PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 134, Number 12, December 2006, Pages 3715-3719
S 0002-9939(06)08596-0

Article electronically published on June 15, 2006

A COUNTEREXAMPLE RELATED TO TOPOLOGICAL SUMS

SHUJI YAMAMOTO AND ATSUSHI YAMASHITA

(Communicated by Alexander Dranishnikov)

ABSTRACT. In this paper we construct compact metric spaces X, Y which
are topologically distinct but whose topological sums X LI X and Y UY are
homeomorphic.

1. INTRODUCTION AND THE MAIN RESULT

For topological spaces X, Y, we denote by X LI'Y the topological sum of X and
Y. Let X and Y be topological spaces and assume that X LU X and Y UY are
homeomorphic (we denote this by X LU X =~ Y UY). Then, one may ask whether
X =Y holds.

If X is a connected space, obviously, this is always true. It seems that even
for “most” disconnected spaces X,Y such that X U X =~ YUY, X and Y are
homeomorphic. But this is not true in general; we will describe a counterexample.

Theorem 1.1. There exist compact metric spaces X, Y which satisfy the following
property: X andY are nonhomeomorphic, but the topological sums X UX and YLIY
are homeomorphic. Moreover, such spaces X, Y can be constructed as subspaces of
the Euclidean plane R?.

In this paper, for notational convenience, we will construct an example of the
pair X, Y as subspaces of R*. However, it will be easily observed that one can
construct X, Y with the same property as (compact) subspaces of R? in a similar
way.

For n 2 0, we denote by

| |x

n
the topological sum of n copies of X. If n = 0, this means the empty set @. Let
N,Z,Q, and R be the set of all positive integers, all integers, all rational numbers

and all real numbers, respectively. Let I = [0,1] = {z € R; 0 £ & < 1} be the
closed interval between 0 and 1. For points z,y in the Euclidean space R™, put

(,yy={(1—-t)z+ty; t eI} CR"
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FiGURE 1. The space Z

2. CONSTRUCTION OF THE EXAMPLE
The main idea is to construct spaces X and Z which have the following property:

Property A. The spaces X and XUZ are nonhomeomorphic, but X and X UZUZ
are homeomorphic.

If we can construct such a pair of spaces X and Z, the spaces X and Y = X U Z
clearly form a counterexample. Now, the problem is to construct X and Z satisfying

Property A.
The space Z is constructed as follows. Arrange the countable set I N Q to get
a sequence ai, ds, as, . ... Then let Z be the closed interval I with n “legs” at each

rational point a,, (see Figure 1). Precisely, let v; = (1,1/i) € R? for i € N and let

F, = LnJ <0, ,']7:1)1> C R?

i=1
for n € N. Then we put

Z =(Ix{0,0Hu | ({an} x F,) C R
neN

Observe that every open cover of Z has a finite subcover, whence Z is compact.

The following lemma is easily seen by counting the path components of the
complements of each point of Z (especially, the “node” (a,,0,0) of Z for each
n € N) and observing that the set {a, ; n € N} = INQ is dense in I.

Lemma 2.1. Every homeomorphism ¢: Z — Z fizes the points of I x{(0,0)}. O

The other space X has countably many copies of Z as subspaces. Precisely, we
construct X as follows. Let f: I — I be the homeomorphism defined by

x/2 if0<2<1/2,
fly=1" 0= =1/
Bz —1)/2 if1/2< 2 < 1.
(See Figure 2.) Clearly, f induces a homeomorphism from I N Q to itself. Let
f° = id;, the identity map of I, f' = f and f™ = f o f*~! for integers n > 2.
Define f~" = (f")~! for each n € N. Each f" is a homeomorphism from I to itself

and induces a homeomorphism from I N Q to itself.
Let

X = (0 {00 U U (0} x 2o ) €S
neN
for each m € N and let

X = ({0} x I x{0,0hHU |J ({%}xx,ﬂ)cm&.

meZ\{0}
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FIGURE 2. The homeomorphism f

Then, clearly, Iy = {0} x I x {(0,0)} and

Zn = {2} x X (m e\ )

are path components of X. We easily see that X is closed in R*. Since X is a
bounded subset of R*, X is compact (see Figure 3).
Note that the map Z — Z,,, given by

