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ABSTRACT. For a given sequence of real numbers ai,...,an, we denote the
kth smallest one by k-min;<;<na;. Let A be a class of random variables
satisfying certain distribution conditions (the class contains N(0,1) Gaussian
random variables). We show that there exist two absolute positive constants
c and C such that for every sequence of real numbers 0 < z; < ... < xy and
every k < n, one has

k+1—3j

k+1—j
¢ max —p——— <Ek- min |2;] < ClIn(k+1) max + J
1<k 30 1/ 1<i<n

1<i<k p 1 a]
where {1, . .., &, are independent random variables from the class .A. Moreover,
if Kk = 1, then the left-hand side estimate does not require independence of the
&’s. We provide similar estimates for the moments of k- miny<;<y|z:&;| as
well.

1. INTRODUCTION

For a given sequence of real numbers ay, ..., a,, we denote the kth smallest one
by k- minj<;<y, a;; thus, 1-minj<j<, a; = minj<;<p a4, and 2-minj<;<, a; is the
next smallest, etc., and (k-minj<;<y, a;)7_; is the nondecreasing rearrangement
of the sequence (a;)?" ;. In the same way, we denote the kth biggest number by
k- maxi<i<n Q-

In the paper [GLSW1] we considered expressions of the form

m
E Zk— ax |x; fi|P
2 ke g il

where f1, fa, ..., fn are random variables and x1, xs, . .., x,, are real numbers. Since

the functions (> -, k- maxi<i<p |xi|p)1/p are norms on R", such forms appear
naturally in the study of various parameters associated with the geometry of Banach
spaces [GLSWZ2]. Other applications of these forms can be found in [KS1] and [KS2].

Received by the editors March 7, 2005 and, in revised form, June 25, 2005.

2000 Mathematics Subject Classification. Primary 62G30, 60E15, 60G51.

Key words and phrases. Order statistics, expectations, moments, normal distribution, expo-
nential distribution.

The first author was partially supported by the Fund for the Promotion of Research at the
Technion and by France-Israel Cooperation agreement #3-1350.

The first and third authors were partially supported by FP6 Marie Curie Actions, MRTN-CT-
2004-511953, PHD.

The fourth author was partially supported by an NSF Grant, by a Nato Collaborative Linkage
Grant, and by an NSF Advance Opportunity Grant.

(©2006 American Mathematical Society

3665

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3666 Y. GORDON, A. E. LITVAK, C. SCHUTT, AND E. WERNER

The striking difference in the present study is that we now consider expressions
of the form (3, ; k- mini<i<, |xi|p)1/p for subsets I C {1,...,n}. These are not
norms if I is not an integer interval starting at 1. Hence, for a given sequence of
random variables fi,..., f,, the computation of expressions such as

Ek- min |f|P = E(n—k+1)- P
klgguu (n h+)£%§MI

requires completely different techniques. Such minima, also called order statistics,
have been intensively studied during last century. We refer an interested reader to
[AB] and [DN] for basic facts, known results, and references. Most works dealt with
the case of independent identically distributed random variables. Sometimes the
condition “to be identically distributed” was substituted by the condition“the f;’s
have the same first and the same second moments”. In this paper we drop these
conditions and deal with sequences of random variables having no restrictions on
their moments. Applications of the current paper are related to important electrical
engineering problems on the minimization of the data loss of signals emanating
from electrical networks. Applications appear also in the study of the multifold
K-functional or its geometric equivalent, the norm with unit ball B = co(|J~, B;),
where the B;’s are unit balls of symmetric normed spaces.

Now we describe our setting and results. Let a > 0, > 0 be parameters. We
say that a random variable £ satisfies the («, 3)-condition if

(1) P (¢ <t)<at for every t > 0
and
(2) P (€] >t) <e Pt for every t > 0.

