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A LINEAR COUNTEREXAMPLE TO THE FOURTEENTH
PROBLEM OF HILBERT IN DIMENSION ELEVEN

GENE FREUDENBURG

(Communicated by Bernd Ulrich)

Abstract. A family of Ga-actions on affine space Am is constructed, each
having a non-finitely generated ring of invariants (m ≥ 6). Because these
actions are of small degree, they induce linear actions of unipotent groups
Gn

a � Ga on A2n+3 for n ≥ 4, and these invariant rings are also non-finitely
generated. The smallest such action presented here is for the group G4

a � Ga

acting linearly on A11.

1. Introduction

More than a century after it was first posed, we are still sounding the depths of
Hilbert’s Fourteenth Problem. In its geometric form, this asks whether the invari-
ant ring of a G-variety V is finitely generated over its base field, with particular
interest in the case V is a G-module. Nagata’s counterexamples from 1958 use the
commutative vector group G

13
a acting on the affine space A

32 by linear transfor-
mations [14]. Since then, other counterexamples have been found that show that
both the dimension of the group G which acts, as well as the dimension of the
affine space An on which it acts can be reduced. However, there remain several key
interrelated questions regarding minimality of dimension in any counterexample to
the Fourteenth Problem.

These questions are framed by the following three finiteness theorems, where k
denotes the base field. When G is an algebraic k-group acting algebraically on an
algebraic k-variety X, then k[X] is the coordinate ring of X, and k[X]G its ring of
invariants. The additive group of the field k is denoted by Ga, and its multiplicative
group of units by Gm.

Finiteness Theorem. If G is any finite or reductive group acting algebraically on
a variety X, then k[X]G is finitely generated over k (see [3]).

Zariski Finiteness Theorem. If k(x1, ..., xn) is the rational function field in n
variables over k, and K is a subfield containing k such that tr.deg.kK ≤ 2, then
K ∩ k[x1, ..., xn] is finitely generated over k [18].

Received by the editors August 10, 2005.
2000 Mathematics Subject Classification. Primary 13A50, 14R20.
Key words and phrases. Hilbert’s Fourteenth Problem, invariant theory, locally nilpotent

derivations.

c©2006 American Mathematical Society
Reverts to public domain 28 years from publication

51



52 GENE FREUDENBURG

Maurer-Weitzenböck Theorem. If k is of characteristic zero, and G is a one-
dimensional group acting on V = An by linear transformations, then k[V ]G is
finitely generated over k (see [5]).

Thus, when the characteristic of k is 0, a linear action of Ga on A
n has a finitely

generated ring of invariants. On the other hand, working over the complex field,
Mukai has constructed linear actions of the three-dimensional vector group G3

a on
A18, which have non-finitely generated rings of invariants [13].

Question 1. Is the invariant ring of a linear G2
a-action on An always finitely

generated? Equivalently (over a field of characteristic 0): Is the common kernel
of two commuting nilpotent matrices always of finite type?

Remarkably, in the case of positive characteristic, the situation for linear Ga-
actions is still completely open.

Question 2. Over a field of positive characteristic, is the invariant ring of a linear
Ga-action on An always finitely generated?

The first (non-linear) Ga-action on affine space with non-finitely generated in-
variant ring was constructed by P. Roberts [15], specifically using A7 over a field of
characteristic 0. A similar counterexample was later given by the author and Daigle
using a Ga-action on A5 [2]. Note that, due to the Zariski Finiteness Theorem, any
G-action on A

3 will have k[A3]G finitely generated. This leaves:

Question 3. Is the invariant ring of a Ga-action on A4 always finitely generated?

A related question is:

Question 4. Suppose that a G-action on An has non-finitely generated invariant
ring k[An]G. Can tr.deg.kk[An]G be equal to 3?

Several known examples, including one of Nagata’s, have invariant rings of tran-
scendence degree 4 over k. On the other hand, the Zariski Finiteness Theorem
implies that no counterexample can have invariant ring of transcendence degree 2
over k. Recently, Kuroda constructed counterexamples to the more general version
of the Fourteenth Problem that use a subfield of a rational function field having
transcendence degree 3 over k (see [9, 11]). But for invariant rings of group actions,
this remains an open question.

Following Nagata’s counterexample for A32, a series of linear counterexamples
to the Fourteenth Problem on smaller affine spaces were found: A’Campo-Neuen
for A19 ([1], 1994), Steinberg for A18 ([16], 1997), Mukai for A16 ([13], 2002), and
Tanimoto for A

13 ([17] 2004).1

Question 5. What is the smallest value of n such that, for some group G, there
exists a linear algebraic G-action on An with non-finitely generated ring of invari-
ants?

