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ABSTRACT. The main aim of the present note is to study the convergence in
Cx ., on a compact Kahler mainfold X. The obtained results are used to study
global extremal functions and describe the w-pluripolar hull of an w-pluripolar
subset in X.

INTRODUCTION

The convergence in the capacity C, on domains in C™ introduced by Bedford
and Taylor (see [BT2]) was investigated by Xing and Cegrell (see [Xi], [Xi2], [Ce3]).
Recently Kolodziej (see [Ko2]) introduced the capacity Cx ., on a compact Kahler
manifold X. Next Guedj and Zeriahi studied it in [GZ]. They proved that Cx
is locally equivalent to C),,. The main aim of the present note is to study the
convergence in Cx , on X. The obtained results are used to study global extremal
functions and describe the w-pluripolar hull of an w-pluripolar subset in X. In
section 2, we introduce a characterization of the convergence in C'x ,, of a sequence
of w-plurisubharmonic functions on X. Next we prove under some conditions that
the convergence in C'x,, on X implies the one in Cg, |, where S is a smooth
hypersurface in X. By applying this result, in section 3 we prove that if E is an
w-pluripolar set in X\S where S is a smooth hypersurface in X, then E% NS is
also wg-pluripolar in S, where E% denotes the pluripolar hull of E.

For the general definition of the complex Monge-Ampere operator we refer the
reader to the papers [BT1], [BT2], [Cel], [Ce2).

1. PRELIMINARIES

1.1. Let X be a compact Kahler manifold with a fundamental form w = wx with
Jxw™ = 1. An upper semicontinuous function ¢ : X — [—00,+00) is called w-
plurisubharmonic (w-psh) if w + dd°p > 0. By PSH(X,w) (resp PSH™ (X, w)) we
denote the set of w-psh (resp. negative w-psh) functions on X.
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1.2. In [Ko2|, Kolodziej introduced the capacity Cx ,, on X by

Cx(E)=Cx(E)= sup{/wf; : p € PSH(X,w), —1< ¢ <0}
E

where wj; = (w + dd°p)™ and n = dim X.
In [GZ], Guedj and Zeriahi proved that Cx is a Choquet capacity on X and

Cx(E) = [(-hp el
X

where h, , denotes the upper semicontinuous regularization of hg, given by
hgw(z) =sup{p(z): p € PSH™ (X,w), ¢|lg < —1}.
1.3. Let u;,u € PSH(X,w). We say that {u;} converges to u in Cx if
Cx({|uj —u| >0}) —0
as j — oo, for all § > 0.
1.4. Let S be a smooth hypersurface in X. For each z € S we find a neighbourhood
U of z and a strictly psh function ¢ on U such that w = dd°p. Define w|g = dd°p

on UNS. Then wg is a fundamental form on S. Obviously if v € PSH(X,w), then
u|s < PSH(S, ws).

1.5. Let E C X. We say that E is w-pluripolar if there exists ¢ € PSH(X,w),
¢ # —oo such that £ C {¢ = —oo}. In [GZ] the authors proved that F is w-
pluripolar if and only if F is locally pluripolar. Define

E% = ﬂ{u =—o00: u € PSH(X,w), u=—oo0 on E}.
The set E% is called the w-pluripolar hull of E in X.

2. A CHARACTERIZATION OF CONVERGENCE IN CX
In this section we prove the following.

2.1. Theorem. Let uj, v € PSH(X,w) be uniformly bounded. Then the following
two are equivalent:
i) uj —u in Cx;
i) Timj oo uj < u and limj o [y (u; — w)wyy, = 0.
Proof. Set
M = maX(l,Sl;If HUJHLOQ(X)v Hu||L°°(X)) < +00.
J>

i) = ii). Given § > 0, we have
Jw-weri=1 [ mwets [ -l
X {luj—ul<d} {lu;—u|=6}
< 5/0.)33_ +2M / Wy,
X {Ju;—u[26}
<6+ M) Cx({fu; — ul 2 3.
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It follows that
i | [ (- el | <6
X

j—o0
Therefore
Tim |/(uj W | = 0.
j—o0 J
X
Since u; — u in C, it is easy to check that mjﬁoo u; < u. O

ii) = i) In order to prove ii) = i) we need two lemmas.