(@,y,2) — (1/m, fI"™ = (@), y/|m|, z/|m)
is a homeomorphism for each m € Z\ {0}. By this fact and Lemma 2] we have

Lemma 2.2. If m,m’ € Z\ {0}, every homeomorphism Z,, — Z, induces the
homeomorphism {1/m} x I x {(0,0)} — {1/m/} x I x {(0,0)} given by

(i,x,om) — (i,,f'm"'mm,o,O). 0
m m

Observe that ..., f~2(x), f (), z, f1(z), f3(z),... are distinct in I for each
x € T\ {0,1}. The next proposition follows from this fact and Lemma 22

Proposition 2.3. Assume that m,m’ € Z \ {0} and that V: Z,, — Zn is a
homeomorphism. If there exists a point x € I\ {0,1} such that

¥ (i,x,o,O) - (%7f”(x)70,0),
m m

I = |m| =n. O

then |m
Now, we can prove the following essential proposition.

Proposition 2.4. The space X U| |y Z is homeomorphic to X if and only if N is
even. In particular, X and Z satisfy Property A.
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F1cure 3. The space X

Proof. First, assume that N = 2n is an even positive integer. Define a map
¢: X — X by ¢(0,2,0,0) = (0, f*(x),0,0) for x € I and

(1 ) L),y ms) it >0,
Pl T Y2 | =

1 .
@) gty ) i m <0,

m—n’

This ¢ is clearly injective and satisfies
eX)=x\ | Zn
0<|m|<n

Clearly, in order to prove the “if” part, it suffices to show that ¢ is a homeomor-
phism onto its image. This is trivial because ¢ is continuous and X is compact.
To see the “only if” part, suppose that | |, Z U X ~ X.
Let ¢ be a homeomorphism

p: | |Zux — X
N
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Since homeomorphisms take each path component onto another one and Iy ~ I %
Z, each Z,, is mapped onto some Z,,/, and Iy onto Iy by ¢. Take x € I so that
©71(0,1/2,0,0) = (0,2,0,0). Then = ¢ {0, 1}.

Define a sequence {p;}jen in X as follows: por = (1/k,2,0,0) and pop—1 =
(—1/k,2,0,0). Obviously, {p;} converges to (0,z,0,0) € Iy. Because ¢ is con-
tinuous, {¢(p;)} must converge to ¢(0,z,0,0) = (0,1/2,0,0). Use Lemma to
observe that each pry(¢(p;)) must belong to the set A = {f"(z);n € Z} C I,
where pr, denotes the second projection R* — R. Since the closure of A in I is
AU{0,1}, the point 1/2 belongs to AU {0, 1}, which means that 1/2 € A. Hence,
there is an integer n such that 1/2 = f™(z). Since 1/2 is an isolated point of A
and pry(p(pj)) — 1/2 as j — oo, pry(p(p;)) = 1/2 for j =2 2M — 1, where M is a
sufficiently large number.

Take any integer m such that |m| = M. Then there exists a number j such
that p; € Z,,. This j satisfies j =2 2M — 1 and pry(p(p;)) = 1/2. Pick m’ € Z so
that ¢(p;) belongs to Z,,/. Then, ¢ maps Z,, onto Z,,, homeomorphically. Notice
that pry(p;) = @ and pry(¢(pj)) = 1/2 = f"(x). By Proposition 23] we have
|m’| — |m| = n. This means that o(Z,, UZ_n) = Zymin U Z_(man) if m 2 M.

Then, we have

12 U Zm | = U Zm,s

|m|z2M |m|ZM+n
and hence,
N 0<|m|<M 0<|m|<M+n

In (1), since ¢ is a homeomorphism, the numbers of path components within the
bracket in the left-hand side and in the right-hand side must be the same. This
means

N+2M —2=2M +2n — 2,
that is, N = 2n. Therefore, N is even. ([l

Letting n = 1 or 2, we see from Proposition 24l that X U Z LU Z ~ X, and that
X U Z % X. This means that X and Z satisfy Property A. Hence, the spaces X
and Y = X Ul Z give an example of the pair X, Y in Theorem [[.1]

Finally we note that, by a slight modification, we have an example of compact
metric spaces X,,,Y,, (n € N) such that | |, X;, % |, Y, for £ < n but | |, X, =
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