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PARAMETRIC REPRESENTATION
AND ASYMPTOTIC STARLIKENESS IN Cn

IAN GRAHAM, HIDETAKA HAMADA, GABRIELA KOHR, AND MIRELA KOHR

(Communicated by Mei-Chi Shaw)

Abstract. In this paper we consider the notion of asymptotic starlikeness in

the Euclidean space Cn. In the case of the maximum norm, asymptotic star-
likeness was introduced by Poreda. We have modified his definition slightly,
adding a boundedness condition. We prove that the notion of parametric rep-
resentation which arises in Loewner theory can be characterized in terms of
asymptotic starlikeness; i.e. they are equivalent notions. (A regularity assump-
tion of Poreda is not needed.) In particular, starlike mappings and spirallike
mappings of type α ∈ (−π/2, π/2) are asymptotically starlike. Therefore this
notion is a natural generalization of starlikeness. However, we give an example
of a spirallike mapping with respect to a linear operator which is not asymp-
totically starlike. In the case of one complex variable, any function in the class
S is asymptotically starlike; however, in dimension n ≥ 2 this is no longer true.

1. Introduction

Let Cn denote the space of n complex variables z = (z1, . . . , zn) with the Eu-
clidean inner product 〈z, w〉 =

∑n
j=1 zjwj and the Euclidean norm ‖z‖ = 〈z, z〉1/2.

The open ball {z ∈ Cn : ‖z‖ < r} is denoted by Bn
r and the unit ball Bn

1 is denoted
by Bn. The closed ball {z ∈ Cn : ‖z‖ ≤ r} is denoted by B

n

r . In the case of one
complex variable, B1 is denoted by U .

Let L(Cn, Cm) denote the space of linear and continuous operators from Cn into
Cm with the standard operator norm and let In be the identity in L(Cn, Cn). If
Ω is a domain in Cn, let H(Ω) be the set of holomorphic mappings from Ω into
Cn. If Ω is a domain in Cn which contains the origin and f ∈ H(Ω), we say that
f is normalized if f(0) = 0 and Df(0) = In. Let S(Bn) be the set of normalized
biholomorphic mappings on Bn. In the case of one complex variable, the set S(B1)
is denoted by S. Also let S∗(Bn) be the subset of S(Bn) consisting of starlike
mappings on Bn.

Received by the editors December 6, 2006, and, in revised form, October 15, 2007.
2000 Mathematics Subject Classification. Primary 32H02; Secondary 30C45.
Key words and phrases. Asymptotic starlikeness, biholomorphic mapping, Loewner chain,

parametric representation, spirallike mapping, starlike mapping.
The first author was partially supported by the Natural Sciences and Engineering Research

Council of Canada under Grant A9221.
The second author was partially supported by Grant-in-Aid for Scientific Research (C) no.

19540205 from the Japan Society for the Promotion of Science, 2007.
The third and fourth authors were partially supported by the Romanian Ministry of Education

and Research, CNCSIS Grant type A, 1472/2007.

c©2008 American Mathematical Society
Reverts to public domain 28 years from publication

3963



3964 I. GRAHAM, H. HAMADA, G. KOHR, AND M. KOHR

If f ∈ H(Bn), we say that f is locally biholomorphic on Bn if Jf (z) �= 0, z ∈ Bn,
where Jf (z) = detDf(z) and Df(z) is the complex Jacobian matrix of f at z. Let
LSn be the set of normalized locally biholomorphic mappings on Bn.

If f, g ∈ H(Bn), we say that f is subordinate to g (f ≺ g) if there exists a
Schwarz mapping v (i.e. v ∈ H(Bn) and ‖v(z)‖ ≤ ‖z‖, z ∈ Bn) such that f = g ◦v.

