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Dedicated to my teacher, Krishna M. Garg

Abstract. Let X be an infinite dimensional real Banach space. It was proved
by E. Thomas and soon thereafter by L. Janicka and N. J. Kalton that there
always exists a measure µ into X with relatively norm-compact range such
that its variation measure assumes the value ∞ on every non-null set. Such
measures have been called “measures of nowhere finite variation” by K. M.
Garg and the author, who as well as L. Drewnowski and Z. Lipecki have done
related investigations. We give some “concrete” examples of such µ’s in the lp

spaces defined using the (real) trigonometric system (tn) and the Rademacher

system (rn) illustrating similarities and some differences. We also look at
the extensibility of the integration map of these µ’s. As an application of
the trigonometric example, we have the probably known result: For every
p ≥ 1, the function (Σ(|tn(t)|p)/n) is unbounded on every set A with positive
measure.

1. Introduction

Let (S, Σ, λ) be the measure space of the unit interval and X be an infinite
dimensional real Banach space with dual X∗. Let ca(λ) := ca(S, Σ, λ, X) = ca
denote the Banach space of all countably additive (c.a.) measures µ : Σ → X with
µ � λ endowed with the semi-variation norm ‖µ‖ := sup{‖µ(E)‖ : E ∈ Σ}. Also let
cca(λ) := cca(S, Σ, λ, X) = cca. Denote the (closed) subspace of ca(λ) consisting
of measures with relatively norm compact ranges.

It was proved in [T] and a little later in [J-K] that in such an X there is always
a measure µ in cca(λ) such that its variation measure |µ|(·) assumes the value
infinity on every non-null set. As in [A-G] let us call such measures (in both
spaces) “of nowhere finite variation” (NWFV). These are called “everywhere of
infinite variation” in [Dr-L] who with [A-G] prove that such measures of NWFV
form a residual set in the Banach spaces ca(λ) and cca(λ). In [Dr-L] there are several
results about such measures. Both [J-K] and [Dr-L] ingeniously use the Dvoretzky-
Rogers lemma [L-T], [D-J-T] to produce a sequence (µn) of simple measures with
small semi-variations and “uniformly large” variations; their sum is of NWFV (see
also [R]).

In this paper we give concrete examples of such measures (of NWFV) in the
classical spaces lp. Our method, different from above (used in [A-D]), is inspired by
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[K-K] where it is proved that there is a measure µ : Σ → l2 whose range contains
an interior point. To write a series for such measures we use OrthoNormal (ON)
systems, especially the trigonometric system (tn) and the Rademacher system (rn)
both on [0, 1]. We are also interested in the domain of the integration operator T
associated with µ; in general T is only defined on L∞(λ). The paper [A1] considers
the µ’s whose T ’s do not extend to any Lp for finite p; the question regarding
extension to no Lp(λA) is left open.

Section 2 contains a summary of the concepts and results we use. We state
fundamental results due to Bartle, Dunford and Schwartz in Proposition 2.1. Next
we state an extension of a theorem from [A-D] that allows us to write measures in X
using l2weak(X) sequences in X “against” ON systems in L2; we call these measures
“Trig” or “Rademacher” depending on the ON system used. Let us emphasize that
the Trig system (tn) uses real scalars.

We consider Trig measures in Section 3 and Rademacher ones in Section 4. In
Section 3 we first use the sequence (en/n1/p) in lp to define the Trig measure into
lp for (all p ≥ 1) and prove in Theorem 3.1 that this measure µ is in cca(λ) and
of NWFV. Also the baclco(range), or balanced closed convex hull, of the range of
a suitable multiple of µ contains the above sequence. In Corollary 3.3 we have the
probable known result: the (measurable) function (Σ(|tn(t)|p)/n) is unbounded on
every set A with λ(A) > 0. In Proposition 3.4 we consider the extension properties
of the integration map of this measure, which are better than L2 stated in Propo-
sition 2.6. Next we consider the sequence (en) (i.e., without the weight 1/n1/p) in
lp with the trigonometric system to get an example of NWFV (only in) ca(λ) in
Proposition 3.5; but now p ≥ 2 and the map T of this example also does better
than L2.

