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WALDSPURGER’S INVOLUTION
AND LIFTING OF CHARACTERS

STEPHEN DEVLIN AND JASON SCHULTZ

(Communicated by Dan M. Barbasch)

Abstract. We show that Adams’s L-packet of discrete series representations
of the two-fold metaplectic cover of SL2 coincides with Waldspurger’s local
near equivalence class.

1. Introduction

A fundamental result in the theory of automorphic forms is the notion of strong
multiplicity one. Let F be a number field with associated adeles A. Strong mul-
tiplicity one states that if π and π′ are two automorphic, cuspidal representations
of GLn(A) which agree almost everywhere, then they are the same. That is, if
V and V ′ denote, respectively, the space of automorphic cusp forms on which the
representations π and π′ act, then π � π′ almost everywhere implies V = V ′. This
result fails to hold when GLn(A) is replaced with SLn(A) ([LL], §§6, 7).

Consider the metaplectic cover G̃L2 (resp. S̃L2) of GL2 (resp. SL2). This is a
non–linear, two fold topological covering group, which is also a central extension
of GL2 (resp. SL2) by the group {±1}. Strong multiplicity one holds for G̃L2(A),
and can even be recovered for S̃L2(A) with the additional requirement that the
central characters of the representations in question be the same (see [GPS1]).
Removing this condition on central characters leads one to ‘near equivalence’ and
the Waldspurger involution ([W2], §VI).

Let SC denote the generalized Shimura correspondence. This correspondence
takes an irreducible representation π of GL2 to an irreducible, genuine representa-
tion SC(π) of G̃L2, or to zero. The local and global Shimura correspondences have
been described using character theory and the trace formula (in [F]), and using
L-functions and ε-factors (in [GPS3]). Here we are concerned primarily with the
description based on character theory. Let Θ(ψ) denote the Waldspurger correspon-
dence of [W1] and [W2], mapping irreducible representations of PGL2 to genuine
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representations of S̃L2 possessing a ψ-Whittaker model. Gelbart and Piatetski-
Shapiro noted and exploited, in [GPS1], the close relationship between these cor-
respondences (see (10) and the comments following). We, in turn, use their results
in the sequel.

Given a genuine automorphic cuspidal representation σ̃ of S̃L2(A), define the
near equivalence class of σ̃, NE(σ̃), to be the set of all genuine representations of
S̃L2(A) which are almost everywhere equivalent to σ̃. The extent to which strong
multiplicity one fails for S̃L2(A) is measured by the size of such near equivalence
sets NE(σ̃).

Now let σ̃ and σ̃′ be near equivalent irreducible genuine cuspidal representations
of S̃L2(A). Fix a character ψ of A/F . There exists a non-square ξ ∈ F× such that σ̃
possesses a ψξ-Whittaker model. Waldspurger ([W2], §VI) defines a representation
π = Sψ(σ̃) of PGL2(A) by

Sψ(σ̃) = Θ(ψξ)−1(σ̃) ⊗ χξ,

where χξ is a certain grossencharacter ([GPS1]). Waldspurger then proves that
σ̃′ = Θ(ψξ)(π ⊗ χξ). From this it follows that each cuspidal automorphic near
equivalence class is of the form

NE(σ̃) = {Θ(ψξ)(π ⊗ χξ) : ξ ∈ F× },
for an automorphic cuspidal representation π of PGL2(A). Moreover, this set is
finite provided σ̃ is not a basic Weil representation of the form rχ, i.e., distinguished
in the sense of [GPS2].

This suggests a local analogue of near equivalence. Let F be a non–archimedean
local field and let ψ be an additive character of F . Let σ̃ be a genuine, irre-
ducible, admissible representation of S̃L2(F ) corresponding to the representation π
of PGL2(F ) by SC. Then σ̃′ is near equivalent to σ̃ provided that σ̃′ = Θ(ψξ)(π⊗χξ)
for some ξ ∈ F× (see [W2], §VI). Here χξ is the quadratic character associated to
the extension F (

√
ξ)/F .

