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A TOPOLOGICAL REFLECTION PRINCIPLE
EQUIVALENT TO SHELAH’S STRONG HYPOTHESIS

ASSAF RINOT

(Communicated by Julia Knight)

Abstract. We notice that Shelah’s Strong Hypothesis is equivalent to the
following reflection principle:

Suppose 〈X, τ〉 is a first-countable space whose density is a regular cardinal,
κ. If every separable subspace of X is of cardinality at most κ, then the
cardinality of X is κ.

1. Introduction

Background. The Generalized Continuum Hypothesis (GCH) is equivalent to the
assertion that λcf(λ) = λ+ for every infinite cardinal λ. The Singular Cardinals
Hypothesis (SCH) is the assertion that λcf(λ) = λ+ for every (obviously, singular)
cardinal λ satisfying 2cf(λ) < λ.

Consider [λ]cf(λ), the family of all subsets of λ whose cardinality is cf(λ). It is not
hard to see that λcf(λ) = 2cf(λ) ·cof([λ]cf(λ)), where cof([λ]cf(λ)) denotes the minimal
cardinality of a cofinal subfamily S; i.e., S ⊆ [λ]cf(λ), and for all A ∈ [λ]cf(λ), there
exists B ∈ S with A ⊆ B.

So, the idea motivating the definition of the SCH is to actually assert that
cof([λ]cf(λ)) = λ+ for every singular cardinal λ. However, if λ is a singular car-
dinal and 2cf(λ) is quite large, then SCH gives us no information on the value of
cof([λ]cf(λ)). To overcome this deficit, a list of alternative cardinal-arithmetic hy-
potheses has been introduced in §6 of [8]. The first item of this list is referred in
Shelah’s paper [7] as The Strong Hypothesis (and we denote it by SSH).

To define the SSH, fix a singular cardinal λ. Let us say that 〈λ, a,D〉 is an
appropriate triplet iff a ⊆ λ is a set of cf(λ) many regular cardinals satisfying
sup(a) = λ, and D is an ultrafilter over a containing no bounded subsets. Consider
the ultraproduct

∏
a/D. It is a linearly ordered set and cf(

∏
a/D) ≥ λ+. Finally,

define the pseudopower of λ, pp(λ), as the supremum of the following set:

PP(λ) :=
{
cf(

∏
a/D)

∣∣ 〈λ, a,D〉 is an appropriate triplet
}

.

Then λ+ ≤ pp(λ) ≤ cof([λ]cf(λ)) ≤ λcf(λ). Thus, as the reader might expect, the
SSH states that pp(λ) = λ+ for every singular cardinal λ.
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Results. In this paper, we introduce a characterization of the SSH in purely topo-
logical terms. All arguments are standard. Perhaps the only challenge of this
characterization lies in the need to formulate a topological principle that filters out
the value of 2cf(λ). Our approach to establish this filtering is to formulate SSH as
a reflection principle (for more on such principles, see [2]).

We mention that a topological characterization of the SCH was given in [3]. It is
an interesting fact that while the non-trivial part of the proof of [3] was in showing
that SCH implies their suggested topological principle, here the non-trivial part
is in showing the other implication, i.e., that our topological principle implies the
SSH.

Notation. All ordinals in this paper are von Neumann ordinals. ICN denotes the
class of infinite cardinal numbers, and REG denotes the class of regular infinite
cardinals. The tightness of a topological space 〈X, τ 〉 is defined as t(X) = min{θ ∈
ICN | ∀A ⊆ X∀x ∈ A∃B ∈ [A]θ(x ∈ B)}. The density of the space, d(X), is the
minimal (infinite) cardinality of a dense subset.

2. Results

Theorem. The following are equivalent:
(1) Shelah’s Strong Hypothesis.
(2) cof([κ]θ) = κ for all cardinals θ, κ satisfying θ < cf(κ).
(3) Suppose 〈X, τ 〉 is a topological space and t(X) < cf(d(X)).

If every B ∈ [X]t(x) satisfies |B| ≤ d(X), then |X| = d(X).
(4) Suppose 〈X, τ 〉 is a first-countable space whose density is a regular cardinal,

κ. If every separable subspace of X is of cardinality at most κ, then the
cardinality of X is at most κ.

Proof. (1) ⇒ (2) is well-known; see Theorem 6.3 of [8] or §3 of [5].
(2) ⇒ (3) Let κ = d(X) and θ = t(X). Pick a dense subset D ∈ [X]κ. By

θ < cf(κ) and (2), we have cof([κ]θ) = κ, so let S ⊆ [D]θ be a cofinal subfamily of
cardinality κ.