Definition 1.1. A mapping f : Bn × [0,∞) → Cn is called a univalent subordina-
tion chain if f(·, t) is biholomorphic on Bn, f(0, t) = 0 for t ≥ 0, and f(·, s) ≺ f(·, t),
0 ≤ s ≤ t < ∞. If Df(0, t) = etIn for t ≥ 0, we say that f(z, t) is a Loewner chain
(or a normalized univalent subordination chain).

The above subordination condition is equivalent to the existence of a unique
Schwarz mapping v = v(z, s, t), called the transition mapping associated with
f(z, t), such that f(z, s) = f(v(z, s, t), t), z ∈ Bn, t ≥ s ≥ 0.

The following class of mappings in H(Bn) plays the role of the Carathéodory
class in Cn:

M = {h ∈ H(Bn) : h(0) = 0, Dh(0) = In,�〈h(z), z〉 > 0, z ∈ Bn \ {0}}.
We remark that the above class plays a key role in the study of Loewner chains
and the Loewner differential equation in dimension n ≥ 2 (see [4], [7], [8], [13]).

Definition 1.2 (see [4], [7]; cf. [15]). We say that a normalized mapping f ∈
H(Bn) has parametric representation if there exists a mapping h : Bn×[0,∞) → Cn

such that h(·, t) ∈ M for t ∈ [0,∞), h(z, ·) is measurable on [0,∞) for z ∈ Bn,
and f(z) = lim

t→∞
etv(z, t) locally uniformly on Bn, where v = v(z, t) is the unique

locally absolutely continuous solution on [0,∞) of the initial value problem

∂v/∂t = −h(v, t) a.e. t ≥ 0, v(z, 0) = z,

for all z ∈ Bn.

Remark 1.3. The above condition is equivalent to the fact that there exists a
Loewner chain f(z, t) such that {e−tf(·, t)}t≥0 is a normal family on Bn and
f(z) = f(z, 0), z ∈ Bn (see [4], [7], [8]; cf. [16]).

We denote by S0(Bn) the class of mappings which have parametric representa-
tion. If n = 1, S0(U) = S (see [14]), but S0(Bn) � S(Bn) for n ≥ 2 (see [4] and [7];
cf. [15]). However, important subclasses of S(Bn) are also subclasses of S0(Bn).
For example, S∗(Bn) � S0(Bn). For applications, see [4], [6], [7], [8], [9].

Definition 1.4 (cf. [21]). Let A ∈ L(Cn, Cn) be such that m(A) > 0, where

m(A) = min{�〈A(z), z〉 : ‖z‖ = 1}.
Also let Ω be a domain in Cn which contains the origin. We say that Ω is spirallike
with respect to A if e−tA(w) ∈ Ω, for all w ∈ Ω and t ≥ 0.

A mapping f ∈ S(Bn) is called spirallike with respect to A if f(Bn) is a spirallike
domain with respect to A.

Remark 1.5. Let f ∈ LSn. It is well known that f is spirallike with respect to A if
and only if (see [21, Theorem 11]; compare with [10, Definition 3, Theorem 4])

�〈[Df(z)]−1Af(z), z〉 > 0, z ∈ Bn \ {0}.
A mapping f is called spirallike of type α ∈ (−π/2, π/2) if f is spirallike with

respect to A = e−iαIn (see [11]; cf. [21]). Hence f ∈ S∗(Bn) if and only if f is
spirallike of type zero.
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Hamada and Kohr [11] showed that spirallikeness of type α has the following
characterization in terms of Loewner chains: f ∈ LSn is spirallike of type α if and
only if f(z, t) = e(1−ia)tf(eiatz) is a Loewner chain, where a = tanα. In particular,
f ∈ S∗(Bn) if and only if f(z, t) = etf(z) is a Loewner chain.