Waldspurger proves that if σ̃ is a genuine discrete series representation of SL2(F )
which is not an odd Weil representation, and which admits a ψ-Whittaker model,
then there is a non-trivial representative ξ ∈ F×, modulo squares, for which

NE(σ̃) = {σ̃ = Θ(ψ)(π), σ̃′ = Θ(ψξ)(π ⊗ χξ)}.
The local and global pictures are then connected as follows. Suppose that σ̃ is

a genuine automorphic cuspidal representation of S̃L2(A) that is not a basic Weil
representation of the form rχ. Let Σ be the finite set of places of F where σ̃ν is
a discrete series representation. Then for each subset T of Σ of even cardinality,
define σ̃T =

⊗
σ̃T

ν by

(1) σ̃T
ν =

{
Θ(ψξν

ν )(πν ⊗ χξν
) if ν ∈ T,

σ̃ν if ν �∈ T.

Then T −→ σ̃T is a bijection between the even subsets of Σ and the elements of
NE(σ̃).

Recent work of Adams ([A]), based on character theory and the generalized
Shimura correspondence ([KP2], [FK]), has led to a natural candidate for an ‘L-
packet’ of representations of S̃Ln(F ), the n–fold metaplectic cover of S̃Ln(F ).

In this paper, we show that for n = 2, Adams’s L-packet coincides with Wald-
spurger’s local near equivalence class (when defined). Since Adams’s L-packet is



WALDSPURGER’S INVOLUTION AND LIFTING OF CHARACTERS 913

well defined for n > 2, it is natural to ask if, analogous to the rank 2 case, the
members of the local packets give rise to global near equivalent metaplectic forms.

Start with a representation π of GL2(F ) with central character χπ. Let ν be
a character of F× satisfying χπ(xI) = ν(x2). Flicker defines a representation π̃ =
L(π) of G̃L2(F ) corresponding to π. Since the central character of πν−1 is trivial,
the representation factors to πν−1 on PGL2(F ). Furthermore, the restriction of π̃

from G̃L2(F ) to S̃L2(F ) is easy to describe, and the irreducible constituents can
be parameterized by characters of F× with fixed restriction to F×2 (see Corollary
3.2). We choose the constituent corresponding in a natural way to the character
ν, and call it L(π, ν). This is a correspondence between genuine representations
of S̃L2(F ) and PGL2(F ). Let β be a character of F× with β(−1) = −1. In the
same way, πβ(νβ)−1 factors to πβ(νβ)−1 = πν−1 on PGL2(F ), and corresponds
to the genuine representation L(πβ, νβ) on S̃L2(F ). Hence, there is a natural
association between a particular class of genuine representations of S̃L2(F ) and
the representation πν−1 of PGL2(F ). We show that in the case where π is a
discrete series representation, the two representations of S̃L2(F ) corresponding to
πν−1 are precisely the elements of the local near equivalence class of Waldspurger
([W2], VI). That is, in the above notation, L(π, ν) = Θ(ψ)(πν−1) and L(πβ, νβ) =
Θ(ψξ)(πν−1 ⊗ χξ).

Finally, we note that in recent work, Manderscheid has given another descrip-
tion of the local near equivalence class in the case that both representations are
supercuspidal. His description is based on types, the natural inducing data of
supercuspidal representations ([M]).

2. Preliminaries

We take F to be a non-archimedean local field with square roots of unity
µ2 = {±1}. Let G = GL2(F ) and S = SL2(F ). We consider G̃ and S̃, the 2–
fold metaplectic covers of G and S. These topological covering groups are central
extensions of G and S, respectively, that fit into the exact sequences

1 −→ µ2
ι−→ G̃

p−→ G −→ 1,

1 −→ µ2
ι−→ S̃

p−→ S −→ 1.