Analogously to Theorem 3.1, we consider the sequence (en/n1/p) in lp (all p ≥ 1)
with the Rademacher sequence in Proposition 4.1 to get another example of NWFV.
Next we consider the analog of Proposition 3.5 for the Rademacher measure in
Proposition 4.5. Our tools of proof are also from Fourier series [Z].

Let us note in passing a difference between these measures. Due to the com-
pleteness of the trigonometric system, the trigonometric measure µ is an injective
measure [K-K]. In contrast, the Rademacher sequence is incomplete on every set
A ∈ Σ [K-S], and it is a Liapunov measure [K-K];

In Proposition 4.3 we prove that the sequence (en/n1/2p) in lp (all p > 1) lies
in baclco(range) of a measure of NWFV. Curiously, this contrasts with a result in
[A-D] that the sequence (en/n1/2) in l1 does not lie in baclco(range) of any measure.

In Proposition 5.1 we use an elegant result from [P-Ro] characterizing member-
ship in cca(λ) to show that if µ is of NWFV in cca(λ), then there is a measure ν
of sigma finite variation such that Kµ ⊂ Kν . Hence, we answer in the negative a
question in [A-D]: Must the sequence (en/n) in l1 always lie in range of a measure
with non-σ finite variation?

Problems. In addition to the one on (non)extension of the map T , we do not know
if the examples in this paper can be done in an abstract context.

2. Preliminaries on measures defined by ON systems

For vector measures concepts and results, we follow [Du-S], [D-U], [K-K], and
for Banach spaces [L-T], [D-J-T]. The control measure λ in Proposition 2.1, due to
Bartle, Dunford and Schwartz, enables integration of scalar functions in L∞(λ) with
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respect to µ. Following Lindenstrauss [L] in his elegant proof of Liapunov’s theorem,
we denote this operator by T ; i.e., T (f) =

∫
S

f dµ :=
∫

f dµ. Furthermore, we use
the weakly compact convex sets K = clcoµ(Σ) and C := Cµ = baclco µ(Σ) = K−K
(balanced closed convex hull of the range µ(Σ)). We employ the symbol χE to
denote the characteristic function of the set E.

Fundamental facts about an arbitrary measure and its integration operator T
are in

Proposition 2.1 ([Du-S], [D-U], [K-K]). Let µ : Σ → X be countably additive.
(i) There always exists a finite positive measure λ that controls µ; i.e.,

‖µ‖(E) → 0 iff λ(E) → 0 for E in Σ.

(ii) The integration operator T : L∞(λ) → X is bounded and weak-∗ to weakly
continuous.

(iii) With P = {ϕ : 0 ≤ ϕ(t) ≤ 1 for λ a.e. t}, we have T (P ) = Kµ = clco µ(Σ),
which is weakly compact and convex.
So is Cµ := C = K − K = T (B), where B is equal to the closed unit ball
in L∞(λ).

(iv) The adjoint T ∗ of T maps X∗ into L1(λ).

Remark. We hope that the use of the same symbol “C” to denote the set in (iii)
above and a constant below will not cause confusion.

2.2. Bessel’s inequality. Our examples depend on Bessel’s inequality: For an
arbitrary ON sequence (fn) in L2 := L2[0, 1] the sequence (〈g, fn〉) is in l2 for each
g in L2 and (Σ〈g, fn〉2)1/2 ≤ ‖g‖L2 .

Our ON sequences. We consider orthogonal sequences (fn) in L2 such that (i)
|fn(t)| ≤ 1 for a.e. t in [0, 1], and (ii) there exist positive finite numbers a, b such
that a ≤ ‖fn‖L2 ≤ b for all n. Let us call these ON.

We note that for the Bessel inequality to hold, it is sufficient if the number b in
condition (ii) does not exceed 1 (actually less than

√
2 will do) as can be seen by

inspecting the proof of the classical statement above. The right side will change to
≤ C1‖g‖2

L for some finite positive C1(= (2 − b2)1/2). Condition (i) is not needed
to prove NWFV of our examples; it is only needed to put a sequence in the set Cµ

(see Proposition 2.6 below).

