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SPLITTING CRITERION FOR REFLEXIVE SHEAVES

TAKURO ABE AND MASAHIKO YOSHINAGA

(Communicated by Ted Chinburg)

Abstract. We give a criterion for a reflexive sheaf to split into a direct sum
of line bundles.

0. Main theorem

Vector bundles over the projective space Pn
K

are one of the main subjects in both
(algebraic) geometry and commutative algebra. The most fundamental result in
this area is the theorem due to Grothendieck which asserts that any holomorphic
vector bundle over P1

K
splits into a direct sum of line bundles. When n ≥ 2,

vector bundles over Pn
K

do not necessarily split. Indeed, the tangent bundle is
indecomposable. In these cases, some sufficient conditions for vector bundles to
split have been established. The following is one of such criterions, which we call
“Restriction criterion”.

Theorem 0.1 (Horrocks). Let K be an algebraically closed field, n be an integer
greater than or equal to 3, and let E be a locally free sheaf on Pn

K
of rank r (≥ 1).

Then E splits into a direct sum of line bundles if and only if there exists a hyperplane
H ⊂ Pn

K
such that E|H splits into a direct sum of line bundles.

In other words, the splitting of a vector bundle can be characterized by using a
hyperplane section. However, vector bundles, or equivalently locally free sheaves,
form a small class among all coherent sheaves. There are some important wider
classes of coherent sheaves, e.g., reflexive sheaves or torsion free sheaves. The
purpose of this article is to generalize the “Restriction criterion” to one for reflexive
sheaves, and we also show that it fails in the class of torsion free sheaves. Our main
theorem is as follows:

Theorem 0.2. Let K be an algebraically closed field, n be an integer greater than
or equal to 3, and let E be a reflexive sheaf on Pn

K
of rank r (≥ 1). Then E splits

into a direct sum of line bundles if and only if there exists a hyperplane H ⊂ Pn
K

such that E|H splits into a direct sum of line bundles.

We give two proofs for Theorem 0.2. The first proof is basically parallel to that
of Theorem 0.1, in which we also establish a general principle that the structure of
a reflexive sheaf can be recovered from its hyperplane section (Theorem 2.2).
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The second proof is based on a cohomological characterization for a coherent
sheaf to be locally free. By using it, the proof is reduced to Theorem 0.1.

Theorem 0.2 was first proved for special kinds of reflexive sheaves in [8], namely
for sheaves of logarithmic vector fields tangent to hyperplane arrangements. The-
orem 0.2 is a generalization to any reflexive sheaves. The splitting of these sheaves
has some applications to combinatorial problems of hyperplane arrangements. See
[6] or [7] for details.

The organization of this article is as follows. In §1, we recall some basic results
on reflexive sheaves from [3]. In §2, we give the first proof of the main theorem. In
§3, we give the second proof by using cohomological characterizations for a coherent
sheaf to be locally free.

1. Preliminaries

In this section, we fix the notation and prepare some results for the proof of
Theorem 0.2. We use the terms “vector bundle” and “locally free sheaf” inter-
changeably. The term “variety” means an integral scheme of finite type over a
field. Let X be a smooth variety of dimension n over a field K, where n ≥ 1 and K

is an algebraically closed field. For a coherent sheaf E on X, Sing(E) denotes the
non-free locus of E, i.e., Sing(E) := {x ∈ X|Ex is not a free Ox,X -module}. The
dual of a coherent sheaf E (on X) is denoted by E∗.

In this article, we employ homological algebra to consider properties of a coherent
sheaf on a smooth variety X. Let us review some definitions and results. For a
coherent sheaf E on X over K and for a point x ∈ X, define the depth of the
Ox,X -module Ex (denoted by depthOX

(Ex)) as the length of a maximal Ex-regular
sequence in Mx, where Mx is the unique maximal ideal of a local ring Ox,X .
Moreover, we define the projective dimension of an Ox,X -module Ex (denoted by
pdOx,X

(Ex)) as the length of a minimal free resolution of Ex as an Ox,X -module.
It is known that every module which is finitely generated over a regular local ring
has finite projective dimension. These two quantities are related by the famous
Auslander-Buchsbaum formula as follows:

depthOx,X
(Ex) + pdOx,X

(Ex) = dimOx,X .