For a detailed account of the construction of these groups, see [G] and [KP1] (where
we take r = 2 and c = 0 in their notation). For our purposes it suffices to say that
G is determined by a 2-cocycle c(·, ·) : G × G −→ F×. We think of G as the set
of pairs (g, ζ) with g ∈ G, ζ ∈ µn and with multiplication given by (g, ζ)(g′, ζ ′) =
(gg′, ζζ ′c(g, g′)). Then S̃ is the subset of G̃ whose elements have a determinant
(after composition with p) equal to 1. If H ⊂ G, then H̃ will denote p−1(H), the
preimage of H in G̃. We often write ζ as an abbreviation for the element (1, ζ) ∈ G̃,
where ζ ∈ {±1}.

Let F× denote the invertible elements in F , and F×2 the set of squares of the
elements in F . We further denote by (·, ·) the Hilbert symbol relative to F . This is
a non-degenerate pairing, F× × F× → µ2, and F×2 = {y ∈ F× : (y, x) = 1 ∀ x ∈
F×}.
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Lemma 2.1 ([KP1], §0). Let g, h ∈ G, and take g̃ and h̃ to be any inverse images
of g and h, respectively, in G̃. Then the G̃-commutator,

{g, h} = g̃h̃g̃−1h̃−1,

is well defined. If g and h commute, then {g, h} ∈ ι(µ2). Furthermore, if x ∈ F×,
then

(2) {xI, h} = (det(h), x).

The first two parts of following lemma follow from the properties of the Hilbert
symbol while the third part is trivial.

Lemma 2.2. Let Z = {xI : x ∈ F×} be the center of G, Z2 = {yI : y ∈ F×2},
and G+ = {g ∈ G : det(g) ∈ F×2}. Then

i. The center of G̃ is Z̃2.
ii. The center of G̃+ is Z̃.
iii. G+ = Z · S.

Finally, we note the exact sequences

1 −→ µ2 −→ F× −→ F×2 −→ 1,

1 ι−→ F×2 −→ F× −→ F×/F×2 −→ 1

and their Pontriagin duals

1 −→ F̂×2 −→ F̂× res−→ µ̂2 −→ 1,(3)

1 −→ ̂F×/F×2 −→ F̂× res−→ F̂×2 −→ 1.(4)

We therefore identify the characters of F× that are trivial on µ2 with the squares
of characters of F×. That is,

Lemma 2.3. Let λ ∈ F̂×. Then λ = ν2 for some ν ∈ F̂× if and only if λ(−1) = 1.

3. Representation theory

Let π̃ be a representation of a subgroup of G̃ with central character χπ̃. We say
that π̃ (resp. χπ̃) is genuine provided it acts via the non-trivial character ε of µ2.

Suppose that χ is a genuine character of Z̃2 (the center of G̃) and µ is a character
of Z̃ (the center of G̃+) which restricts to χ on Z̃2. Let g̃ be an element of G̃ with
det(g̃) = a. Then for z̃ ∈ Z̃, define a character g̃µ of Z̃ by g̃µ(z̃) = µ(g̃−1z̃g̃).
Taking z̃ = (xI, ζ) for some x ∈ F×, and since µ is genuine, (2) gives

g̃µ(z̃) = µ(g̃−1z̃g̃) = µ(z̃(a, x)) = µ(z̃)ε((a, x)).

Given a ∈ F×, we let aµ = g̃µ, where g̃ is any element of G̃ with det(g̃) = a. By
the properties of the Hilbert symbol, µ �= g̃µ provided a �∈ F×2. Moreover, the
conjugates of µ by a set X of coset representatives of G̃/G̃+ exhaust the characters
of Z̃ that restrict to χ on Z̃2. The determinants of the elements in X in turn

determine a set Y of coset representatives of F×/F×2. For χ ∈ ̂̃
Z2, we let Ωχ =

{ν ∈ ̂̃
Z : ν

∣∣
Z̃2 = χ}. If µ is any element of Ωχ, we have

Ωχ = { g̃µ : g̃ ∈ X} = { aµ : a ∈ Y }.
Finally, let π̃ be an irreducible representation of G̃ with central character χπ̃.