2.3. The trigonometric or Trig system. This is denoted by (tn(t)) on [0, 1]
and is with real scalars. More precisely, this sequence of functions is {1, cos 2πt,
sin 2πt, cos 4πt, sin 4πt, etc.,} in this order. We use the Trig system as above; i.e.,
normalized in L∞.

2.4. The Rademacher sequence (rn(t)). This is defined by

rn(t) = sign sin(2nπt) for 0 ≤ t ≤ 1.

As in [A-D], our method of writing measures is inspired by [K-K]. We use it as
follows.

Definition 2.5. A sequence (xn) in X is said to be in l2weak(X) if the sequence
(x∗(xn)) of scalars is in l2 for each x∗ in X∗. There is a corresponding definition
for lpweak(X), but we mainly use p = 2.
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Let us note that the unit vector basis (en) of X = lp is in l2weak(X) iff p ≥ 2.
If the sequence (xn) is in l2weak(X), then a closed graph argument shows (e.g., [D])
that sup{[Σx∗(xn)2]1/2 : ‖x∗‖ ≤ 1} = C finite.

In the next proposition only the Rademacher sequence was considered in [A-D];
the proof holds for any ON sequence. As our examples come from sequences in
l2weak(X), they are countably additive due to part(ii) in

Proposition 2.6 ([A-D]). Let X be a real Banach space, (xn) be a sequence in
l2weak(X), and (fn(t)) any ON sequence in L2. Then

(i)

(1) µ(E) := Σ(
∫

E

fn(t) dt)xn is in X for every E in Σ,

(ii) µ is countably additive and µ � λ,
(iii) the integration operator T , extends to L2 and is bounded, and
(iv) for some C > 0 the baclco Cµ(Σ) contains (xn).

The paper [A2] considers the sequence of Rademacher averages (
∫

E
rn(t) dt) of

sets in Σ. It is proved that for “most sets” in Σ in the sense of a Baire Category
the sequence is not in lp for any p < 2. The methods used there apply to Trig or
ON systems in general. Hence the condition p ≥ 2 is needed in Propositions 3.5
and 4.5. We note that the measures below defined into c0 are of finite variation.

3. The trigonometric measures into lp

We note that with X = lp, the sequence (xn) := (en/n1/p) is in l2weak(X).
Hence, by Proposition 2.6, equation (2) below defines countably additive measures
µ : Σ → lp into all lp,

(2) Trig: µ(E) := Σ(
∫

E

tn(t) dt)(en/n1/p).

In Theorem 3.1 we need to apply a classical criterion ([Du-S] Ch4). A set K in lp is
relatively norm-compact iff (a) K is norm-bounded, and (b) we have lim Σ{|ai|p : i ≥
n} = 0 as n → ∞, uniformly for a = (ai) in K.

We also need the Riemann-Lebesgue lemma [Z]. The Fourier coefficients of a
function in L1 tend to zero as n tends to infinity. We use the fact ([D-U]) that the
lp-spaces possess the Radon-Nikodym property (RNP) in

Theorem 3.1. Let X = lp for p ≥ 1 and be the trigonometric measure defined
by (2). Then µ is (i) in cca, (ii) of NWFV. Further, (iii) the baclco(range) of Cµ
contains the sequence (en/n1/p) for some C > 0.

Proof. (i) We need to verify conditions (a) and (b) in the criterion above. As for
(a) in our case we know (from Proposition 2.1) that K is weakly compact.

(b) Using (2), we need to verify that we have

(3) lim Σ{(1/i)(|
∫

E

ti(t) dt|)p) : i ≥ n} = 0

as n → ∞ uniformly for E in Σ.
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Case 1: p ≥ 2. We rewrite the sum in (3) as

Σ{(1/i1/p)p(|
∫

E

ti(t) dt|)p : i ≥ n} (we omit the “i ≥ n” in the following)

≤ [Σ{(1/i1/p)2(|
∫

E

ti(t) dt|)2}]p/2 (since p ≥ 2, we have ‖x‖p ≤ ‖x‖2)

≤ (1/n)[Σ{(|
∫

E

ti(t) dt|)2}]p/2

and the quantity within {[· · · ] ≤ λ(E)2 due to Bessel’s inequality. Hence the sum
in (3) is ≤ (1/n)(λ(E)p) ≤ 1/n which tends to zero independently of E in Σ, as
required.