Note that the Zariski Finiteness Theorem, together with the Maurer-Weitzenböck
Theorem, imply that n ≥ 5 in this situation.

The purpose of this brief article is twofold: To bring greater attention to these
fascinating questions, and to provide an example showing that the value of n may
be reduced to n = 11 in the known examples for the last question.

1In the examples of Nagata and Steinberg, k is any field that is not locally finite; for A’Campo-
Neuen and Tanimoto, k is any field of characteristic zero; and in Mukai’s examples, k = C.
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Specifically, the last section of the paper gives a linear action of the unipotent
group G4

a�Ga on A11 having non-finitely generated ring of invariants. This example
is based on recent work of Kuroda [10], who constructed a family of non-linear
counterexamples generalizing those of Roberts. These are Ga-actions on affine
spaces that, although not linear, are of a particularly simple form called elementary.
In Section 2, we will show that the Kuroda examples induce a family of non-
elementary Ga-actions in smaller dimension. Finally, these Ga-actions are used to
define linear actions of larger groups on larger affine spaces, and these linear actions
also have invariant rings, which are not finitely generated. The key fact is that the
degrees for the intermediate Ga-actions are small, meaning that the induced linear
actions can be defined on A

n for n ≥ 11.
The notation R[n] will denote the polynomial ring in n variables over the ring R.
I wish to thank Robert Steinberg and Ryuji Tanimoto for their helpful comments

about this paper.

2. The Roberts derivations

Fix a field k of characteristic 0. The reader is reminded that Ga-actions on a
k-variety X correspond to locally nilpotent derivations D on the coordinate ring
k[X]; see for example [4] or [5]. In particular, if D is a locally nilpotent derivation
of k[X], the corresponding Ga-action on X is exp(tD), t ∈ Ga, and the ring of
invariants k[X]Ga equals the ring of constants (kernel) for the derivation, denoted
k[X]D or ker(D). When X = A

n, a linear Ga-action is given by a unipotent matrix
of order n, which is the exponential of a nilpotent matrix.

The simplest non-linear locally nilpotent derivations of a polynomial ring are the
elementary derivations. Specifically, let B = k[x1, ..., xn] be the polynomial ring in
n variables over k. Then a k-derivation D of B is elementary if and only if, for
some i, 1 ≤ i ≤ n, D has the form

Dxj = 0 for 1 ≤ j ≤ i , and Dxj ∈ k[x1, ..., xi] for i < j ≤ n .

If, in addition, each image Dxj is a monomial in x1, ..., xi, then D is called elemen-
tary monomial.

Already among the Ga-actions associated to elementary monomial derivations,
we find counterexamples to the Fourteenth Problem. The first of these is due to
Roberts [15]; subsequent work on this subject is found in [4, 6, 7, 12].

A recent paper of Kuroda [10] also studies this class of derivations. In it the
author gives an inequality determined by the defining monomials of an elementary
monomial derivation, and proves that when this inequality is satisfied, the ring of
constants for D is not finitely generated ([10, Theorem 1.3]).

Of particular interest is the following special case. Let B = k[x,y, z] = k[2n+1],
where x = (x1, ..., xn) and y = (y1, ..., yn) for n ≥ 1. Given an integer t ≥ 1, define
the Roberts derivation D(t,n) on B by:

D(t,n)(x) = 0 ; D(t,n)(yi) = xt+1
i (1 ≤ i ≤ n); and D(t,n)(z) = (x1 · · ·xn)t .

Theorem 2.1. If n ≥ 3 and t ≥ 2, or if n ≥ 4 and t ≥ 1, then the ring of constants
of D(t,n) is not finitely generated.

The original examples of Roberts were D(t,3) for t ≥ 2. Then Kojima and
Miyanishi proved the result for the case n ≥ 3 and t ≥ 2 [7]. Finally, Kuroda
proved all cases of the theorem, including the case n ≥ 4 and t ≥ 1 ([10], Cor. 1.5).
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It is this last case, which is new, that serves as the motivation for this paper: We
consider the Roberts derivations D(1,n) for n ≥ 4.

It should be noted that Kurano showed that the ring of constants for D(1,3) is
generated by 9 elements [8].

3. Triangular derivations induced by Roberts derivations

The basic representation of Ga on AN is defined by the exponential of the ele-
mentary nilpotent matrix

EN =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 1 0 · · · 0
0 0 1 · · · 0
...

...
. . . . . .

...

0 0 0
. . . 1

0 0 0 · · · 0

⎞
⎟⎟⎟⎟⎟⎟⎠

N×N

.