We can use Clifford theory to describe the restriction of π̃ from G̃ to S̃. If σ̃+ is
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an irreducible constituent of ResG̃
G̃+

π̃, then its conjugate representations { g̃σ̃+ :
g̃ ∈ X} are all distinct, since the central characters of these representations are
precisely the elements of Ωχπ̃

. Since no two elements of Ωχπ̃
are the same, all the

conjugates of σ̃+ are disjoint. Summarizing, we have (cf. ([GPS1], p. 101)

Theorem 3.1.
ResG̃

G̃+
π̃ =

⊕
g̃∈X

g̃σ̃+.

Moreover, any of the g̃σ̃+ induce irreducibly to π̃ on G̃. Furthermore, if Vπ̃ is

the space of π̃, ν ∈ ̂̃
Z, and we let V ν = {v ∈ Vπ̃ : π̃(z̃)v = ν(z̃)v ∀ z̃ ∈ Z̃}, then

V ν carries a representation of G̃+, namely π̃
∣∣∣G̃+

. This gives

Corollary 3.2.

(5) ResG̃
G̃+

π̃ =
⊕
g̃∈X

g̃σ̃+ =
⊕

µ∈Ωχ

(V µ, π̃
∣∣∣G̃+

) =
⊕
a∈Y

aσ̃+,

with equivalences given by matching central characters.

Since S̃ and G̃+ differ by the abelian group Z̃ (Lemma 2.2iii), there is no further
reducibility when π̃ is restricted to S̃. We write

ResG̃
S̃

π̃ =
⊕
a∈Y

aσ̃,

where aσ̃ = aσ̃+

∣∣
S̃ .

4. Lifting

We recall the theory of lifting of representations between G̃ and G due to Flicker
([F]). We write Θπ for the global character of a representation π, considered as a
function on the regular semisimple elements of the group.

Given a regular element g with eigenvalues x1 �= x2, the Weyl denominator is

defined to be ∆(g) =
∣∣∣ (x1−x2)

2

x1x2

∣∣∣ 1
2
. If g is conjugate to diag(x, y), we let g′ =

diag(−x, y). Furthermore, let b = 2
|2|F

, ζg ∈ {±1} as defined in [Sc], 1.2.

Definition 4.1. Suppose π̃ is an irreducible admissible representation of G̃ with
central character χπ̃, and π is an admissible representation of G with central char-
acter χπ. Assume that

χπ̃(x2, 1) = χπ(xI) ∀ x ∈ F×.

Then we say that π̃ and π correspond via Flicker’s correspondence provided that
whenever g2 is regular we have

∆(g2)Θπ̃(g2, ζg) =
{

b∆(g)Θπ(g) if g is elliptic,
b (∆(g)Θπ(g) + ∆(g′)Θπ(g′)) if g is hyperbolic.

If π and π̃ correspond, we say that π̃ is the lift of π, and we write π̃ = L(π).

Theorem 4.2 ([F], 5.2). The correspondence given by π̃ = L(π) is a bijection
between irreducible admissible representations π of G satisfying χπ(−I) = 1 and
genuine irreducible admissible representations π̃ of G̃.
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Remark 4.3. L(π) is a discrete series representation if and only if π is, and the
correspondence is a bijection between the discrete series of G and the genuine
discrete series of G̃. On the other hand, if π̃ is supercuspidal, with π̃ = L(π), then
π is supercuspidal, but not conversely.

5. Adams’s construction

We recall Adams’s notion of a conjectural L-packet of representations of S̃ from
[A] in the special case n = 2.

Fix an additive character ψ of F and let γF be the Weil index of the map
x 	→ ψ(x2) (see [We]).

Definition 5.1. Define the gamma factor to be

γF (x, ψ) =
γF (ψx)
γF (ψ)

,

where ψx(a) = ψ(xa).