It follows from t(X) = θ and the definition of tightness that

X = D =
⋃{

B | B ∈ [D]θ
}

=
⋃{

B | B ∈ S
}

,

and hence
|X| ≤ sup{|B| | B ∈ S} · |S| ≤ κ · κ = κ.

Since |X| ≥ d(X) = κ, our proof is complete.
(3) ⇒ (4) Suppose 〈X, τ 〉 has regular density and is first-countable. Clearly,

t(X) = ℵ0. Now, if d(X) = ℵ0, then X is separable and we are done. Otherwise,
we have t(X) < cf(d(X)), so appeal to (3).

¬(1) ⇒ ¬(4) Suppose the strong hypothesis fails. Then in particular, there exists
a singular cardinal λ of countable cofinality such that pp(λ) > λ+ (see Claim 2.4
of [9]). By pp(λ) ≥ λ++ and the convexity property of PP(λ) (see Conclusions 2.3
and 3.2 of [9]), we have λ++ ∈ PP(λ), so let us pick D and a such that 〈λ, a,D〉 is
an appropriate triplet and cf(

∏
a/D) = λ++.

Let 〈fα | α < λ++〉 be a strictly increasing and cofinal sequence of the linearly
ordered set

∏
a/D. Since |a| = ℵ0, we may identify the two and assume that

dom(fα) = ω for all α < λ++.



TOPOLOGICAL REFLECTION PRINCIPLE EQUIVALENT TO SSH 4415

Note that if I ⊆ λ++ is of cardinality λ++, then 〈fα | α ∈ I〉 is cofinal as well.
In particular, for such I, by a ⊆ REG, there must exist some n < ω such that
{fα(n) | α ∈ I} is uncountable.

Fix an injection ψ : <ωλ → λ and let yα := {ψ(fα � n) | 0 < n < ω} for all
α < λ++. Put κ := λ+ and F := {yα | α < κ+}. Clearly, κ ∩ F = ℵ1 ∩ F , and
hence we may assume that κ ∩ F = ∅.

We now define a topological space 〈X, τ 〉 similar to the one introduced by Mrówka
in [4].

Put X = κ�F . Each point of κ will be isolated. For each y ∈ F , assign the local
base By := {{y} ∪ (y \ a) | a ⊆ y is finite}. Then 〈X, τ 〉 is indeed first-countable.

Notice that for any A ⊆ κ and B ⊆ F , we have

A = A ∪ {y ∈ F | A ∩ y is infinite}, B = B.

It follows that F ⊆ λ and X ⊆ κ. In particular, d(X) ≤ κ. On the other hand,
each point of κ is isolated in X, and hence d(X) = κ.

Clearly, |X| = κ+, so we are left with showing that any separable subspace of X
is of cardinality at most κ. Suppose toward a contradiction that S ⊆ X is countable
and there exist some I ⊆ κ+ of cardinality κ+ such that S ∩ yα is infinite for each
α ∈ I. By the remark above, fix n∗ < ω and an uncountable J ⊆ I such that
fα(n∗) �= fβ(n∗) for all distinct α, β ∈ J . It follows that

{(fα � m) | n∗ < m < ω} ∩ {(fβ � m) | n∗ < m < ω} = ∅,

for all distinct α, β ∈ J . Thus, letting zα := {ψ(fα � m) | m ≤ n∗} for each α ∈ J ,
we get that {S ∩ (yα \ zα) | α ∈ J} is an uncountable family of mutually disjoint
infinite subsets of S, a contradiction to |S| ≤ ℵ0. �

3. Closing remarks

(1) The preceding construction can be improved to make all separable subspaces
countable, given that the SSH fails in a stronger sense.

More precisely, assuming pp(λ) > λ++ for a cardinal λ > cf(λ) = ℵ0, there
exists a 0-dimensional, locally compact, locally countable, first-countable, Hausdorff
space, 〈X, τ 〉, with c(X) = d(X) = λ, |X| = e(X) = w(X) = λ++, and, in addition,
|S| = |S| for all S ∈ [X]<λ. (For missing definitions, see [1].)

Note that Y := D(λ+) × X, the topological product of a discrete space of car-
dinality λ+ with the above 〈X, τ 〉, will share the same properties of 〈X, τ 〉, except
that it has c(Y ) = d(Y ) = cf(d(Y )) = λ+.

(2) A sharp weakening of the SSH, the Prevalent Singular Cardinals Hypothesis
(PSH), was introduced in [6] and shown to imply that any topological space of
density and weight ℵω1 is not hereditarily Lindelöf. It is an open problem whether
this kind of topological property characterizes the PSH.

(3) It is our hope that this paper will contribute to popularizing the usage of
weak cardinal arithmetic hypotheses (and their negations) in general topology.
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