Note that this forces the condition o t+e~?* > 1 for all ¢ > 0, which implies o > .
Below (Claim [0 and the remark following it) we will see that many random
variables, including N(0,1) Gaussian variables (with o = § = /2/7) and expo-
nentially distributed variables (with o = 8 = 1), satisfy this condition. We study
first the moments of the minimum of a sequence of such random variables. Let
Z1,...,T, be a sequence of real numbers and &, ...,&, be independent random
variables satisfying the (o, 8)-condition. We obtain that for every p > 0, one has

p p
et (Sy) =2 e <im0 (S)

where I'(+) is the Gamma-function. Moreover, the left-hand side estimate does not
require the independence of the &;’s. In particular, it implies that for every p > 0,

E min |z;qP < (2 E min |z, ;P
lg&@MI_ (2+p) @g&%ﬂh

where ¢1,. .., gn are independent N (0, 1) Gaussian random variables and fi,..., fn
are N (0, 1) Gaussian random variables (not necessarily independent). Taking p = 1,
we have

E1r<nlmn |Tigi] <2 E r<mn | fil-

This result should be compared with the well-known Sidak’s inequality ([S], [G]),
saying that

E >E
e Iwigil > E pmox |oifil
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ON THE MINIMUM OF SEVERAL RANDOM VARIABLES 3667

In other words, our result is, in a sense, an inverse Siddk’s inequality. It would be
nice to eliminate the factor 2 from it.

We generalize our estimates for the expectation of the minimum to the case of
the kth minimum. For 0 < 1 < 29 < ... <z, and independent random variables
&1, ..., &, satisfying the (a, 8)-condition, we obtain that there are two absolute
positive constants ¢ and C' such that for every p > 0, one has

1 k+1—j

1/p
7 < _ 1 £ |P
<IE k [nin. |x:&il )

A= Sy

1 k+1—j
<Clp, k)5~ max ST 1
where ¢, = c'*1/? and C(p, k) = C max{p,In(k + 1)}. We would like to emphasize
that the estimates are pretty sharp, in particular, the ratio of upper and lower
bounds surprisingly does not depend on n and, up to a constant depending only on
p, is bounded by In(k + 1).
The latter result implies that we may evaluate sums of the form

; P
; E k- 121%1” |ngz| )
where I C {1,2,...,n} is any subset of integers and the g;’s are N(0,1) Gaussian
random variables.

The paper is organized as follows: In Section Bl we introduce the notation,
quote some known facts, and prove that random variables with certain densities,
including Gaussian and exponential, satisfy the (a, 3)-condition. In Section Bl we
provide combinatorial results used in the proofs. In Section Ml we prove our main
theorems. Finally, in Section Bl we provide some examples.

An extended abstract of this work appeared in [GLSW3].

2. NOTATION AND PRELIMINARIES

Given A C N we denote its cardinality by |A|. Given a set E we denote its
complement by E¢. We say that (A;)¥_, is a partition of {1,2,...,n} if ) # A; C
{L,2,...n}, j <k Ujcp 45 = {1,2,...,n}, and 4, N A; = 0 for i # j. The
canonical Euclidean norm and the canonical inner product on R” we denote by |- |
and (-,-). By 1/t we mean oo if ¢ = 0 and 0 if ¢t = cc.

As we defined above, (k-miny<;<, a;)7_; denotes the nondecreasing rearrange-
ment of the sequence (a;)?_;, i.e., k-min(a;)?_; is the kth smallest element of the
sequence.

We will use the following simple properties of k- min which hold for every se-
quence (a;)" ;.

For every r < k,

(3) k-min(a;)iy = (k — r)-min(a;)is, .
For every partition (A4;),<k of {1,2,...,n},
4) k-min(a;)j, < Ijnéalz( {nggj ai}j<k .

Now we recall some definitions and estimates connected to the Gaussian distri-
bution.
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Let « and y be nonnegative real numbers. The Gamma-function is defined by

I(z) :/ t*~le~t dt.
0
Note that
2l(z) =T(1+2z), T'(n+1)=nl

and, by Stirling’s formula, for every x > 1,
(5) 2nx (z) <Tx+1)< V2 ( ) et .

Finally, we show examples of random variables, satisfying the (¢, 3)-condition.

Claim 1. Let ¢ > 1. Let £ be a nonnegative random variable with the density
function p(s) = cqexp (—s9), where ¢ = 1/T(1+1/q). Then & satisfies (@) and 2
with parameters a = 8 = c,.

