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AN ITO FORMULA FOR A FRACTIONAL BROWNIAN SHEET
WITH ARBITRARY HURST PARAMETERS

YOON TAE KIM AND JONG WOO JEON

(Communicated by Richard C. Bradley)

ABSTRACT. By using the white noise theory for a fractional Brownian sheet,
we derive an It6 formula for the fractional Brownian sheet with arbitrary Hurst
parameters H1, Ha € (0,1).

1. INTRODUCTION AND PRELIMINARIES

For Hy,H, € (0,1), a real-valued fractional Brownian sheet B with Hurst
parameter H = (Hy, Hs) is a centered Gaussian random field with covariance

H 7H 1, —
IE(Bt1,1752 2BH H2) - H

81,582 (‘t2|2H7 + |82|21—I7 - |t1 - S7f|2Hl)

| =

i=1

The fractional Brownian sheet with Hurst parameter H has the following integral
representation:

BH17H2 — C(H)
.tz T(Hy + (1/2))T(Hs + (1/2))

@ [ TIC = 5000 = (s )P 0w,

where W is a standard Brownian sheet, s; = max{s,0} and C(H) is the normal-
izing constant.

The purpose of this paper is to obtain an It6 formula for the fractional Brownian
sheet with arbitrary Hurst parameters Hq, Ho € (0,1). The main tool is the white
noise theory for the fractional Brownian sheet with Hy, Hy € (0,1), given by Hu
et al. []. Our result holds for Hurst parameters Hy, Hy € (0, 1), whereas that of
Tudor and Viens [5] is valid only for Hurst parameters Hy, Hs € (1/2,1).

Now we briefly mention the white noise theory of fractional Brownian sheet,
given in [4], to be necessary for our main result. Let S(R?) be the Schwartz space
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of rapidly decreasing smooth functions on R%2. We consider the white noise space
(2, F,P) as the underlying probability space, i.e., Q := S'(R?) is the space of
tempered distributions and P is a unique probability measure such that for all

feS®r?),
/ 1) gp() = e/ 2,
§/(22)

We can extend (-, f) to f € L*(R?) and E[(-, f){-,9)] = (f,9)r2 L2 (@2)- For s =

(s1,82),t = (t1,t2) and = = (z1,72) € R, we define Lisp)(2) = H¢=1 (s, (@),
where the indicator function 1, ;,)(;) is given by

1 for s <y < iy,

(s, 00 (23) = -1 fort; <ux; <sy,
0 otherwise.

For f € S(R?), we define If’if ‘R?2 - R,i=1,2, by

H; (1/2)) foo f(?ﬁjziueﬁf) du for1/2 < H; < 1,
(2) I f(z) = f for .
(}{/2.2 11/{2 0 fOO f( 32)(3/’;()30:':“61)du for 0 < H; < 1/2’

where ¢; = (1,0) and e, = (0,1). Let M f(z) = 11(172)f(z). Then a
continuous version of (-, M1 1(0,+)) is a fractional Brownian sheet with arbitrary
Hurst parameters Hy, Hy € (0,1) on (Q, F,P).

Let H,,(z) be the n-th Hermite polynomial and h,, the n-th Hermite function,

n=0,1,---. For a = (a1, as) € N? (with N = {1,2,---}), let us set e, (v, 1) =
H?Zl he,(2;). Denote by A the set of all finite sequences a = (a1, az,- - ,ay,) with
€ {0}UN, m =1,2,---. Fora € A, we set al = [[;2,a;! and |a] = Y ;2| a;.

Let (9,3 =1,2,---, be a fixed ordering of N? such that for i < j, |a(?]| < [a)].
With these notations, we define

oo

H,(w) = [ [ Ha, (w0, e00)).

i=1
We recall the following chaos expansion theorem.

Theorem 1. Let F € 1.2 := L?(Q,F,P). Then there exist constants ca € R for
a € A such that

(3) Z caHa(w) limit in L2,

acA

Furthermore, we have the isometry |F|?, = >, alc2.