Case 2: 1 ≤ p < 2. Let X = lp. In case p = 1, then the conclusion that µ is
in cca(λ) follows from Proposition 2.1 and the Schur property that l1 has. In case
1 < p < 2, we may apply a theorem of Rosenthal [Ro] that every operator from L∞

into such X is compact. However the conclusion can be proved independently and
analogously to Case 1 with the help of Holder’s inequality with r = 2/p(> 1) with
r∗ its conjugate index.

(ii) Suppose that the variation |µ|(A) is finite and positive on A. With the help
of the RNP of lp we obtain a Bochner integrable function g : A → lp such that
µ(E) =

∫
E

g(t) dλ(t) for all E ∈ Σ, E ⊂ A. So we have (from (2))

(4) g(t) = Σtn(t)en/n1/p, whence ‖g(t)‖p = Σ|tn(t)|p/n, also a.e. t in A

As ‖g(t)‖ is in L1(λ) on A, there exists a subset B of A, (B ∈ Σ) with λ(B) > 0
on which ‖g(t)‖ is bounded. Let us write A in place of B. For fixed m we have

‖tmχA‖p = (
∫

A

|tm(t)|p dlλ(t))1/p

= sup{(tm, fχA) : f ∈ Lq, with ‖f‖ ≤ 1},
(5)

where (tm, fχA) = (
∫

A
tm(t)f(t) dλ(t)). Now tm = 1, or cos 2πnt, or sin 2πnt and

so ‖tm‖∞ ≤ 1. Hence tm qualifies as an f in (5) and we obtain

(6) ‖tm‖p ≥ (tm, tmχA) or
∫

A

|tm(t)|p dλ(t) ≥ [
∫

A

tm(t)2 dλ(t)]p.

We may assume that m ≥ 2. Then tm = cos 2πmt or sin 2πmt. Using an
elementary trigonometric formula, we get t2m = 1

2 (1 ± cos 4πmt), and so we have

(7)
∫

A

t2m dλ(t) =
1
2
(1 ± cos 4πmt) dt.

Now, the second term in (7) tends to zero as m tends to infinity, thanks to the
Riemann-Lebesgue lemma. Thus for all sufficiently large enough m, (7) gives∫

A

t2m dλ(t) ≥ 1
4
λ(A),

and so from (6) we get
∫

A
|tn(t)|p dl(t) ≥ C > 0 for all sufficiently large m.

Now let us integrate (4) as we may, to get the contradiction that a finite number
C1 ≥ CΣ{1/n : n ≥ n0}. Hence |µ|(A) = ∞ and µ is of NWFV. The above also
works for p = 1, upon replacing Lq by L∞ and noting that tn is in L∞(λ). Part (iii)
follows from Proposition 2.6 since the trigonometric system satisfies both conditions
(i) and (ii) in 2.2 or we can verify directly from (2) using the trigonometric identity
in (6) that T (tm) = 1/2(en/n1/p). Hence C = 2 and so Theorem 3.1 is proved.
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Let us note from (4) in Case 2, part (ii) that ‖g(t)‖ /∈ Lr(A) for any r > 0 (even
0 < r < 1), for if it did, then ‖g(t)‖ would be (essentially) bounded on some subset
B of A, which is false by the above. Hence we get

Corollary 3.2. The function (Σ(|tn(t)|p)/n) is not in Lr for any r > 0 on every
set A with λ(A) > 0.

Corollary 3.3. The function (Σ(|tn(t)|p)/n) is unbounded on every set A with
λ(A) > 0.