Remark. An important case is the case ¢ = 2 which corresponds to the Gaussian
random variable. Claim [ implies that N(0,1) Gaussian random variables satisfy
the (a, B)-condition with o = § = 1/2/7. We would also like to note that if ¢ = 1,
then we have an exponentially distributed random variable. In this case « = 3 = 1.

Proof of Claim [[l The case ¢ = 1 is trivial. So we assume that ¢ > 1. Clearly, we
have

t
P (¢ <t)= cq/ e ds < cqt,
0

which shows a = ¢,.
Now consider the function ¢ defined on [0, 00) by

g(x) =exp (—c4x) — cq/ e ds.

Then ¢(0) = lim;—.o g(z) = 0 and ¢'(z) = ¢4 (exp (—27) — exp (—c4 x)) . Hence,
g'(z) > 0on [0, cé/(q_l)} and ¢'(z) <0 for x > c;/(q_l). It shows that g(x) > 0 for
every x > 0. Therefore,

o q
P (g >t = cq/ e % ds < et
t
ie., B =c,. O

3. COMBINATORIAL RESULTS

In this section we prove some combinatorial results, which will be used later in
the proofs of theorems.
First we quote the following result on symmetric means ([HLP]).

Lemma 2. Let 1 <1 <n. Leta;, i =1,...,n, be nonnegative real numbers. Then

> 1= () (15)

Ac(Le o) i€A

We will need the following consequence of this lemma.
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Corollary 3. Let 1 < k < n. Leta;, i =1,...,n, be nonnegative real numbers.
Assume
e n
0<a:= Z z:az <1
=1
Then

n
> Y Jle<os i
I=k Ac{z.n}icA m
Proof. By Lemma 2l we have

> 3 Mes=y (1) (%) - e =X e

=k AC{l 2,.l..,n} 1€EA
Applying Stirling’s formula (H]), we obtain

- alkt
Z Z Hai SZ NGz

n
=k AC{1,2,...,n} €A =k
A=l

IN

1 ial< 1 a
V2ork — Vork 1—a’

We will also need the following result.

Lemma 4. Let 1 <k <n. Let (a;)}_, be a nonincreasing sequence of positive real
numbers. Then there exists a partition (A;)i<k of {1,2,...,n} such that

n

. . 1
min E a; > a:= % mn -——— g a;.
1<I<k 1<j<k k+1—j5
1=

Remark. In fact, our proof gives that the A;’s can be taken as intervals, i.e., A; =
{i|n-1 <i<m}, 1<k, for somesequence 0 =ng <1<n; <ng <...<ng=n.

Proof. Denote b:= 3" a;.
Case 1. a1 < b/k. Let ng = 0 and, given 1 <[ < k, let n; be the largest
integer such that

Since b/k > a1 > a2 > ... > ap, wehave 0 =ng <1 <mj <ng < ... < ng =n.
Define a partition (A;)i<x of {1,2,...,n} by A; = {i | mj—1 < i <n;}. Let t be the
largest integer such that a; > % (if there is no such a; we put ¢ = 0). Then

[i] for every [ such that n; <t we have >, , a; > an, > 2

[ii] for every l < k such that n; >t we have »_,_, a; > 2 (otherwise, since
Opy41 < 2k’ we would have
ni+1 ni—1
(=15 b b b
i < i i n < —— oL 5. — 7.
;“ Z“J“;;“Jr“l“ T
- icA

which contradicts the choice of n;);
[iii] for I =k we have Y, @i = D1 ai — Y5 aq > b
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3670 Y. GORDON, A. E. LITVAK, C. SCHUTT, AND E. WERNER

Since % > a, this proves the result in Case 1.

Case 2. a1 > b/k.  Denote b; := Z?:j a;, 7 < n. Clearly, ap < bg. Let m < k
be the smallest integer such that

bm
< —.
CLm_k—i—l—m

Since a3 > b/k = b1 /k, we have m > 1. For 1 <[ < m choose A; = {i}. Then
Ea-:a>i>a
R I T
I€EA;

Let (A4;)F_ be the partition of {m,m +1,...,n} into k + 1 — m sets constructed
in the same way as in Case 1. Then, by Case 1, for every [ > m,

Za<>b7m>a
= 2(k+1—m)