Let VN denote AN as a Ga-module with this action. The purpose of this section is
to prove the following.

Theorem 3.1. Given N ≥ 5, let k[u,v] = k[N+2] denote the coordinate ring of
V2 ⊕ VN , where u = (u1, u2) and v = (v1, ..., vN ), and E2(u1) = EN (v1) = 0. Let
X ⊂ A

N+2 denote the coordinate hypersurface defined by the invariant function
(v1 − u2

1). Then Ga acts on X by restriction, and k[X]Ga is not finitely generated.

Proof. Given n ≥ 4, let δn denote the Roberts derivation D(1,n) on the polynomial
ring k[x,y, z] = k[2n+1], where x = (x1, ..., xn) and y = (y1, ..., yn). Specifically,

δn =

⎛
⎝ ∑

1≤i≤n

x2
i

∂

∂yi

⎞
⎠ + (x1 · · ·xn)

∂

∂z
.

By Kuroda’s result, the ring of constants of δn is not finitely generated.
This derivation has many symmetries. First, there is an obvious action of the

torus Gn
m on k[x,y, z] that commutes with δn, namely, given λ = (λ1, ..., λn) ∈ Gn

m,

λ · xi = λixi (1 ≤ i ≤ n); λ · yi = λ2
i yi (1 ≤ i ≤ n); and λ · z = (λ1 · · ·λn)z .

There is also an obvious action of the symmetric group Sn on k[x,y, z] commuting
with δn: Given σ ∈ Sn, define

σ(xi) = xσ(i) (1 ≤ i ≤ n); σ(yi) = yσ(i) (1 ≤ i ≤ n); and σ(z) = z .

Since the actions of the torus Gn
m and the symmetric group Sn semi-commute with

each other, we obtain an action of the group (Gn
m �Sn) on k[x,y, z]. (In this group,

Sn acts on Gn
m by conjugation.)

The full torus action does not have many invariant functions, and so we consider
instead the action of the subgroup H ⊂ Gn

m consisting of elements λ such that
λ1 · · ·λn = 1. Note that H is also a torus, of dimension (n − 1). We thus obtain
an action of the group G := (H � Sn) on k[x,y, z].

The ring of invariants k[x,y, z]H is generated by monomials in x and y whose
y-degrees ascend from 0 to n, together with z. These monomials are:

(x1 · · ·xn),
x−2

i (x1 · · ·xn)2yi (1 ≤ i ≤ n),
x−2

i x−2
j (x1 · · ·xn)2yiyj (1 ≤ i < j ≤ n),
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...
(xixj)2y−1

i y−1
j (y1 · · · yn) (1 ≤ i < j ≤ n),

x2
i y

−1
i (y1 · · · yn) (1 ≤ i ≤ n),

(y1 · · · yn).

Since H is normal in G, the fixed ring of the G-action is

k[x,y, z]G = (k[x,y, z]H)Sn = k[s0, s1, ..., sn, z] = k[n+2] ,

where si denotes the sum of the monomials of y-degree i in the list above. The
crucial observation is that k[x,y, z]G is a polynomial ring, of dimension n+2. Since
the action of G commutes with δn, it follows that δn restricts to a locally nilpotent
derivation of this invariant ring:

δn(s0) = 0 ,
δn(s1) = ns2

0 ,

δn(s2) =
(

n
2

)
s1 ,

...

δn(si) =
(

n
i

)
si−1 ,

...
δn(sn) = sn−1,
δn(z) = s0.

Let s = (s0, s1, ..., sn), and let ∆n denote the restriction of δn to k[s, z]. Up to scalar
multiples, the induced Ga-action exp(t∆n) on An+2 = Spec(k[s, z]) is precisely the
Ga-action on X = AN+1 described in the theorem, where N = n + 1. It remains
to show that the ring of constants k[s, z]∆n is not finitely generated.

In order to do this, we will use the Non-Finiteness Criterion of Daigle and
Freudenburg (Lemma 2.1 of [2]; Lemma 7.4 of [5]). This result specifies two condi-
tions that when satisfied, imply that the kernel of a locally nilpotent derivation is
not finitely generated.

According to Lemma 2.2 of Kuroda [10], there exists a sequence αi ∈ k[x,y, z]δn

such that, for some positive integer e, αi has the form αi = xe
1z

i+ (terms of
lower degree in z) for each i ≥ 1. We may assume each αi is homogeneous (i.e.,
semi-invariant) relative to the given torus action; otherwise replace αi by the ho-
mogeneous summand of αi containing xe

1z
i, which is also in the kernel of δn. Given

i ≥ 1, let βi denote the product of all elements in the orbit of αi under the action
of Sn. Then βi ∈ k[s, z]∆n for each i, and has leading z-term of the form

(
(xe

1z
i)(xe

2z
i) · · · (xe

nzi)
)(n−1)!