In the next result we consider the domain of the integration map T . We need
another classical result, the Hausdorff-Young theorem [Z]. If 1 < p < 2, q is the
index conjugate to p and the function f is in Lp, then the sequence (f∧(n)) of
its Fourier coefficients is in lq and we have (Σ|f∧(n)|q)1/q ≤ ‖f‖p

L. We see from
Proposition 2.6 that for measures defined by l2weak(X) sequences, the domain of the
integration operator T extends up to L2 in general; it does slightly better as we see
below.

Proposition 3.4. Let µ : Σ → lp be the trigonometric measure defined by (2).

(i) If 1 < p < 2, then T extends to Lp.
(ii) If X = l1 or l2, then T extends to Lp for all p > 1.
(iii) If p > 2, then T extends to Lq, where q is the index conjugate to p.

Proof. (i) Let 1 < p < 2 and µ : Σ → X = lp. We need to show that T maps Lp

into X and is bounded. For this, as L∞ is dense in Lp, it is enough to show that

(8) ‖T (f)‖C‖f‖p
L for f in L∞.

We have from (2)

(8a) T (f) = Σ(
∫

ftn(t) dt)(en/n1/p).

Let x∗ = (x′
n) in X∗ = lq. We get x∗oT (f) = Σ(

∫
ftn(t) dt)(x′

n/n1/p), and so by
Holder’s inequality

|x∗oT (f)| ≤ [Σ|(
∫

ftn(t) dt|)q]1/q [Σ|x′
n|p/n]1/p

≤ ‖f‖p
L[Σ|x′

n|p/n]1/p,

(9)

thanks to the Hausdorff-Young theorem.
Since we have 1 < p < 2 < q, we see that r = q/p > 1. The Holder inequality

applied to the sum within [. . . ] in (9) gives

|x∗oT (f)| ≤ ‖f‖p
L(Σ(|x′

n|q)1/q(Σ(1/nr∗
)1/pr∗

,

where r∗ is an index conjugate to r and as r∗ > 1 the series in the last (. . .) converges
to a finite sum. We have |x∗oT (f)| ≤ C‖f‖p

L‖x∗‖ for every x∗ with ‖x∗‖ ≤ 1, and
so ‖T (f)‖ ≤ C‖|f‖p

L, which by (8) suffices to prove (i).
(ii) Let us prove this for µ : Σ → l2; the argument for the case of l1 is similar. It

is sufficient to show that T extends to Lp for 1 < p < 2, since the extension of T
to Lp for p ≥ 2 follows due to the inclusion between Lp spaces and monotonicity
of norms. We have from (8a) that ‖T (f)‖2 = [Σ|

∫
ftn(t) dt|2(1/n)]1/2. Now, as
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p < 2, we have q > 2 so that we may let r = (q/2) > 1 and r∗ > 1 as before. We
have by Holder’s inequality

‖T (f)‖2 ≤ [Σ|
∫

ftn(t) dt|q]1/q[Σ(1/n)r∗
]1/2r∗

≤ C‖f‖p
L,

thanks again to the Hausdorff-Young theorem due to 1 < p < 2.
(iii) The proof is similar upon applying the Hausdorff-Young theorem; hence

Proposition 3.4 is proved.

Trigonometric measures in ca and into lp with p ≥ 2. The trigonometric
measure µ can be defined without the weight (1/n1/p). Now µ takes values in
X = lp with p ≥ 2 and is countably additive thanks to Proposition 2.6 since (en)
is in l2weak(X) for such p. The need for the condition p ≥ 2 (in [A2]) is mentioned
after Proposition 2.6. We redefine

(10) Trig : µ(E) := Σ(
∫

E

tn(t) dt)(en).

This measure has properties analogous to those in Theorem 3.1. Most of the prop-
erties are proved as in Theorem 3.1.

Proposition 3.5. Let p ≥ 2 and µ : Σ → lp be defined by (10). Then

(i) its T extends to Lq,
(ii) µ is NWFV,
(iii) the set Kµ = clcoµ(Σ) is (only) weakly compact, and
(iv) has no interior points.

Proof. (i) This follows from the Hausdorff-Young theorem as in Proposition 3.4,
part (i).