This completes the proof. O

Remark. One can show that the sequence

n

_ 1
aj:ik—l—l—jza“

=]

j < k, considered in the last lemma (and which will appear again below) has the
following properties: There exists an integer 1 < r < k such that

(6) ar >a2>...> 0, Japy1 < ... < ag
and
n
(7) dji1>a; ifandonlyif > a;> (k- j)ay.
i=j+1

To see (), note that by the formula for a;’s we immediately obtain that a;1 > a;
if and only if

k+1-5) Y ai>k=7)Y ai=E—5) Y ai+ (k—jay,
i=j+1 i=j i=j+1

which implies (). Now note that (7)) implies that
(8) if ajJr] 2 dj, then dj+2 2 a/]'Jrl.
Indeed, if @1 > a;, then, by ([@), (k — j)a; < 377, a;. Therefore, since (a;); is
nonincreasing,
n n
(k—j—Daj < (k—jlaj—aj1 < Y ar—aj= Y a,
i=j+1 i=j+2

which implies @j42 > ;41 by (@). Finally, (@) is a simple consequence of (J).
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4. MAIN RESULTS

In this section we state our main theorems, discussed in the introduction, and
provide corresponding deviation inequalities which imply the main theorems.

Theorem 5. Leta >0, 3> 0. Letp > 0. Let (x;)7_ be a sequence of real numbers
and let &, ..., &, be random variables satisfying the (a, §)-condition. Then

" —p
oot (Svad) <2 i i

i=1

Moreover, if the &’s are independent, then

n -p
i P < 3P )
E min [2:&[" < 877 T(1+p) (Z 1/x1|> :

i=1
An immediate consequence of this theorem is the following corollary.
Corollary 6. Let p > 0. Let (x;)!; be a sequence of real numbers and let

fiseoosfn, &1y, &n be random variables satisfying the («, 8)-condition. Assume
that the &;’s are independent. Then

E min |2;6P < T(2 P 3 PR min |z, f;P.
lg&@@\_ (2+p)a’p 1gghml

In particular, if f1,..., fn, &1,.-.,&n are N(0,1) Gaussian random variables, then

i P < i fP
Eéﬁg%&I_F@+pﬂaggJ%ﬁ

Theorem 7. Let a > 0, 8 > 0. Letp > 0 and 2 < k < n. Let 0 < z1 <
o < ... <z, and let &, ...,&, be independent random wvariables satisfying the
(a0, B)-condition. Then

k+1—j

Cpa MaX ———— < (E k- min |z;§? v < Bt C(p, k) max hrl-j
PY <k Z?:j 1/x; — 1<i<n = " = P, 1<;<

<k Z?:j 1/(E2’

1/
where Cpo = 52— (1 - ﬁ) " and C(p, k) = 4v/2 max{p,In(1 + k)}.

Theorems [B] and [7] are consequences of the following lemmas, which are of inde-
pendent interest. In [GLSW3| we showed how these lemmas imply the theorems in
the Gaussian case. Since the proof of the general case, which we consider here, is
done in exactly the same way, we omit the proofs of the theorems and concentrate
on the proofs of the lemmas.

Lemma 8. Let a« > 0, 8 > 0. Let 0 < 1 < x5 < ... < xp and let &,...,&,
be random variables satisfying the («, 3)-condition. Let a =Y i, 1/x;. Then for

every t > 0,
P {o.)
1<

min |z;&;(w)] < t} <aat.
i<n
Moreover, if the &’s are independent, then for every t > 0,

min |z;&;(w)| > t} < e Pat,
<i<n

P {w
1<
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3672 Y. GORDON, A. E. LITVAK, C. SCHUTT, AND E. WERNER
Proof. Denote Ay(t) = {w | |[zxék(w)| > t} = {w | [§x(w)| > t/2x} and

At) = {w | minlmn&w)] > 1) = (] At

k<n

By () we have P (Ag(¢)¢) < at/xj. Therefore,

>1—ZP (Ap(t >1—atz 1/,

which proves the first estimate.
Now assume that the &’s are independent. By (2]) we have

P (Ax(t)) < exp (—ft/zy) .
Therefore,

e zon(4% ).