Let Z be the set of all integers. For p € Z and F given in (@), we define the
norm ||F||2 =37, s czal(2N)P2, where (2N)* = [, (20)* with a = (a1, ,am).
If p € N, we define the space (S), = {F € L? : ||F||2 < oo} and endow (S), with
the norm || - [|,. Also, define (S)_, = {F € L?: |[F|?, < co}.
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Definition 1. (1) The projective limit of the spaces (S),, p € N, is called the space
of the stochastic test functions and denoted by (S).

(2) The inductive limit of the spaces (S)_,, p € N, is called the space of stochastic
distributions and denoted by (S)*.

We first note that (f, Mfi’H21(07t))Lz(Rz) = (ijrH2 J,10,))12(r2). Hence with
the above notations, the chaos expansion of fBm is given by

(JWJI:I}FHz e, 10.1)) L2 r2)He, (W),

M8

Bt () =

N
I
-

where ¢ = (0,---,0,1,0,---,0) is the I-th unit vector. The two-parameter frac-
tional white noise Wti{lt’?% (w) is defined by the derivative in (S)* of Bg}t’QH *(w):

oo

(4) Wil =3 (e g) (b1, 1) He, ().
=1

For a® = (a(ll), ozgl)), we define two partial fractional white noises:

(5)  0uB W) = Y I h,w) ()T 0, Lo 12 He (W),
=1
oo

O GBI = S L (D) () ().
=1

By the direct extension of the method used by Elliott and Van der Hoek [3] in the
one-parameter case, we easily prove that these noises, defined by ), (&) and (@),
satisfy that for each (t1,t2) € R?,

On, By, %5 0 By, and W72 € (S).
We give the definition on (S)*-valued integrals for the two-parameter case.

Definition 2. Let Y : R2 — (S)* be a given function satisfying

(7) / ((Y(t1,t2),0))(9)=,(s)dt1dtz < oo for all ¢ € (S),
R2

where ({-,-))(s)=,(s) is the bi-pairing (S)* and (S). Then we define (S)*-valued
integral [p. Y (t1,t2)dt1dts to be the unique element of (S)* such that for all ¢ € (S),

(( Y(tl,t2)dt1dt2,¢>>(sy,(8)=/ ((Y(t1,t2), 0))(s)=,(s)dt1dts.
R2 R2

If (M) holds, we then say that Y is integrable in (S)*. If F,G € (S)*, then their
Wick product F o G € (S)*. Since 8tlBg,1{f2 € (S)* and atlef}gf? € (S)*, we
define a mixed fractional white noise by

Hy,Ho H,y,H> *
8tlBt1,t2 OatlBtl,tg € (S) .

So the stochastic integrals of various types can be defined.
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Definition 3. Suppose that Y : R? — (S)* is a given function such that

Y(ti,ta) o (atl B 8, B/ jgf"‘) dtydts,
R2

Y(tl, tg) <o thi{1t,2H2 dtdta,
R2

Y (ti, to) 7 152 0 9, BT 2 dty dt,
]RQ

and

Yty to) 3 5727 0 0, B 2 dty dt
RZ

are integrable in (S)*. Then we define the following (S)*-valued integrals:

Y (1, ta)dM(ty,t2)
RQ

Y(ti,ta) o <at1 B 0 8,,B/! }gj’?) dtydts,
R2

Y(tl , tg)dBtI;I}t’;—Iz
R2

Y(tl, tg) <& WtI;Ift;Hz dtldtg,
R2

— Hq{,H
/Rz Y(ty, to)t; M3 2 dty dy, B

/ Y (t1, to) 5 1312 0 0y, B 2 dt dt,
]RZ

- Hy,H.
/Rz Y (ty, )3 1431y, By R dt

/ Y (ty, to) 54327 0 0, BTy 2 dty dt.
]RZ

Remark 1. We adopt the same notation M (#,t5) as that used by Tudor and Viens
[5] in which dM (¢1,t2) is interpreted as dtlBg}t’fz - dy, Bg}t’fZ. Here the notation
d, Bg )lt’ZHz is used to denote the differential of the fractional Brownian motion given
by t; — Bg }t’QH"' for fixed to, and similarly for dtng }t’fz. In our case, by ), (&)
and ([l), we have

t1 to So S1
)/ H,,H H,,H
M(tl, tg) = / / / Wsl,lu2 2d’ll,Q 0/ Wulf& 2du1dsld52
0 0 0 0
t1 to
_ Hl,Hz H1>H2
= / / d51le,32 <>d52B81)82 .
s1=0 Js5=0