Hence it follows easily that a coherent sheaf E on X is locally free if and only if
depthOx,X

(Ex) = dimOx,X for all x ∈ X. For details and proofs, see [4]. The
projective dimension can also be characterized as follows (for example, see [5],
Chapter II):

Lemma 1.1. Let X be a smooth variety and let E be a coherent sheaf on X. Then
pdOx,X

(Ex) ≤ q if and only if for all i > q we have

ExtiOX
(E,OX)x = 0.

In particular, E is locally free if and only if ExtiOX
(E,OX) = 0 for all i > 0.

Next, let us review definitions and results on reflexive sheaves on Pn
K
. Reflexive

sheaves form a category between torsion free sheaves and vector bundles.

Definition 1.1. We say a coherent sheaf E on Pn
K

is reflexive if the canonical
morphism E → E∗∗ is an isomorphism.

In this article, we use the following results on reflexive sheaves. For the proofs
and details, see [3].
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Proposition 1.2 ([3], Proposition 1.3). A coherent sheaf E on Pn
K

is reflexive if
and only if E is torsion free and depthOx,Pn

K

(Ex) ≥ 2 for all points x ∈ Pn
K

such
that dimOx,Pn

K
≥ 2.

Corollary 1.3 ([3], Corollary 1.4). codimPn
K

Sing(E) ≥ 3 for a reflexive sheaf E
on Pn

K
.

Proposition 1.4 ([3], Proposition 1.6). For a coherent sheaf E on Pn
K
, the follow-

ing are equivalent:
1. E is reflexive.
2. E is torsion free and normal.
3. E is torsion free and for each open set U ⊂ Pn

K
and each closed set Z in U

satisfying codimU (Z) ≥ 2, we have E|U � j∗(E|U\Z), where j : U \Z → U
is an open immersion.

2. The first proof of Theorem 0.2

Let us prove Theorem 0.2. It suffices to show the “if” part of the statement.
First, let us assume that dim(Sing(E)) ≥ 1. Then any hyperplane H ⊂ Pn

K
inter-

sects Sing(E). Take a point x ∈ H ∩ Sing(E) �= ∅. Note that depthOx,Pn
K

(Ex) ≤
dimOx,Pn

K
− 1. Since the equation h ∈ Ox,Pn

K
which defines H at x is a regu-

lar element for the reflexive Ox,Pn
K
-module Ex, it follows that depthOx,H

(E|H)x <
dimOx,Pn

K
− 1 = dimOx,H . From the Auslander-Buchsbaum formula, we conclude

that E|H cannot even be locally free. Hence we may assume that dim(Sing(E)) = 0.
The next lemma is a generalization of Theorem 2.5 in [3].

Lemma 2.1. Let E be a reflexive sheaf on Pn
K

(n ≥ 3) with dim(Sing(E)) = 0.
Suppose the restriction E|H to a hyperplane H splits into a direct sum of line
bundles. Then

H1(Pn
K
, E(k)) = 0, for all k ∈ Z.

Proof of Lemma 2.1. We use the long exact sequence associated with the short
exact sequence

0 → E(k − 1) → E(k) → E(k)|H → 0.

Because E(k)|H is a direct sum of line bundles, it follows that H1(H, E(k)|H) = 0.
So we have surjections

(1) H1(Pn
K
, E(k − 1)) � H1(Pn

K
, E(k)) (∀k ∈ Z).

To see that these cohomology groups are equal to zero, let us consider the spectral
sequence of local and global Ext functors:

Ep,q
2 = Hp(Pn

K
, ExtqPn

K

(E, ω)) ⇒ Ep+q = Extp+q
Pn

K

(E, ω)

where ω is the dualizing sheaf of Pn
K
. The assumption dim(Sing(E)) = 0 implies

dim(Supp(ExtqPn
K

(E, ω))) = 0 for all q > 0. Thus it follows that Ep,q
2 = 0 unless

p = 0 or q = 0. Moreover, Proposition 1.2 implies depthOx,Pn
K

(Ex) ≥ 2. From the
Auslander-Buchsbaum formula, we have pdOx,Pn

K

Ex < n − 1 for all x ∈ Pn
K
. It

follows that ExtqPn
K

(E, ω) = 0 for ∀q ≥ n−1. Hence we have Ep,q
2 = 0 for q ≥ n−1.

