p(N) NV which is identified with Clop(K), we have that x, € C(K)
and therefore (ux)ren does not converge weakly™, contradicting our hypothesis and
concluding the proof. O
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