Hence we can also interpret dM (tq,t3) as ds, Bﬁ};’j? ods, Bﬁ}gf% which is the reason

for using the notation M. (Il
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2. ITO FORMULA

In this section we give the It6 formula for the fractional Brownian sheet. The
following theorem is the extension of the one-parameter case given by Bender [I]
and Biagini et al. [2].

Theorem 2. Let f € C*(R) and let (Bgft’:%), (t1,t2) € R2, be a fractional Brow-

nian sheet with Hy, Hy € (0,1). Also, we assume that for each (ti,tz) € RZ,
f(Bglt,sz) € L2. Then we have that in L2,

ety = o [ [ o
t1 to
+2H1H2/ / @ Bﬁlgﬁb) 2120271 g ds,y
(8) +/ / FO(BE ) aN (51, 50)

t t
+H1/ 1 / 2 f(3 BHl,HQ) 2H,—1 2H2d$1d BHl,HQ

81,52 81,52

51,52 1,52

+H2/ / (3) BHl Hz) 2H, 2H2 ld BHl,HQdS2
0 0

tr pts
+H1H2/ f( (BHhH?)S%Hl_lséHTldsldsz,
o Jo

81,52

where f®)(z) = (d da*) f(x) for k=1, 4.

Proof. For any constant ¢ € R, we define g(x) = e and put Y (¢1,t2) = g(Bg,lt’QH"‘).

By definition of Wick exponential, we have

1
Y(t1,t2) = exp? ( By, + 5e 2t§H1t2H2>.

By using Wick calculus in (S)*, we obtain

d? d? Hy H
9 Yt ty) = eY(ty,ty) o ——— BHLH>
( ) dthtl ( 1 2) c ( 1 2) < dt dt t1,ta

+c2Y (ty, to)2H, Hot 21— 1221

+E2Y (ty,t3) © (atleflngQ o atQBfflt’f?)
d Hq,H

° g, Buia”
+E3Y (ty, t) Hit? ™ 14377 0 9, BT

+EY (b, to)2H, Hot 1~ 1321

+c2Y (1, to) Hot? 13271 o
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We write ([@) as follows (with g(z) = e®*): in (S)*,

o t1 to d2
9(B. Y%, "?) = / / (B ﬁfgfz) mBﬁf;fzd&d&
+2H1H2/ / ) Bgls’??)s?Hl L5221 s  ds,
/ / OB o [ 0, B2 o0, BHH: | ds, ds,
(10) +H, /tl /tz @ (Bt 31271 0 9, B 25, dsy

51,82 81,82

+H1/ / (3) BH17H2) %Hl 1 2H2<>8 BH“H?dsldsQ

1,52

t1 to
+2H1H2/ / 4) BHl,HQ) 4H,—1 gHQ 1d81d$2

Let £ be the family of linear combination of the functions e“*, i.e.,

n
E are*ln € Njag,cp € R
k=1

For given f € C*4(R), we can find a sequence f,, € £ such that as n — oo,

(11) Fo(@) = f(z) and f¥)(2) = fB(2), k=1, - 4.

By linearity ([I0) is true for f,, € £. Note that the following functions are continuous
in (S)*:

(s1,80) — fON(BAH) o =1 .. 4, WHLH: g pHH2 - and g, B2,

51,52 51,52 51,52 S$1,52

Hence the integrals of the right-hand side in (&) exist. By (1)) and the dominated
convergence theorem, the asserted equation (8) holds in (S)*. But the left-hand
side is in L2 and the theorem is established. (]
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