2.2. Lemma. Let u,v € PSHN L (X,w) be bounded. Then

|/d(u—v) ANd°(u—v) Awp, N Awg, | < C(/(U —u)(w) —wy))
X X

21—71.

YV 01, o1 € PSH(X,w), =1 < 1, ..., on—1 < 0, where C is a positive constant
depending only on n and |[ul|pex)||v|| L~ (x)-

Proof. As in [BI] we set

f=u—v,
o= [o-uep—at)
/
n—1
= /(’U - u)ddc(u — ’U) A (Z wi A wLL—l—j)
X j=0
Z/WWdTAT
X

where
n—1
T = Zwi Awn1=d,
j=0
For each £k =0, ...,n — 1 we will prove inductively that

(1) /dedCwaiAw{;AwwA...Aw% <Ca*"
X
Vij:itjtk=n—1
If k=0, then

/ded“f/\w;Awgg/dedCf/\Tza.
X X

Assume that (1) holds for kK — 1. We prove by induction on ¢ that

(2) /df/\dcf/\w;/\wg/\w%/\.../\w%/\w’“*tgcafk.
X
For t = 0, (2) holds by Theorem 2 in [B]. Set

k—
S=wp, A Awg, | Aw"
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We have
/dedCwa;Angw%AS
X
:/df/\dcf/\wi/\wg/\w/\SnL/df/\dcf/\w;/\w{;/\ddcgat/\S.

X X

Since (2) holds for ¢t — 1, we only prove that

|/df/\dcf/\w;/\wg/\ddccpt/\5| <ca*".
X

Indeed, by integration by parts we have

|/dedCwa;Aw{;AddcgatAS|
X
:|/d°‘<pt/\df/\ddcf/\w;/\w{;/\5\
X
:|/dengot/\ddCf/\w;/\ngS\
X
g|/dengptAwuAw;/\w{,'AS|+|/dengptvaAw;AngS|
X X
:|/dengatAwfjlAw{;AS|+|/dedcgatAwaAwg“AS|.
X X

By the Schwarz inequality it follows that

|/df/\dcgat AW AWl A 8|2
X

§/df/\dcf/\wi“/\w{;/\S/dcpt/\dcgot/\waH/\w{;/\S

X X
:/df/\dcf/\w;“AngS/—@tddcapt/\w7ﬁ+1Aw{;/\S
X X

S/df/\dcf/\wZJrl/\wf;/\S/—@tw%/\wfj‘l/\wi/\S
X X
g/dedCwa;“/\ngS/w%Awfjl/\w{;AS
X X

:/dedCwa:‘lew{;AS
X

Zlfk

< Ca

(because (1) holds for k& — 1).
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Therefore
|/df AdCpy NWITE A WI A S| < Ca®

Similarly
|/df/\dccpt/\w;/\w{;+1/\5\gCaQ_k. O

2.3. Lemma. Let u;,u € PSH(X,w) be uniformly bounded. Then the following
are equivalent:

i) uj = uin Cx,

i) iy oo uj < w and lim [ (@ — uj)wy, =0,

j—o0o
where 4; = max(uj,u).
Proof. 1) = ii). This is the same as in i) = ii) of Theorem 2.1.

ii) = i). Since @; — u and @; = max(u;, u), it is easy to see that 4; — u in Cx.
Thus to prove u; — w in Cl, it suffices to show that 4; — u; — 0 in C'x. Indeed,
for every § > 0 we have

Cx({t; —u; > 0}) = sup{ / wy e € PSH(X,w), -1 <9 <0}

{#;—u;>3}
1
Sgsup{/uj wy e € PSH(X,w), -1 < ¢ <0}.
In order to prove the lemma we prove by induction on k£ = 0, ...,n that
(1) sup{/ w AWk e PSH(X,w), —1 <9 <0} —0
as j — o0.