Definition 5.2. Define a character ρψ
γ of Z̃, the center of G̃+, by

ρψ
γ (xI, ζ) = γF (x, ψ)ε(ζ).

The fact that this defines a genuine character follows from the properties of the
gamma factor listed in [R]. We note that the characters of F× are in bijection with
the genuine characters of Z̃ via ν 	→ χν , with χν defined by

(6) χν(xI, ζ) = ν(x)ρψ
γ (xI, ζ).

Definition 5.3. Given the representation L(π) of G̃, we let L+(π, ν) denote that
irreducible constituent in the restriction of L(π) to G̃+ with central character χν .
Furthermore, let L(π, ν) be the restriction of L+(π, ν) to S̃.

Remark 5.4. Comparing our notation to that of [GPS1], §2, we have L(π) = π,
L(π, ν) = Resχν

π, and ν = ω. Here Resχν
denotes restricting from G̃ to G̃+,

choosing the constituent with central character χν , and further restricting to S̃.

Now, suppose a representation π has central character χπ with χπ(−I) = 1. Let
ν be a character of F× such that χπ(xI) = ν2(x) for all x ∈ F× (by (3)), and let α
be a character of F×. If we let πα denote π ⊗ (α ◦ det), then the central character
satisfies χπα(−I) = 1, and χπα(xI) = (να)2(x).

Lift πα to an irreducible genuine representation L(πα) of G̃. Considering the
central character of πα(να)−1, we have

(7) χπα(να)−1(xI) = χπ(xI)ν−1(x2) = 1,

so πα(να)−1 factors to πν−1 on PGL2(F ). Let χνα = ναρψ
γ as in (6). In a natural

way, L(πα, να) corresponds to πν−1.
Starting with a pair (π, ν) as above, we get a correspondence between irreducible

representations of PGL2(F ) and irreducible genuine representations of S̃. Since
L(πα, να) = L(π, ν) if α ∈ F̂× is a square, the correspondence is parameterized by
the characters of F̂×/F̂×2 ∼= µ̂2 (see (3)). If we let β be the non-trivial character
of µ2, then we have (cf. [A])

(8) πν−1 ←→ {L(πα, να) : α ∈ µ̂2} = {L(π, ν), L(πβ, νβ)}.
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This is the n = 2 case of the set that Adams refers to in [A] as a conjectural L-
packet. In [Sc], Schultz used this packet to define a stable character correspondence
between PGL2(F ) and S̃L2(F ), which was generalized for n > 2 in [A].

6. The correspondence

We recall Waldspurger’s notion of near equivalence.

Theorem 6.1 (Waldspurger, [W2], IV, Théorème 1). Suppose that σ̃ is an irre-
ducible genuine discrete series representation of S̃ possessing a ψ-Whittaker model.
Then there exists a representation π of PGL2(F ) for which σ̃ = Θ(ψ)(π). Define
the local near equivalence class of Waldspurger to be the set ([W2], VI)

NE(σ̃) = {Θ(ψ)(π), Θ(ψξ)(π ⊗ χξ)}.

Here ξ is a non-trivial representative of F×/F×2 for which Θ(ψξ)(π ⊗ χξ) admits
a ψξ-Whittaker model and χξ = γ(·, ψ)γ(·, ψξ).

We refer to the elements of NE(σ̃) as a representation and its image under the
Waldspurger involution.

Let σ̃ be a discrete series representation of S̃ and fix a character ψ such that σ̃
admits a ψ-Whittaker model. Let ν be a multiplicative character such that χν σ̃

extends to G̃+. Then χν σ̃ induces irreducibly to a representation π̃ of G̃, which
corresponds via Theorem 4.2 to a representation π of G. We write π̃ = L(π) and
have χπ(xI) = ν(x2), and σ̃ = L(π, ν).

Lemma 6.2. L(π, ν) = Θ(ψ)(πν−1).