k=1 k=1

which proves the result. ([

Lemma 9. Let o >0, 3>0. Let 1 <k <n. Let 0 < x1 <29 < ... <, and let

&1, ..., &y be independent random variables satisfying the («, 8)-condition. Let
ae -1
"% X
Then for every 0 <t < 1/a, one has
(at)*
<
(9) IP’{ ‘kz 1r<r121nn|:EZ§l( w)| < t} \/—k 1t

Proof. Denote A(t) = P{w| k-minj<;<p |2:&(w)| < t}. Clearly, we have

. . t
Fig,ooyip > 106 (W) < —
l‘ij

At) = P {w

- —

IPU U {wVieA:|§i(w)|§xiandVigéA:|§i(w)|>;_}

=k AC{1,..., n} [3
|A|=¢

> X HP{wII& |<—}HP{w||§z }

l=k Ac(L..m} i€A i¢A

It follows that

CE S| G EIEERTE b ol | CF

=k AC{; ,,,,, n} €A =k AC{l,...L,n} €A

Corollary [ implies the desired result. (I
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5. EXAMPLES

In this section we provide some examples. They show that Theorem [7]is sharp.
Namely, we show that both, the upper and lower estimate in Theorem [7 can be
attained. We also provide an example where the actual value of E k- min lies
between the two estimates.

Example 10. Let 1 < k < n. Let g;, ¢ < n, be independent N(0,1) Gaussian
random variables. Then:
(i) For k <n/2,

T k k
— <E k- mi | < v2 .
\/gn—i—l_ kllglli?n'gz'— L")

(ii) For k > n/2,

2n 2n
—_— < - i < -
Cwlnn—l—l— —Ek@léln'gZ'—C”lnnJrl—k’

where ¢ and C' are absolute positive constants.

Remark. Note that in this case x; = --- = x, = 1, hence maxi<;j<x %
i=j K
k/n. Thus (i) of this example shows that the lower estimate in Theorem [0 can be

attained (up to an absolute constant).

Proof of Example [0l (i) follows immediately from the following claim:
Claim. For all1 <k <n one has

T k . T k
— <E k- min |g| <4/=2 ———.
2 n+1 1<i<n 2 n+1—-k

We now prove the claim. Denote u = u(t) = P{|g1| > t} = \/gftoo e=*"/2ds. Using
the same ideas as in the proof of Lemma [ we observe that

oo
E k- 1I§nzl£n|gz‘ :/0 ]P’{k— [nin. lgi| > t} dt

=0
B \/Z > <7> /OOO ()" (1 —u(®) €/2 (—du(t)).

To obtain the lower estimate note that et /2 > 1 and, therefore,

k—1
T n fm k
_ 1 > — _ — N
E k 1r§ni1£n|gl| > \/g ZZZO <l> Bn—1+4+1,14+1) 2 mr 1

1

where B(z,y) = [, s" '(1 —s)V"*ds = T'(2)I'(y)/T'(z + y) is the Beta-function.
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To obtain the upper estimate note that by considering the function f(¢) =
et’/2 [ e=%"/2 ds one can obtain that u(t)e!"/2 < 1 and, therefore,

k—1
T n T k
 mi 1<t /T T r
]Ekf%lilgn'gl‘— 2;;(1) B(n—1,1+1) Zn—l \/gn—I-l—k:

i) is well known. O
(ii)

The next two examples can be obtained by direct calculation as well. One should
split a sequence into two parts and use deviation inequalities. We omit the details.

Example 11. Let 1 < k < n/2. Let g;, ¢ < n, be independent exponentially
distributed random variableb (i.e. with density p(s) =e™%). Let 1 =-+- = ap = 1,
Thy1 = =z, = n2. Then

¢ Ink <E k- min |z;9;| <C Ink,
1<i<n

where ¢ and C' are absolute positive constants.

Remark. Note that in this case maxi<;<x 5 +11/m = k+(nfk)/n2 ~ 1. Thus, this

example shows that the upper estimate in Theorem [[ can be attained (up to an
absolute constant).

Example 12. Let 1 < k < n. Let g;, ¢ < n, be independent N(0,1) Gaussian
random variables. Let z; = - =2y =1, 2441 = - - =2, = n2. Then

¢ Vink <E k- 1I<1’l_i£1 |z:g:| < C VInk,

where ¢ and C' are absolute positive constants.
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