We show that (1) holds for k¥ = 0. We assume conversely that
sup{/ U; —u;) Aw" 1o € PSH(X,w), -1 <9 <0}+40

as j — oo. We may assume that

(2) /(ﬂ] —uj)w" Z €0, VJ Z 1

X
for some €y > 0. By [Ho|, we also may assume that v; — v € PSH(X,w) as
j — oo in LY(X) with v < w. Since @; —u; — u — v weakly, it follows that
D(a; —uj) — D(u— v) weakly as j — oo where Du = (g—;,..., 5321,’5)_2’“’ gg:).
From Lemma 2.2 we have

/ID(ﬂj — uy) P = I/d(ﬂj — uy) A dC (i — uy)w"
X X

< / (i — ), — w2 )2

X
1-n
X
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as j — oo. Combining this with the weak convergence of D(@; — u;) to D(u — v)
we have D(u —v) = 0. Hence u —v = ¢ > 0 a.e in X. Since u and v are w-psh, we
have u — v = c on X. We show that ¢ = 0. Indeed, we have

Jtw - wet, = [w-uer,
X X
=c/w"+/(v—uj)ng
X X

:ch/(vfuj)wuj.

X

Given € > 0, by [BT2] we find an open subset G of X with Cx(G) < € and jp such
that

uj(z) <wv(z)+e€ Vji>jo, z€ X\G.
It follows that
/(’U — ujwy, > ~M"MCx(G) - e/wﬁj
X

X
> —M"Tle —¢

for j > jg. Letting j — oo and € — 0 we obtain

lim [ (v—wuj)wi >0.
j—o0 J

X

There from i) we have

0= lim [ (@ —uj)w) >c>0.
j—o0 3

X

Thus ¢ = 0 and u = v. This means that @; and u; — w in L*(X), which contradicts

(2)-
Assume that (1) holds for £ — 1. For each ¢ € PSH(X,w), —1 < ¢ <0, we have

/(ﬂj - uj)wf; AR = /(ﬁj - uj)wfz_l An Rt
X X
+ /(11] —uj)ddp A wfz_l AwnF

X

= /(11] — Uj)wzzil A wnkarl
X

- /d(ﬂj —uj) ANd /\u)ff1 AWk,
X
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By the induction hypothesis it remains to prove that

sup{|/ Uj — uj) /\dcgo/\wk AW 9 € PSH(X,w), —1 <9 <0} —0

as j — oo. Indeed, by the Schwarz inequality, we have

|/ j —uj) /\dccp/\wk LA wnk 2
< /dgo/\dcgo/\wf;_l /\w”_k/d(ﬂj —uj) Ad(ij —uj) AwETE AW

= /—(pddﬂp A wk_l AWk /d(ﬂj —uy) Ade(ii; —uj) Awl Tt AW
X
cpw Aw™™ /d(ﬂjfuj)/\dc( fuj)/\wij*l/\(,u"*lc
X

X
X
§/w AW /d(ujfuj)/\dc( 7%)/\%1271/\&)1171@
X
/d i —uj) Ad(T; — uy) /\WZZ_1 AwnF

(by Lemma 2.2)

<o / (8 — )l —wi )? "

< C(/(ﬂj — )l )2 50
as j — oo.

Now we can complete the proof of ii) = i) in Theorem 2.1. By Lemma 2.3 it
remains to show that
lim [ (@; — uj)w;, =0.
]‘)OO
X

The equality follows from the hypothesis ii) and the convergence of @; to u in
Cx. O

2.4. Theorem. Let X be a compact Kahler manifold and S a smooth hypersurface
in X. Let uj,u € PSH(X,w) be uniformly bounded such that u; — u in Cx and
supp w,;, C K € X\S for j > 1. Then uj|sg — u|s in Cg as j — 0.