The study of the class S(Bn), which is the analog of the class S in several com-
plex variables, was first suggested by H. Cartan (see [1]). He studied biholomorphic
mappings on the unit polydisc in C2 and gave a counterexample which shows that
the growth theorem for the class S fails in dimension n ≥ 2. Cartan also sug-
gested that particular subclasses of normalized biholomorphic mappings, such as
the starlike and convex mappings, should be singled out for further development.
Indeed, many of the results in univalent function theory have extensions to higher
dimensions for these classes of mappings. Suffridge (see [19], [20], [21]) obtained
analytical characterizations of starlikeness and convexity on the unit ball in Cn as
well as in complex Banach spaces. Gong and others (see [3], [7] and the references
therein, [12]) studied in detail growth and covering results for normalized starlike
and convex mappings in several complex variables. Also, Hamada and Kohr [11]
obtained the growth theorem for spirallike mappings of type α. Further results
concerning spirallike mappings with respect to a positive linear operator can be
found in [2], [10], [17], [18], [21]. These results show that the geometric properties
of f(Bn) for f ∈ S(Bn) play an important role for the growth theorem. Another
class of mappings for which the growth theorem holds is the class S0(Bn) (see [4],
[7], [8], [9] for the Euclidean case and the case of a general norm, and [15], [16] for
the case of the polydisc).

A natural question arises:

Question 1.6. What is a geometric characterization of f(Bn) for f ∈ S0(Bn)?

The main goal of our paper is to give an answer to this question.

2. Preliminaries

In this section we introduce another notion which involves differential equations,
and which may be regarded as giving geometric characterizations of certain domains
in Cn. We then consider the relation between this notion and Loewner chains.

Definition 2.1. Let Ω ⊆ Cn be a domain which contains the origin. We say that
Ω is asymptotically starlike if there exists a mapping Q = Q(z, t) : Ω× [0,∞) → Cn

which satisfies the following properties:
(i) Q(·, t) is a holomorphic mapping on Ω, Q(0, t) = 0, DQ(0, t) = In, t ≥ 0, and

the family {Q(·, t)}t≥0 is locally uniformly bounded on Ω.
(ii) Q(z, ·) is measurable on [0,∞) for all z ∈ Ω.
(iii) The initial value problem

(2.1)
∂w

∂t
= −Q(w, t) a.e. t ≥ s, w(z, s, s) = z,

has a unique solution w = w(z, s, t) for each z ∈ Ω and s ≥ 0, such that w(·, s, t) is a
holomorphic mapping of Ω into Ω for t ≥ s, w(z, s, ·) is locally absolutely continuous
on [s,∞) locally uniformly with respect to z ∈ Ω for s ≥ 0, and lim

t→∞
etw(z, 0, t) = z

locally uniformly on Ω.
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Definition 2.2. Let f : Bn → Cn be a normalized holomorphic mapping. We
say that f is asymptotically starlike if f is biholomorphic on Bn and f(Bn) is an
asymptotically starlike domain.

Remark 2.3. (i) In the case of the maximum norm, the notion of asymptotic star-
likeness was introduced by Poreda [16]. His definition does not require the normality
assumption related to the family {Q(·, t)}t≥0. However, as we will see in the proof
of the main result of our paper, this assumption is natural. Poreda proved that any
mapping with parametric representation on the unit polydisc in Cn is asymptoti-
cally starlike. On the other hand, he imposed a strong assumption related to the
differentiability of the solution w(z, s, t) of the initial value problem (2.1) at the
point t = s, in order to deduce that such an asymptotically starlike mapping also
has parametric representation. This assumption is not necessary in our case.

(ii) If Q(·, t) ≡ In in Definition 2.1, then Ω is starlike with respect to zero.
Indeed, the initial value problem (2.1) has the unique solution w(z, s, t) = es−tz

such that w(z, s, t) ∈ Ω for z ∈ Ω and t ≥ s.
(iii) If Ω ⊆ Cn is a starlike domain with respect to zero, then Ω is asymptotically

starlike.
Again, it suffices to consider Q(·, t) ≡ In in Definition 2.1.

In this paper we prove the following geometric interpretation for the notion of
parametric representation: a mapping f ∈ S(Bn) is asymptotically starlike if and
only if f has parametric representation. We also deduce that any spirallike mapping
of type α is asymptotically starlike. However, we give an example which shows that
in dimension n ≥ 2 there exist spirallike mappings with respect to a linear operator
which are not asymptotically starlike.