(ii) This is similar to part (iii) in Theorem 3.1.
(iii) As Kµ ⊂ Cµ (see Proposition 2.1), it is enough to prove that Cµ is not

norm-compact. But then |tn| ≤ 1 and so T (tn) ∈ Cµ (by Proposition 2.1).
Now from (10) we get

T (tn) = (
∫

E

t2n dt)en = Cnen,

where Cµ = 1 if n = 1 and 1
2 if n > 1, as we see by using the elementary trigono-

metric formula used in the proof of (ii) of Theorem 3.1. Hence the set Cµ contains
the unit vectors 1/2(en), and thus it is not norm-compact.

(iv) Suppose that K has an interior point (i.e., in norm). As Kµ ⊂ Cµ, the latter
set has an interior point too. But then as C = Cµ = −Cµ, we see that zero is an
interior point of Cµ; i.e., there is r > 0 such that the closed ball B(0, r) ⊂ C. We
have from Proposition 2.1, C = T (B), where B = closed unit ball of L∞. Hence
we obtain,

T (L∞) = T ({
⋃

nB : n ≥ 1}) =
⋃

T (nB) =
⋃

nT (B) =
⋃

nC = Y, say.

As B(0, r) ⊂ C, we have Y ⊃
⋃
{nB(0, r) : n ≥ 1} = lp, and so T : L∞ → lp is

onto, and we apply the Fourier uniqueness theorem to conclude that L∞ and lp are
isomorphic, a contradiction. Hence K has no interior points as claimed.
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4. Rademacher measures into lp

The Rademacher sequence (rn(t)) is defined in subsection 2.4. We define

(11) Rademacher : µ(E) := Σ(
∫

E

rn(t) dt)(en/n1/p).

As we saw in the case of the trigonometric measure (defined by (2)), this too
has its values in lp (for p ≥ 1) and is countably additive. Let us call this the
“Rademacher measure”. We recall Khintchine’s inequality [D], [D-J-T]: If the
sequence (αn) is in l2, then the function f := Σαnrn is in Lp for all p ≥ 1.

Part (i) of Proposition 4.1 is in [A1] but, in the context of ca (see (14) below),
it contrasts with Proposition 3.4.

Proposition 4.1. Let X = lp with p ≥ 1.The Rademacher measure µ in (11) has
the following properties:

(i) Its T extends to Lr for all finite r > 1 but not to L1(A) for any A with
λ(A) > 0. Furthermore, µ is (ii) in cca and of (iii) NWFV.

Proof. (i) We have T : L∞ → X and as we see from (11),

(12) T (f) = Σ(
∫

frn(t) dt)en/n1/p

for each f in L∞ . The adjoint T ∗ : X∗ → L1 (e.g., [D-U]) and for any x∗ = (x′
n)

in X∗ = lq, we obtain T ∗(x∗) = Σx′
nrn/n1/p.

We claim that the sequence (x′
n/n1/p) of coefficients is, for all p, in l2 and then

T ∗x∗ will be in Lr for any r > 1 thanks to Khintchine’s inequality. Hence T ∗ maps
into Lr for any r > 1 and so T maps from any Lr.

We need to verify our claim. In the case p ≥ 2, we have q ≤ 2. Now |x′
n/n1/p| ≤

|x′
n| for all n, and x∗ is in lq ⊂ l2, thus the sequence (x′

n/n1/p) is in l2 as claimed. If
p < 2 we note that the sequence (1/n1/p) is in l2 and that (x′

n) is bounded. Hence
we have the claim for all p and part(i). To see that T cannot extend to L1(A) we
can use part (iii) (without circularity); for if it did, µ will have (e.g., [D-U]) finite
variation on (subsets of ) A, which contradicts (iii) below.

(ii) The proof uses the classical criterion in [Du-S] and is similar to Theorem 3.1.
(iii) The proof is similar to the one in Theorem 3.1 using RNP of lp. The fact

that |rn(t)| = 1 makes the proof easier. Hence Proposition 4.1 is proved.