Proof. Let {U;}i=1,....m be an open cover of X satisfying

i) For each i = 1, ..., m, there exists a holomorphic function f; on a neighbourhood
of U; such that SNU; = {f; =0}, f/(z) #0 for z € U; and || f;|| (v, < 1.

ii) For each i = 1,...,m either UyN K =0 or U; N S = .
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Let {p;}i=1,...,m be a C*-partition of unity associated with {U;}i=1,. m. Set
v, =log|fil, Vi=1,..,m and 4; = max(uj,u), V j > 1. Since u; — v in C¥,

we have lim; o u; < uw in X and hence lim;_,cu; < v in §. By Lemma 2.3 it
remains to show that

v ~ —1
lim w; —ui)w' - <0.
j—>OO ( J ]) ’LLj|5 -

S

Indeed, we have by Corollary 4.2 in [BT3],

I
M=
S
=
Ly

|
<
Ly
€
<3
a L

I
| —
(]
—
5
=
<
|
<
~
N3
ISH
&
>
€
£3
L

2m —
1= U;
1 m
=5 Z @ity — uj)ddP; Awl?
i=1
1 = ~ c n—1
=5 Z (it — u;)dep; N d°th; Awl

~ c n—1
pid(t; — uz) A dY; ANwy,
(ﬂj — u])dgol A\ d%ﬂz A\ w;l;l
wid; N dC(Uj — ’l]j) A\ OJLL,_I

J

(@ — uy)dps Ads Awi !

i=1
1 m
— % Z ¢zd<pz A\ dc(uj - ﬂ]) A ng_l
i=1
1 — . .
T on Z Pithidd® (uj — ;) N w,
=1%
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For C; we have

=1%
= —i Z/(pmz(wu wg, ) Awlt
o7 = s T W) R
=X
<-5e Y [t =0
z:lX

(because supp wy, C K for j > 1 and either U; N K = 0 or U; N S = 0 for
i=1,...,m). Next write

Bj = — Z/ujzd%/\d (uj — @) AwnTt

le

= Z/w, uj — Uj) /\dgo,/\w

i=1%
— Pp— 7 . . c . n_l
— 5 [ =) 1 (vt nt
X =

Obviously g = ZZ’;I ¥;d°p; is smooth. Indeed, let z € X. We can assume that
{i=1,...m: ze€U;} ={1,....k}. Take a neighbourhood V of z such that V C U;
fori=1,...,k and VN suppp; =0 fori =k +1,...,m. On V we have

Zwidc%‘ = Z(% —P1)dp
i=1 i=2

Pi

Therefore g is smooth. Thus for B; we have

|B|—\/d i) Ng AWy

\/ uj)dg Awy 1\<C’/ j—ujw Awy L

where C' is a positive constant independent on g. Since u; and u; — u in Cy, it
follows that B; — 0 as j — oo.

Similarly as above, h = Z;Zl do; N d°; is smooth. Thus we can find C' > 0
such that

|4;] < C/(dj —uj)w/\wﬂj_l -0

as j — o0. ([
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From Theorem 2.4 we obtain the following.

2.5. Corollary. Let X and S be as in Theorem 2.4 and u;,uw € PSH(X,w) such
that u; increases to u a.e. on X and supp Wy, C K € X\S forj > 1. Then uj|s
increases to u|s a.e. on S.

Remark. Corollary 2.5 was proved by Bedford and Taylor in [BT3] for X = CP".

3. SOME APPLICATIONS

In this section we apply the results obtained in Section 2 to investigate global
extremal functions and w-plurisubharmonic hulls of w-pluripolar sets in a compact
Kahler manifold X.

Given FE a subset of X and @ a function on F, define

Vi, =sup{y € PSH(X,w): ¢ <Q on E}.