3. Parametric representation and asymptotic starlikeness

In this section we prove the following result (compare with [16, Theorems 1, 2]).

Theorem 3.1. Let f ∈ S(Bn). Then f ∈ S0(Bn) if and only if f is asymptotically
starlike.

Proof. Let Ω = f(Bn). First, we assume that f ∈ S0(Bn). (In the first part of the
proof, we shall use arguments similar to those in the proof of [16, Theorem 1].) Since
f ∈ S0(Bn), there exists a mapping h = h(z, t) : Bn × [0,∞) → Cn, which satisfies
the conditions in Definition 1.2, such that lim

t→∞
etv(z, t) = f(z) locally uniformly on

Bn, where v = v(z, t) is the unique locally absolutely continuous solution on [0,∞)
of the initial value problem

(3.1)
∂v

∂t
= −h(v, t) a.e. t ≥ 0, v(z, 0) = z.

Then v(·, t) is a biholomorphic Schwarz mapping and Dv(0, t) = e−tIn by [13,
Theorem 2.1]. On the other hand, since f ∈ S0(Bn), there exists a Loewner chain
f(z, t) such that {e−tf(·, t)}t≥0 is a normal family on Bn and f = f(·, 0). Also
let V (z, s, t) be the transition mapping associated with f(z, t). Then V (·, s, t) is
a biholomorphic Schwarz mapping such that DV (0, s, t) = es−tIn and V (z, s, ·) is
Lipschitz continuous on [s,∞) locally uniformly with respect to z ∈ Bn for s ≥ 0,
and for each s ≥ 0,

(3.2) f(z, s) = lim
t→∞

etV (z, s, t),
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where the above limit holds locally uniformly on Bn (see [8] and [9]; cf. [15]).
Moreover, V (z, s, t) satisfies the initial value problem

(3.3)
∂V

∂t
= −h(V, t) a.e. t ≥ s, V (z, s, s) = z,

for all z ∈ Bn and s ≥ 0 (see [4] and [8]; see also [7]). In view of (3.1) and (3.3),
we deduce that v(z, t) = V (z, 0, t) for z ∈ Bn and t ≥ 0.

Next, let Q : Ω × [0,∞) → Cn be given by

Q(w, t) = Df(z)h(z, t), w = f(z) ∈ Ω, t ≥ 0.

Then Q(·, t) ∈ H(Ω), Q(0, t) = 0 and DQ(0, t) = In for t ≥ 0. Clearly Q(w, ·) is
measurable on [0,∞) for w ∈ Ω in view of the measurability of h(z, ·) on [0,∞).
On the other hand, since M is a compact subset of H(Bn) (see [4]) and h(·, t) ∈ M
for t ≥ 0, it follows that for each r ∈ (0, 1) there exists M = M(r) > 0 such that

‖h(z, t)‖ ≤ M(r), ‖z‖ ≤ r, t ≥ 0.

Since f is bounded on B
n

r , we deduce that for each r ∈ (0, 1) there exists M∗ =
M∗(r) > 0 such that

‖Q(f(z), t)‖ ≤ M∗(r), ‖z‖ ≤ r, t ≥ 0.

Hence {Q(·, t)}t≥0 is locally uniformly bounded on Ω.
Let ν(w, s, t) = f(V (z, s, t)) for w = f(z) ∈ f(Bn) and t ≥ s ≥ 0. Then ν(·, s, t)

is a holomorphic mapping of Ω into Ω, ν(0, s, t) = 0 for t ≥ s ≥ 0, and ν(w, s, ·)
is locally absolutely continuous on [s,∞) locally uniformly with respect to w ∈ Ω,
ν(w, s, s) = w for w ∈ Ω and s ≥ 0. A short computation yields that