Proof. Note that πν−1 factors to the representation πν−1 of PGL2(F ) by (7). We
have maps

(9)

GL2 −−−−→ G̃L2

⊗ν−1

⏐⏐� ⏐⏐�Resχν

PGL2 −−−−→ S̃L2

given by

(10)

π −−−−→ L(π)⏐⏐� ⏐⏐�
πν−1 −−−−→ L(π, ν)

It follows from [GPS1], §2 (with, comparing their notation to ours, µ = χν , χψ =
γ(·, ψ), and ω = ν), that the map πν−1 	→ L(π, ν) on the bottom of the diagram is
the correspondence of Theorem 6.1, and L(π, ν) = Θ(ψ)(πν−1). �

Now we apply the construction of section 5. Let β be a multiplicative character
of F× with β(−1) = −1 (so β determines the non-trivial character of µ2). Using
the construction in diagram (10) with the character νβ in place of ν, we get a
new diagram with πβ and L(πβ) on the top, and πβ(νβ)−1 = πν−1 and L(πβ, νβ)
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(= Resχνβ
L(πβ)) on the bottom:

(11)

πβ −−−−→ L(πβ)⏐⏐� ⏐⏐�
πν−1 L(πβ, νβ)

Lemma 6.3. L(πβ, νβ) and L(π, ν) are inequivalent.

Proof. Their central characters, χν and χνβ, are different. We have

χνβ(−I, ζ) = νβ(−1)ργ(−1, ζ) = −ν(−1)ργ(−1, ζ) = −χν(−I, ζ).

�

It follows that L(πβ, νβ) does not admit a ψ-Whittaker model, since if it did, the
above diagram would commute, the bottom arrow would be Waldspurger’s map,
and we would get Θ(ψ)

(
πν−1

)
= L(π, ν) = L(πβ, νβ), contradicting the lemma.

The connection between the near equivalence sets of Waldspurger and the cor-
respondence of Definition 5.3 is now apparent.

Theorem 6.4. With notation as above,

NE(σ̃) = {L(π, ν), L(πβ, νβ)}.

Proof. Lemma 6.2 gives Θ(ψ)
(
πν−1

)
= L(π, ν), so it remains to show that

Θ(ψξ)
(
πν−1 ⊗ χξ

)
= L(πβ, νβ).

To this end, choose a non-trivial representative ξ of F×/F×2 such that L(πβ, νβ)
admits a ψξ-Whittaker model. We build a diagram exactly as in Lemma 6.2, but
using ψξ in place of ψ in Definitions 5.1 and 5.2, and using νβχξ in place of ν. We
have

(12)

πβ −−−−→ L(πβ)
⊗

(νβχξ)−1

⏐⏐� ⏐⏐�Resχνβχξ

πν−1 ⊗ χξ L(πβ, νβ)

As in Lemma 6.2 we have Θ(ψξ)
(
πν−1 ⊗ χξ

)
= L(πβ, νβ). (Note that

χνβχξ
(xI, ζ) = νβ(x)ρψ

γ (xI, ζ),

which is χνβ using ψ in (6).) �

Finally, we note that much has been done in the direction of a general theory
of lifting of representations (on the level of characters) in [FK], [KP1], and [KP2].
Assuming such a lifting theory, the constructions of sections 3 and 5 are well defined
for n > 2. In particular, given a representation π of GLn(F ) with χπ trivial on the
n-th roots of unity µn(F ), a character ν of F× satisfying χπ(xI) = ν(xn), and a
lift L(π) to G̃Ln(F ), Adams has defined a correspondence between representations
of PGLn(F ) and S̃Ln(F ) parameterized by the characters of µn(F ) (see [A], §5,
and (8)):

πν−1 ←→ {L(πα, να) : α ∈ µ̂n(F )}.



WALDSPURGER’S INVOLUTION AND LIFTING OF CHARACTERS 919

If π is a discrete series representation, then the lift L(π) is defined, and the set
on the right-hand side consists of n distinct non-zero representations. A natural
question is whether the elements of this packet lead, by analogy, to global packets
and near equivalent metaplectic forms.
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