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PERIODIC GROUPS WHOSE SIMPLE MODULES HAVE FINITE
CENTRAL ENDOMORPHISM DIMENSION

ROBERT L. SNIDER

(Communicated by Martin Lorenz)

Abstract. Theorem. If k is an uncountable field and G is a periodic
group with no elements of order the characteristic of k and if all simple k[G]
modules have finite central endomorphism dimension, then G has an abelian
subgroup of finite index.

Let k be a field and let G be a group. There has been considerable interest in
classifying those group rings k[G] whose simple modules are finite dimensional in
some sense. Three different notions of finite dimension have been studied. They
are finite dimensional over k, finite dimensional over the division ring of endomor-
phisms, or finite dimensional over the center of the division ring of endomorphisms.
A simple module satisfying this last condition is said to have finite central endo-
morphism dimension. The problem started with Philip Hall who proved that if k is
algebraic over a finite field and G is a finitely generated nilpotent group, then each
simple module is finite dimensional over k. On the other hand, if k is any other
field and G is still finitely generated nilpotent, then all simple k[G] modules having
finite k dimension implies the group is abelian-by-finite [1]. This was extended to
polycyclic groups by Roseblade [5]. Solvable groups and locally finite groups have
been studied [2, 8, 9, 7, 10, 11, 12]. An attack on the general case was initiated by
Passman and Temple [6]. But one case that has remained untouched is the case of
a periodic nonlocally finite group.

These conditions can all be stated in terms of the primitive images. Simple mod-
ules finite dimensional over the endomorphism ring is are equivalent to the primitive
images being simple Artin rings. Finite dimensional over k is equivalent to primitive
images being finite dimensional over k and finite central endomorphism dimension
is equivalent to primitive images being finite dimensional over their centers.

Theorem 1. If k is an uncountable field and G is a periodic group with no elements
of order the characteristic of k and if all simple k[G] modules have finite central
endomorphism dimension, then G has an abelian subgroup of finite index.

Proof. We can assume that G is finitely generated [6, Corollary 1]. We want to
show that G is actually finite. The hypothesis implies that a primitive factor ring
is a matrix ring over a division algebra finite dimensional over its center. The finite
dimensionality implies that the image of G is a linear group, and hence the image is
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finite by Burnside’s theorem. Therefore each simple module is a actually a simple
module for some finite image of G. Since G is finitely generated, there are only
countably many subgroups of finite index and hence only countably many finite
images. Since each finite image has only finitely many simple modules, k[G] has
only countably many simple modules and only countably many primitive ideals.
Let a ∈ k[G]. In each primitive image, a has only finitely many eigenvalues. Hence
for λ ∈ k outside a countable set S, each a−λ is invertible in each primitive image
and (a − λ)k[G] is a right ideal. If it is proper, then there is a maximal right ideal
ρ containing (a − λ)k[G]. But λ is not an eigenvalue for a when acting on the
simple module k[G]/ρ. Therefore a − λ is right invertible. Since groups rings have
an involution, the condition is left-right symmetric. Hence outside a countable set,
a − λ is left invertible and hence invertible. Now a is algebraic over k. If not,
then the (a − λ)−1 are all linearly independent for all λ /∈ S. But G is countable,
whence k[G] has countable dimension. Therefore k[G] is an algebraic algebra. Now
k[G] is semiprimitive [4, p. 273]. The hypothesis implies that each primitive image
satisfies a polynomial identity. A theorem of Kaplansky [3, Theorem 10.3] implies
that k[G] is locally finite dimensional. Therefore G is locally finite, and hence G is
finite. �

In the case where the field has characteristic 0, one can use a much easier theorem
of Herstein [4, p. 53] instead of the Kaplansky theorem.
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