∂ν

∂t
= −Df(V (z, s, t))h(V (z, s, t), t) = −Q(f(V (z, s, t)), t),

for almost all t ≥ s and for all z ∈ Bn. Therefore, ν(w, s, t) is a solution of the
initial value problem

(3.4)
∂ν

∂t
= −Q(ν, t) a.e. t ≥ s, ν(w, s, s) = w,

for all w ∈ Ω and s ≥ 0. By the uniqueness of solutions to the initial value problem
(3.3), we deduce that (3.4) has the unique locally absolutely continuous solution
ν = ν(w, s, t) = f(V (z, s, t)) on [s,∞) for w = f(z) ∈ f(Bn) and t ≥ s ≥ 0.

Moreover, taking into account the relation (3.2), the normalization of f , the fact
that V (z, 0, t) → 0 locally uniformly on Bn as t → ∞, and DV (0, 0, t) = e−tIn, we
deduce that

lim
t→∞

etν(w, 0, t) = lim
t→∞

etf(V (f−1(w), 0, t)) = w

locally uniformly on Ω.
Therefore Ω = f(Bn) is asymptotically starlike. Since f is biholomorphic on

Bn, it follows that f is asymptotically starlike, as desired.
Conversely, assume that f is asymptotically starlike. Let Q : Ω× [0,∞) → Cn be

a mapping that satisfies the assumptions of Definition 2.1. Also let ν = ν(f(z), s, t)
be the unique solution of the initial value problem

(3.5)
∂ν

∂t
= −Q(ν, t) a.e. t ≥ s, ν(f(z), s, s) = f(z),
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for all z ∈ Bn and s ≥ 0. Then ν(·, s, t) is a holomorphic mapping of f(Bn) into
f(Bn), ν(0, s, t) = 0 for t ≥ s and ν(f(z), s, ·) is locally absolutely continuous on
[s,∞) locally uniformly with respect to f(z) ∈ f(Bn). Moreover, we know that

(3.6) lim
t→∞

etν(w, 0, t) = w

locally uniformly on Ω = f(Bn).
Let v = v(z, s, t) be defined by

v(z, s, t) = f−1(ν(f(z), s, t)), z ∈ Bn, t ≥ s.

Then v(·, s, t) is a Schwarz mapping. Moreover, v(z, s, ·) is locally absolutely con-
tinuous on [s,∞) locally uniformly with respect to z ∈ Bn and v(z, s, s) = z for
z ∈ Bn. In view of (3.6) and the fact that f is normalized, we deduce that

(3.7) lim
t→∞

etv(z, 0, t) = f(z)

and the above limit holds locally uniformly on Bn.
Next, let h = h(z, t) : Bn × [0,∞) → Cn be given by

h(z, t) = [Df(z)]−1Q(f(z), t), z ∈ Bn, t ≥ 0.

Then h(·, t) ∈ H(Bn) for t ≥ 0, h(z, ·) is measurable on [0,∞) for z ∈ Bn, and
since Q(·, t) and f are normalized, it follows that h(·, t) is normalized too for t ≥ 0.
Since {Q(·, t)}t≥0 is a locally uniformly bounded family on f(Bn), it follows that
for each r ∈ (0, 1), there exists L = L(r) > 0 such that

‖Q(f(z), t)‖ ≤ L(r), ‖z‖ ≤ r, t ≥ 0.

Further, since f is biholomorphic on Bn, [Df(z)]−1 is uniformly bounded on each
closed ball B

n

r , and hence for each r ∈ (0, 1), there exists L∗ = L∗(r) > 0 such that

(3.8) ‖h(z, t)‖ ≤ L∗(r), ‖z‖ ≤ r, t ≥ 0.

