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A COUNTEREXAMPLE TO THE MAXIMALITY
OF TORIC VARIETIES

VALERIE HOWER

(Communicated by Ted Chinburg)

Abstract. We present a counterexample to the conjecture of Bihan, Franz,
McCrory, and van Hamel concerning the maximality of toric varieties. There
exists a six dimensional projective toric variety X with the sum of the Z2 Betti
numbers of X(R) strictly less than the sum of the Z2 Betti numbers of X(C).

Let X = X(C) be a complex algebraic variety defined by equations with real
coefficients. Complex conjugation σ : X → X acts on X, and the fixed points Xσ

are the real points of X, denoted X(R). It is of interest to try to understand the
relationship between the topology of X(C) and that of X(R). If one looks at the
Z2 Borel-Moore Betti numbers, the Smith-Thom inequality [Deg], §1.1, states∑

i

bi(X(R)) ≤
∑

j

bj(X(C)).

We say X is maximal when equality is achieved.
Toric varieties are defined by equations with integral coefficients. See Fulton [Ful]

for background on toric varieties. Thus, if X is a toric variety, we may consider
X(R) the real points of X. In [Bih], Bihan et al. define a spectral sequence
Gr

p,q that converges to the Z2 Borel-Moore homology of X(R) when X is a toric
variety. We restrict ourselves to projective toric varieties, where the Z2 Borel-
Moore homology is isomorphic to the ordinary Z2 homology. We also use different
notation and indexing than in [Bih]. We write this spectral sequence as E

r

p,q, where
Gr

p,q = E
r

p+q,−p. For each p and q we have

(1) E
1

p,q
∼= E2

p,q,

where Er
p,q is the Z2 Leray spectral sequence for the moment map of X(C). The

spectral sequence Er
p,q converges to the ordinary Z2 homology of X(C). Bihan

et al. conjecture that every toric variety is maximal. Their conjecture is based
on (1), numerous examples, and the fact that every nonsingular complete toric
variety is maximal. In this paper, we present a counterexample to this conjecture.
The author would like to thank Matthias Franz and Clint McCrory for ongoing
discussions and emails.

Theorem. There exists a six dimensional projective toric variety which is not
maximal.
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To construct this toric variety, we will use a specific matroid. Matroids abstract
the theory of dependence studied in linear algebra or graph theory. There are many
equivalent definitions of a matroid; most are discussed in [Oxl]. A definition useful
for our purposes involves a convex polytope PM . Let E ⊂

(
[n]
k

)
be a collection

of k element subsets of the ground set [n] := {1, 2, 3, . . . , n}. We define a convex
polytope P via

P := conv{eI =
∑
i∈I

ei | I ∈ E},

where ei is the ith standard basis vector for R
n. If each edge of P is parallel to

ei − ej for some i, j, then the set E is the set of bases of a matroid M. In this
case P = PM is the matroid polytope for the matroid M . Subsets of bases are
independent sets, and the rank of a matroid is the cardinality of one of its bases.

We define a toric variety from a matroid as in [Gel]. Let M be the rank 3
matroid F7, the Fano plane. We remind the reader that M is the projective plane
over F2. The affine dependencies of M are depicted below, and the bases of M are
the triangles in the diagram.

1

7
2

3 4 5

6

Next, consider the projective space CP
27 whose coordinates are given by the bases

of M

{yijk | ijk ∈
(

[7]
3

)
− {123, 147, 156, 246, 257, 345, 367}}.

We define a linear action of the complex algebraic torus

T := (C∗)7 = {(t1, t2, t3, t4, t5, t6, t7) | ti ∈ C
∗}

on CP
27 where the action on the coordinates is

(t1, t2, t3, t4, t5, t6, t7) · yijk = titjtkyijk.

Note that the one-dimensional subtorus {(t, t, t, t, t, t, t) | t ∈ C∗} acts trivially. By
restricting this action to the subtorus

T ′ := {(t1, t2, t3, t4, t5, t6, 1) | ti ∈ C
∗},

we obtain an effective action of a six-dimensional algebraic torus on CP
27. Let

X(C) be the closure of the torus orbit T ′ · (1, 1, 1, . . . , 1) in CP
27. Then, X is a six-

dimensional projective toric variety. The moment polytope for X is the projection
of the matroid polytope PM onto the first six coordinates. We use torhom [Fra] to
compute the ranks of the entries in E2

p,q = E
1

p,q for X, which are listed in (2), and
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the Z2 Betti numbers for X(R). The pth entry of the vector (3) is the rank of the
Z2 vector space Hp(X(R), Z2).

q

1
15 0

22 0 0
6 26 0 0

2 3 9 0 0
1 0 1 1 0 0

1 0 0 0 0 0 0
p

(2)

[
1 1 1 8 57 15 1

]
(3)

As the total grading of the spectral sequence E
r

p,q is p, we see that the spectral

sequence E
r

p,q does not collapse at E
1
. Moreover,

6∑
i=0

bi(X(R)) = 84.

The total grading for the spectral sequence Er
p,q is p + q. Thus, the only possible

nonzero higher differential is d2
4,1 : E2

4,1 → E2
2,2. If d2

4,1 = 0, then the spectral
sequence collapses at E2, the Z2 Betti numbers for X(C), are

[1 0 1 0 3 4 15 26 22 0 15 0 1]

and
12∑

i=0

bi(X(C)) = 88.

If d2
4,1 �= 0, then the Z2 Betti numbers for X(C) are

[1 0 1 0 2 3 15 26 22 0 15 0 1]

and
12∑

i=0

bi(X(C)) = 86.

In either case, we obtain
6∑

i=0

bi(X(R)) <
12∑

i=0

bi(X(C)),

and hence X is not maximal. �
We do not know why X fails to be maximal. Nonetheless, this example does

have some remarkable properties. For instance, the Fano plane is a matroid which
is not realizable over any field F unless charF = 2. Moreover, the polytope PM

with f -vector (28, 126, 245, 238, 112, 21) is highly symmetric; the symmetry group
of PM is PGL3(F2). However at the current time, we are unable to connect these
unique properties of M and PM to the topology of X.

Other than slightly larger examples which contain X as the closure of a torus
orbit, no other counterexamples are known. Hence, we have no intuition as to what
features might distinguish maximal from nonmaximal toric varieties. As mentioned
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above, all nonsingular complete toric varieties are maximal, and there are certainly
classes of singular toric varieties which are maximal. For instance, in [How] we show
that toric varieties associated to Fano polyhedra (defined in [Bat]) are maximal.
This counterexample reveals that the relationship between the topology of the real
and complex points of a toric variety is not as straightforward as one might hope.
In the future, we would like to see a description, perhaps combinatorial, of the class
of maximal toric varieties.
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