VE,q is called the global extremal function of E with the weight ). We write
Ve =VEgpo.

3.1. Theorem. Let X be a compact Kahler manifold and S a smooth hypersurface
in X. Let K be a compact set in X\S and @Q be a lower semicontinuous function
on K. Then

(Vr.qls)" = Vi gls-
We need the following.

3.2. Lemma. Let K be a compact set in X and {Q;} be a sequence of lower
semicontinuous functions on K increasing to Q. Then {Vk q,} increases to Vi q.

Proof. Let ¢ € PSH(X,w), ¢ < Q on K. Since ¢ — Q; \, ¢ —Q < 0 on K, by
Dini’s theorem for every € > 0 there exists jo such that ¢ —@Q; < e on K for j > jo.
This implies that ¢ — € < Vi q, for j > jo. It follows that Vi ¢ <lim; .o Vi q,-
Therefore lim; .o Vi g, = Vi g because obviously lim; ... Vi q, < Vi q-

Now we continue the proof of Theorem 3.1. Take a compact e-neighbourhood
E of K with E C X\S and a sequence @); of continuous function on E such that
Q; /" Q, where we define Q@ = +o00 on E\K. As in [Si], Vg q, is w-psh continuous
and moreover suppw@Eij CEeX\Sforj>1 By Lemma 3.2, VE,@, increases
to Vi o a.e. on X. Corollary 2.5 implies that Vg o, increases to Vg , a.e. on S.
Therefore we have

Ve = lim Ve.o, =Viq
a.e. on S. It follows that
(Vegls)" = Viols
a.e. on S. Since both functions are wg-psh on S we have
(Vegls)" > Vi ols-
Therefore
(Veels)" =Veqls
because obviously
(Ve@ls)" < Vggls:
Let £(C™) be the family of plurisubharmonic functions on C™ that satisfy

1
p(z) < 3 log(1 + |z]?) + Cy,, z€ C".
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We consider a 1-to-1 correspondence between PSH(CP", wcp-) and the homoge-
neous Lelong class

H(C™) = {p € L(C™) 1 p(tz) = p(2) +log|t|, z € C"™!, t € C},
which is given by the natural mapping
¢ € H(C™H) — §(2) = ¢(2) —log 2], 2 € C".

From the 1-to-1 mapping and Theorem 3.1 we generalize Theorem 1.1 in [KoI]. O

3.3. Corollary. Let K be a compact subset in C™ and Q) be a lower semicontinuous
function on K. Then

m t, = m O’ , 2 c cn
(t’E)H(Oﬂ)wlxK,Q( 3] §_>z1/)1><K,Q( €)

where
U1xk.Q(t 2) = sup{p(t, 2) : @ € H(C"H), o(1,2) < Q(z) on K}

3.4. Theorem. Let X be a compact Kahler manifold and S a smooth hypersurface
in X. Let E be an w-pluripolar subset in X\S. Then E% NS is also wg-pluripolar
in S.

Proof. Take v € PSH(X,w), v # —oo such that E C {v = —oo} and v < —1. Let
; be an increasing sequence of smooth domains exhausting X\S. For each € > 0
and j > 1, set

uc j = sup{p € PSH(X,w) : ¢ < max(ev,—27) on Q;}.
It is easy to see that for each j > 1,
max(ev, —27) < uc; < Va,, supp wgm - Qj

and u ; /" Vo, a.e. on X as € — 0. By Corollary 2.5 it follows that u. ; /" Vo, >0
on S\Fj as ¢ — 0, where F} is an wg-pluripolar set in S. Take zo € S\(UjZ, F})
and €; > 0 such that

1
Ue ;(20) > 5

for j > 1. Set
_ €5,]
w=o o
j=1
Then w is w-psh on X satisfying © = —oo on E. Moreover u(zg) > —1. Thus
L% NS is wg-pluripolar in S. The theorem is proved. (I
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