Next, taking into account (3.5), we deduce that

∂v

∂t
= −[Df(v(z, s, t))]−1Q(f(v(z, s, t)), t) = −h(v(z, s, t), t),

for almost all t ≥ s and for all z ∈ Bn. Hence v(z, s, t) is a solution of the initial
value problem

(3.9)
∂v

∂t
= −h(v, t) a.e. t ≥ s, v(z, s, s) = z,

for all s ≥ 0 and z ∈ Bn. By the uniqueness of solutions to (3.5), we deduce that
v(z, s, t) = f−1(ν(f(z), s, t)) is the unique locally absolutely continuous solution of
(3.9). Moreover, in view of (3.8) and (3.9) we deduce that

(3.10) ‖v(z, s, t1) − v(z, s, t2)‖ =
∥∥∥

∫ t2

t1

h(v(z, s, t), t)dt
∥∥∥ ≤ L∗(r)(t2 − t1),

for ‖z‖ ≤ r < 1 and s ≤ t1 ≤ t2 < ∞. Hence v(z, s, ·) is Lipschitz continuous on
[s,∞) locally uniformly with respect to z ∈ Bn.

We next prove that v(z, ·, t) is also Lipschitz continuous on [0, t] locally uniformly
with respect to z ∈ Bn. To this end, we first note that the uniqueness of solutions
to the initial value problem (3.9) easily yields the following semigroup property:

(3.11) v(z, s, u) = v(v(z, s, t), t, u), z ∈ Bn, 0 ≤ s ≤ t ≤ u < ∞.
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Next, fix t ≥ 0 and let 0 ≤ s1 ≤ s2 ≤ t. Since

‖v(z, s2, t) − v(z′, s2, t)‖ ≤ ‖z − z′‖
∫ 1

0

‖Dv((1 − τ )z + τz′, s2, t)‖dτ,

it follows in view of the Cauchy integral formula for holomorphic mappings and the
relation ‖v(z, s2, t)‖ ≤ ‖z‖ that for each r ∈ (0, 1) there exists K = K(r) > 0 such
that

‖v(z, s2, t) − v(z′, s2, t)‖ ≤ K(r)‖z − z′‖, ‖z‖ ≤ r, ‖z′‖ ≤ r.

Replacing z′ by v(z, s1, s2) in the above inequality and using (3.10) and (3.11), we
deduce for each z ∈ B

n

r that

‖v(z, s1, t) − v(z, s2, t)‖ ≤ K(r)‖z − v(z, s1, s2)‖ ≤ K(r)L∗(r)(s2 − s1).

Hence v(z, ·, t) is Lipschitz continuous on [0, t] locally uniformly with respect to
z ∈ Bn, as claimed.

Further, using the Lipschitz continuity of v(z, s, ·) locally uniformly with respect
to z ∈ Bn and Vitali’s theorem for holomorphic mappings in several complex vari-
ables, we deduce that ∂v

∂t (·, s, t) exists and is a holomorphic mapping on Bn for
almost all t ≥ s.

Next, fix η > 0 and let x = v(z, s, t). From (3.11) we have

v(z, s, t + η) − v(z, s, t)
η

=
v(v(z, s, t), t, t + η) − v(z, s, t)

η

=
v(x, t, t + η) − x

η
, z ∈ Bn, t ≥ s ≥ 0.

(3.12)

Since the limit of the left-hand side of (3.12) exists for η → 0+ and is equal to
∂v
∂t (z, s, t) for almost all t ≥ s, we deduce that the limit of the right-hand side of
(3.12) also exists for η → 0+. Using the relations (3.9) and (3.12), we deduce except
for a set of measure zero in t ≥ s that

lim
η→0+

x − v(x, t, t + η)
η

= h(v(z, s, t), t), ∀z ∈ Bn.

On the other hand, since ‖v(x, t, t + η)‖ ≤ ‖x‖ it follows in view of the above
relation that

(3.13) �〈h(v(z, s, t), t), v(z, s, t)〉 ≥ 0, a.e. t ≥ s, ∀z ∈ Bn.