Considering the convergence of this spectral sequence, we obtain the surjection

Hn−1(Pn
K
,HomPn

K
(E, ω)) � Hn−1(Pn

K
, E∗ ⊗ ω)

� Extn−1
Pn

K

(E, ω).(2)
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Since Extn−1
Pn

K

(E(k), ω) is the Serre dual to H1(Pn
K
, E(k)), they have the same di-

mension. From (2), we have

(3) dim H1(Pn
K
, E(k)) ≤ dimHn−1(Pn

K
, E∗(−k) ⊗ ω)

for all k ∈ Z. The right hand side of (3) vanishes for k  0. Then together with
the surjectivity (1), we conclude that H1(Pn

K
, E(k)) = 0, for all k ∈ Z. �

Now, let us put

E|H �
r⊕

i=1

OH(ai)

and F :=
⊕r

i=1 OPn
K
(ai). Noting that Ext1Pn

K

(F, E(−1)) � H1(Pn
K
, E(−ai − 1)) =

0, Theorem 0.2 follows from the following theorem, which asserts that, roughly
speaking, the structure of a reflexive sheaf can be recovered from its restriction to
a hyperplane.

Theorem 2.2. Let E and F be reflexive sheaves on Pn
K

(n ≥ 2) and H be a
hyperplane in Pn

K
. Suppose E|H ∼= F |H and Ext1Pn

K

(F, E(−1)) = 0. Then E ∼= F .

Proof of Theorem 2.2. We want to extend the isomorphism ϕ : F |H → E|H to one
over Pn

K
. That is possible since there is an exact sequence

0 → HomPn
K
(F, E(−1)) → HomPn

K
(F, E)

→ HomPn
K
(F, E|H) → Ext1Pn

K

(F, E(−1)) = 0,

and every morphism F |H → E|H has a canonical extension to a morphism F →
E|H . Let us fix an extended morphism f : F → E which satisfies f |H = ϕ. Now,
let us consider the morphism det f : detF → detE. Since E|H � F |H , ranks and
first Chern classes of E and F are the same. Henceforth we can see that det f is a
multiplication of some constant element in K. Note that this constant is not zero.
For det f is not zero on H. Thus at each point x ∈ Pn

K
\ (Sing(E) ∪ Sing(F )), the

morphism fx is an isomorphism because at these points fx are the endomorphism of
a direct sum of local rings of the same rank. Since codimPn

K
(Sing(E)∪Sing(F )) > 2

and both of E and F are reflexive, the third condition of Proposition 1.4 implies
that f is also an isomorphism on Pn

K
. �

Remark 2.1. In Theorem 0.2, we cannot omit the assumption that E is reflexive,
i.e., “Restriction criterion” fails for torsion free sheaves. For example, consider the
ideal sheaf Ip on P3

K
which corresponds to a closed point p ∈ P3

K
. Note that Ip

is not reflexive. Indeed, let us put U = P3
K
\ {p} and j : U → P3

K
be an open

immersion. It is easy to see that Ip|U � OU . If Ip is reflexive, then according to
Proposition 1.4, j∗(Ip|U ) � Ip must hold. However, clearly this is not true. Hence
Ip is not reflexive. Now, if we cut Ip by a plane H which does not contain p, then
it is easily seen that Ip|H � OH . However, of course, Ip is not a line bundle on P3.

3. The second proof

Instead of Theorem 2.2, we can use the following result, which is the generaliza-
tion of the famous Horrocks’ splitting criterion (for example, see [5]). Combining
this criterion with usual cohomological arguments and Lemma 2.1, we can give the
second proof of Theorem 0.2.
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Theorem 3.1. Let K be an algebraically closed field, n be an integer greater than
or equal to 2, and E be a coherent sheaf on Pn

K
. Then E splits into a direct sum

of line bundles if and only if Hi(Pn
K
, E(k)) = 0 for all k ∈ Z, i = 1, · · · , n− 1, and

H0(Pn
K
, E(k)) = 0 for all k  0.

Remark 3.1. Note that when E is torsion free, then H0(Pn
K
, E(k)) = 0 for all k  0.

This follows from the fact that all torsion free sheaves can be embedded into a direct
sum of line bundles on Pn

K
. So in the theorem, the condition H0(Pn

K
, E(k)) = 0 is

automatically satisfied for torsion free sheaves.

When E is a vector bundle, Theorem 3.1 is just the splitting criterion of Horrocks.
Thus for the proof of this theorem, it suffices to show the following lemma, which
we can find in [1].

Lemma 3.2. Let X be a non-singular projective variety over an algebraically closed
field K of dimension n > 1, L be an ample line bundle on X, and let E be a coherent
sheaf on X. Then E is locally free if and only if Hi(X, E(k)) = 0 for all k  0
and i = 0, 1, · · · , n − 1.
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