= s
e(n−1)!
0 zin! .

Therefore, the set of coefficient degrees {deg s
e(n−1)!
0 } is bounded, while the set

{degz zin!}i≥1 is unbounded. This is the first condition for non-finite generation.
The second condition is that δn(z) = s0 does not belong to the image of the

restriction of ∆n to the subring k[s]. But this is obvious, since s0 does not belong
to the ideal (δn(s)) = (s2

0, s1, ..., sn−1). By the Non-Finiteness Criterion, it follows
that the ring of constants k[s, z]∆n is not finitely generated. �
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4. A linear counterexample in dimension eleven

In this section, let A = k[x, s, t, u, v, z] = k[6], and define the triangular derivation
d on A by

dx = 0 , ds = x2 , dt = s , du = t , dv = u , dz = x .

By the results of the preceding section, Ad is not finitely generated.
Let B = k[w, x, s1, s2, t1, t2, u1, u2, v1, v2, z] = k[11], and define commuting linear

triangular derivations ∆1, ∆2, ∆3, ∆4 on B by

∆1 =
(

x
∂

∂s2
− w

∂

∂s1

)
, ∆2 =

(
x

∂

∂t2
− w

∂

∂t1

)
,

∆3 =
(

x
∂

∂u2
− w

∂

∂u1

)
, ∆4 =

(
x

∂

∂v2
− w

∂

∂v1

)
.

Their common ring of constants is

(((B∆4)∆3)∆2)∆1 = k[w, x, xs1 + ws2, xt1 + wt2, xu1 + wu2, xv1 + wv2, z] ∼= k[7] .

This is due to the simple fact that, for any base ring R, if θ is the R-derivation of
R[X, Y ] = R[2] defined by θX = a and θY = −b for some a, b ∈ R (not both 0),
then R[X, Y ]θ = R[bX + aY ] ∼= R[1]. Applying this four times in succession gives
the equality above.

In addition, define a fifth linear triangular derivation D of B by

D = x
∂

∂s1
+ s1

∂

∂t1
+ t1

∂

∂u1
+ u1

∂

∂v1
+ s2

∂

∂t2
+ t2

∂

∂u2
+ u2

∂

∂v2
+ x

∂

∂z
.

In the Lie algebra of k-derivations of B, we have relations

(1) [∆1,D] = ∆2 , [∆2,D] = ∆3 , [∆3,D] = ∆4 , [∆4,D] = 0 .

So these 5 linear derivations form a Lie subalgebra.
In particular, let h denote the subalgebra

h = (k∆1 ⊕ k∆2 ⊕ k∆3 ⊕ k∆4) ,

and let g = h ⊕ kD. Then the group Γ := exp g acts linearly on A11. Let Ω denote
the subgroup Ω = exp h, which is isomorphic to the vector group G4

a.
Note that the equations (1) above show that the adjoint [·,D] defines the basic

linear derivation of h. It follows that Ω is normal in Γ; the subgroup exp t[·,D] ⊂ Γ
acts on Ω; and Γ ∼= (G4

a � Ga).
This means that D restricts to the subring BΩ = k[7], and is given by

Dw = 0,
Dx = 0,
D(xs1 + ws2) = x2,
D(xt1 + wt2) = xs1 + ws2,
D(xu1 + wu2) = xt1 + wt2,
D(xv1 + wv2) = xu1 + wu2,
Dz = x.

This is manifestly the same as the derivation d, defined at the beginning of this
section, extended to the ring A[w] = A[1] by dw = 0. Therefore,

BΓ = (BΩ)D ∼= (A[w])d = (Ad)[w] ∼= (Ad)[1] ,

and this ring is not finitely generated over k. We have thus proved the following.
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Theorem 4.1. Let B = k[11], and let g be the Lie algebra generated by the linear
derivations ∆1, ∆2, ∆3, ∆4 and D of B, as defined above. Then the group Γ =
exp g ∼= (G4

a � Ga) acts algebraically on V = A
11 by linear transformations, and its

invariant ring k[V ]Γ is not finitely generated.

Remark. Using Theorem 3.1, the same reasoning yields, for each integer n ≥ 4, a
linear action of the group Γn = (Gn

a � Ga) on Vn = A2n+3 such that k[Vn]Γn is not
finitely generated.
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