Let Q+ be the set of nonnegative rational numbers and let λ be the usual
Lebesgue measure in R. Then for each sk ∈ Q+, there exists Ek ⊂ [sk,∞) such
that λ(Ek) = 0 and

(3.14) �〈h(v(z, sk, t), t), v(z, sk, t)〉 ≥ 0, t ∈ [sk,∞) \ Ek,

by (3.13). Let E =
⋃
k∈N

Ek. Then λ(E) = 0 and if t ∈ [0,∞) \E is fixed, we deduce

in view of (3.14) that

�〈h(v(z, sk, t), t), v(z, sk, t)〉 ≥ 0, z ∈ Bn, sk ∈ Q+, sk ≤ t, k ∈ N.

Further, letting {sν(k)}k∈N ⊂ Q+, sν(k) ↗ t in the above relation and using the
fact that v(z, ·, t) is continuous on [0, t], we conclude that �〈h(z, t), z〉 ≥ 0, z ∈ Bn.
Since h(0, t) = 0 and Dh(0, t) = In, it follows in view of the minimum principle for
harmonic functions that (see also [20, Lemma 3])

�〈h(z, t), z〉 > 0, z ∈ Bn \ {0}.
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Hence h(·, t) ∈ M for t ∈ [0,∞) \E. Finally, let h̃ = h̃(z, t) : Bn × [0,∞) → Cn be
given by

h̃(z, t) =
{

h(z, t), z ∈ Bn, t ∈ [0,∞) \ E,
z, z ∈ Bn, t ∈ E.

Then h̃(·, t) ∈ M for t ≥ 0. Concluding the above arguments, we deduce in view
of the relations (3.7) and (3.9) that f ∈ S0(Bn). This completes the proof. �

Remark 3.2. (i) It is not difficult to deduce that the above result remains valid in
the case of a p-norm, ‖ · ‖p, 1 < p < ∞. We do not know whether the converse
assertion in Theorem 3.1 (with our regularity assumptions) holds in the cases p = 1
or p = ∞.

(ii) The notions of parametric representation and asymptotic starlikeness can be
easily extended to the case of an arbitrary norm in Cn. In this case, we may prove
that if f has parametric representation, then f is also asymptotically starlike, since
the compactness of the analog of the Carathéodory class in Cn remains valid by [4].

From Theorem 3.1 and Remark 1.3 we deduce the following equivalent formula-
tion of Theorem 3.1 (compare with [16]):

Theorem 3.3. Let f ∈ S(Bn). Then f is asymptotically starlike if and only if
there exists a Loewner chain f(z, t) such that {e−tf(·, t)}t≥0 is a normal family on
Bn and f = f(·, 0).

In view of Theorem 3.3, we obtain the following consequence, which shows that
the notion of asymptotic starlikeness contains that of spirallikeness of type α.

Corollary 3.4. Let α ∈ (−π/2, π/2) and f : Bn → Cn be a spirallike mapping of
type α. Then f is asymptotically starlike. In particular, if f ∈ S∗(Bn), then f is
asymptotically starlike.

Proof. Since f is spirallike of type α, f(z, t) = e(1−ia)tf(eiatz) is a Loewner chain,
where a = tan α. Clearly {e−tf(·, t)}t≥0 is a normal family on Bn, and hence
f = f(·, 0) ∈ S0(Bn). Thus f is asymptotically starlike by Theorem 3.3. �

Remark 3.5. Graham, Hamada and Kohr [4] (cf. [11]) proved that there exist
spirallike mappings in Cn which do not have parametric representation for n ≥ 2,
i.e. which are not asymptotically starlike. Indeed, it suffices to consider n = 2 and
f(z) = (z1 + az2

2 , z2), z = (z1, z2) ∈ B2. Then for A(z) = (2z1, z2), we have

�〈[Df(z)]−1Af(z), z〉 = 2|z1|2 + |z2|2 > 0, z = (z1, z2) ∈ B2 \ {0},

and hence f is spirallike with respect to A for all a ∈ C. However, if a > 2
√

15

and z0 = (0, 1/2), then ‖f(z0)‖ > 2 =
‖z0‖

(1 − ‖z0‖)2
. In view of [4, Corollary 2.4] it

follows that f /∈ S0(B2); i.e. f is not asymptotically starlike. However, if n = 1,
then f ∈ S if and only if f is asymptotically starlike. Indeed, f ∈ S if and only if
f ∈ S0(U) (see [14]).
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It would be interesting to give an answer to the following:

Open Problem 3.6. Find conditions on the operator A ∈ L(Cn, Cn) with m(A) >
0, such that if f : Bn → Cn is a spirallike mapping with respect to A, then f is
asymptotically starlike.

Remark 3.7. In a forthcoming paper [5] we shall study the notion of asymptotic
spirallikeness, a natural generalization of asymptotic starlikeness. We shall be con-
cerned with the connection between spirallikeness and asymptotic spirallikeness.

We briefly introduce this notion here and the connection with spirallikeness and
nonnormalized univalent subordination chains. For details, see [5].

Definition 3.8 ([5]). Let Ω ⊆ Cn be a domain which contains the origin and let
A ∈ L(Cn, Cn) be such that m(A) > 0. We say that Ω is A-asymptotically spirallike
if there exists a mapping Q = Q(z, t) : Ω×[0,∞) → Cn which satisfies the following
conditions:

(i) Q(·, t) is a holomorphic mapping on Ω, Q(0, t) = 0, DQ(0, t) = A, t ≥ 0, and
the family {Q(·, t)}t≥0 is locally uniformly bounded on Ω.

(ii) Q(z, ·) is measurable on [0,∞) for all z ∈ Ω.
(iii) The initial value problem

∂w/∂t = −Q(w, t) a.e. t ≥ s, w(z, s, s) = z,

has a unique solution w = w(z, s, t) for each z ∈ Ω and s ≥ 0, such that w(·, s, t) is a
holomorphic mapping of Ω into Ω for t ≥ s, w(z, s, ·) is locally absolutely continuous
on [s,∞) locally uniformly with respect to z ∈ Ω for s ≥ 0, and lim

t→∞
etAw(z, 0, t) =

z locally uniformly on Ω.
A mapping f ∈ S(Bn) is called A-asymptotically spirallike if f(Bn) is an A-

asymptotically spirallike domain. Further, a mapping f ∈ S(Bn) is asymptotically
spirallike if there exists an operator A ∈ L(Cn, Cn) with m(A) > 0 such that f is
A-asymptotically spirallike.

Remark 3.9. (i) Any spirallike domain in Cn with respect to a given operator A is
A-asymptotically spirallike (see [5]). On the other hand, if A = In in Definition 3.8,
we obtain the usual notion of asymptotic starlikeness.

(ii) We shall prove the following generalization of Theorem 3.1 (see [5]): if f ∈
S(Bn) and k+(A) < 2m(A), then f is A-asymptotically spirallike if and only if there
exists a (non-normalized) univalent subordination chain f(z, t) such that Df(0, t) =
etA, {e−tAf(·, t)}t≥0 is a normal family on Bn and f = f(·, 0). Here k+(A) =

lim
t→∞

ln ‖etA‖
t

= max{�λ : λ ∈ σ(A)}, where σ(A) is the spectrum of A.

(iii) Also, we shall prove that if f is A-asymptotically spirallike and A is such
that A + A∗ = 2In, then f ∈ S0(Bn). Here A∗ is the adjoint of A. In particular,
any spirallike mapping with respect to A, such that A + A∗ = 2In, has parametric
representation (see [5]). So this is one class of spirallike mappings for which there
is an answer to Open Problem 3.6.

(iv) The class of asymptotically starlike mappings is compact by [8, Theorem 2.9]
and Theorem 3.1. Also, if k+(A) < 2m(A), the class of A-asymptotically spirallike
mappings is compact; however the full class of asymptotically spirallike mappings
is not compact in dimension n ≥ 2 (see [5]).
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