Remark 4.2. It is shown in [A-D] that the sequence (en/n1/2) in l1 does not lie in
baclco (range) of any measure (it is not in l2weak(l

1)). The contrast with p > 1 in
the next proposition seems curious.

Proposition 4.3. Let X = lp for p > 1.
(i) For each E in Σ, µ(E) := Σ(

∫
E

tn(t) dt) (en/n1/2p) is in X, µ is (ii) in
cca and (iii) of NWFV. The sequence (en/n1/2p) is in baclco(range) of a constant
multiple of µ.

Proof. Let us only prove (i) as part (ii) is similar to that in Theorem 3.1 and
(iii) follows from Proposition 2.6, part (iii). As for (i), we claim that the se-
quence (en/n1/2p) is in l2weak(X) so that Proposition 2.6 applies. In case p ≥ 2,
we noted after Definition 2.5 that (en) is in l2weak(X) whence, (xn) = (en/n1/2p)
is also; thus we can assume p < 2. Let x∗ = (x′

n) be in X∗ = lq. Then
we have x∗(xn) = x′

n/n1/2p, and thus S = Σx∗(xn)2 = Σ(x′2
n/n1/p). Now as
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q > 2, we can use r = q/2 and r∗ = q/(q − 2) to apply Holder’s inequality, thus
S ≤ [Σ|x′

n|q]2/q[Σ 1/nq/p(q−2)]1/r∗
. The series in the second [. . .] converges since

q > p(q − 2), and so we get S ≤ ‖x∗‖2C1, where C1 is equal to the sum of this last
series and so the claim. Hence Proposition 4.3 is proved.

4.4. Rademacher measures in ca and into lp with p ≥ 2. Let

(14) µ(E) := Σ(
∫

E

rn(t) dt)en.

Analogous to the Trig measure by Proposition 2.6, this too has its values in lp (for
p ≥ 2) and is countably additive. Let us state without proof its corresponding
properties. We note in part (ii) the contrast to the Trig measure in Proposition
3.5: if p = 2, then the Rademacher measure’s range contains an interior point (this
result is due to Kluvanek [K-K]). Part (i) is in [A1].

Proposition 4.5 ([A1][K-K]). Let X = lp with p ≥ 2. The Rademacher measure
in (14) has the following properties:

(i) Its T extends to Lp for all finite p > 1 but not to L1(A) on any set A with
λ(A) > 0.

(ii) The set C contains zero as an interior point iff p = 2.
(iii) It is NWFV.

5. Sum of countably many segments

A set K in an arbitrary Banach space X is called in [P-Ro] “the sum of countably
many segments” if there exists an unconditionally convergent series Σxn (in X) such
that

(15) K := Σ[−xn, xn].

Then K is convex, and it is also norm compact thanks to a classical theorem due
to Gelfand. The following elegant result is proved in [P-Ro]: A measure µ is in cca
iff its range (i.e., its closed convex hull Kµ) is contained in a sum of (countably
many) segments. We observe that Proposition 5.1 strengthens a result in [R] and
answers a question raised in [A-D].

Proposition 5.1. If µ is in cca(λ) and is NWFV, then there is a measure ν of
σ-finite variation such that Kµ ⊂ Kν .

Proof. By the result in [P-Ro], there exists an unconditionally convergent series
Σxn such that Kµ ⊂ K with K in (15). But then using this series we may define
first a σ-finite measure on Borel subsets of [0, 1] with range K1 = Σ[0, xn]. Next we
may define another such ν on Borel subsets of [−1, 1] with range Kν = K. Hence
Proposition 5.1 is proved.

It is seen in [A-D] that the sequence (en/n) in l1 does not lie in Kµ for any
measure µ with finite variation. The question is raised if this sequence must always
lie in range of a measure with non-σ finite variation. As this sequence lies in range of
measure of NWFV by Theorem 3.1 with p = 1, the answer is no by Proposition 5.1
and we have the following.

Corollary 5.2. The sequence (en/n) in l1 lies in Kµ for some measure µ with
NWFV and also in (another) Kν with σ-finite variation.
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