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FIRST NEIGHBORHOOD COMPLETE IDEALS
IN TWO-DIMENSIONAL MUHLY LOCAL DOMAINS

ARE PROJECTIVELY FULL

RAYMOND DEBREMAEKER

(Communicated by Bernd Ulrich)

Abstract. Let (R,M) be a two-dimensional Muhly local domain, i.e., an
integrally closed Noetherian local domain with algebraically closed residue
field and the associated graded ring an integrally closed domain.

Motivated by recent work of Ciuperca, Heinzer, Ratliff and Rush on projec-
tively full ideals, we prove that every complete ideal adjacent to the maximal
ideal M is projectively full.

1. Introduction

This paper is inspired by a result of Ciuperca, Heinzer, Ratliff Jr., and Rush on
projectively full ideals. In order to explain this we recall some notions and results
from their work.

Two ideals I and J in a commutative Noetherian ring R are called projectively
equivalent if there exist positive integers m and n such that Im and Jn have the
same integral closure, i.e., Im = Jn.

The notion of projectively equivalent ideals was introduced by P. Samuel in [14].
This concept was further studied by McAdam, Ratliff Jr., and Sally in [12], where
it is proved that if I and J are projectively equivalent, then I and J have the
same Rees valuations, i.e., T (I) = T (J), where T () denotes the set of the Rees
valuations. Moreover the values of I and J with respect to these Rees valuations
are proportional.

In [1] Ciuperca, Heinzer, Ratliff Jr., and Rush have further developed the re-
lationship between projective equivalence of ideals and Rees valuations. In that
paper the authors also introduced the notion of projectively full ideal. A regular
ideal I in a Noetherian ring R is called projectively full if In with n ∈ N+ are the
only integrally closed ideals that are projectively equivalent to I.

The authors have continued the study of projectively full ideals in [2].
In the special case where (R,M) is a two-dimensional regular local ring with

algebraically closed residue field, the complete ideals I adjacent to M (i.e., length
(MI ) = 1) are projectively full.
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To see this, we first remark that I is simple, i.e., not a product of two proper
ideals. Therefore, it follows from Zariski’s theory of complete ideals (see [15]) that I
has only one Rees valuation, say w. Because of [1, Theorem 3.4] it follows that the
ideals J projectively equivalent to I are the ideals J such that T (J) = {w}. With
this in mind, we see that it follows from Zariski’s Unique Factorization Theorem
that the only complete ideals that are projectively equivalent to I are the ideals In

with n ∈ N+, i.e., I is projectively full. One could try to generalize this result to
the more general case where (R,M) is a two-dimensional normal local domain with
algebraically closed residue field and the associated graded ring an integrally closed
domain. These local domains will be called two-dimensional Muhly local domains
in the rest of this paper.

Unfortunately the above argument does not work anymore in this case because
we will see in the next section that the ideal I has more than one Rees valuation if
R is not regular.

But Ciuperca, Heinzer, Ratliff Jr., and Rush in [2, Corollary 3.7] have proved
the following nice result: “Let (R,M) be a regular local domain of dimension ≥ 2
and let x1, · · · , xd be a regular system of parameters. Then every ideal of the form
I = (xn

1 , x2, · · · , xd)R is projectively full.”
This result, combined with the fact (see Section 2) that in a two-dimensional

Muhly local domain (R,M) a complete ideal I adjacent to M is of the form

I = (x2
1, x2, · · · , xn)R

for a suitable minimal ideal basis x1, · · · , xn of M, inspired us to prove the following
result.

Theorem 1. Let (R,M) be a two-dimensional Muhly local domain and I a com-
plete ideal adjacent to M. Then I is projectively full.

For some reason explained in the next section, complete ideals adjacent to M
are called first neighborhood complete ideals of R. This combined with the theorem
explains the result mentioned in the title of this paper.

Note that in this paper we will use the symbol ⊂ to mean “contained in or equal
to”.

2. Preliminaries on first neighborhood complete ideals

Let (R,M) be a two-dimensional normal Noetherian local domain with alge-
braically closed residue field and suppose that the associated graded ring is an
integrally closed domain. It then follows that the M-adic order function vM is a
valuation of the quotient field K of R and Mn is an integrally closed ideal for all
n ∈ N. Moreover, it follows that the blowup BlM(R) of R at M is a desingulariza-
tion of R. (The associated graded ring grM(R) is an integrally closed domain, so
the closed fibre of the blowup of R at M is a non-singular curve, and this implies
that every local ring of BlM(R) is regular [8, p. 403], [10, p. 259].)

These local domains (supplemented with one more condition) have been studied
by H.T. Muhly [13], thereby generalizing some aspects of Zariski’s theory of com-
plete ideals in two-dimensional regular local rings. Therefore these local domains
will be called two-dimensional Muhly local domains throughout this paper.

Parts of the theory of Zariski have been extended to other classes of normal local
rings by several other authors, including Cutkosky [3, 4], Fernández-Sánchez [6, 7],
Göhner [8], Huneke and Sally [9] and Lipman [10, 11].
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An ideal I is said to be integrally closed or complete if I = I, where I denotes
the integral closure of I; i.e., I = {r ∈ R | r satisfies an equation of the form
rn + i1r

n−1 + · · · + in = 0 with ik ∈ Ik for k = 1, · · · , n}. In case In = In for all
n ∈ N+, I is called a normal ideal.

In this note we are concerned with complete ideals I adjacent to M, i.e., length
(MI ) = 1, in two-dimensional Muhly local domains (R,M). Since complete ideals
adjacent to M are well understood in the two-dimensional regular case, (R,M)
will from now on denote a two-dimensional Muhly local domain that is not regular.

We now discuss a few results about complete ideals adjacent to M in a two-
dimensional Muhly local domain (R,M). A more complete treatment of this matter
can be found in the forthcoming paper [5]. First we will make clear how to produce
complete ideals adjacent to M, namely by taking the inverse transform of the
maximal ideal of the immediate quadratic transforms of (R,M) (terminology is
explained below).

Let (R′,M′) be an immediate (or first) quadratic transform of (R,M), that is

R′ = R[
M
x1

]M1 ,

where x1, x2, · · · , xn is a minimal ideal basis of M and M1 is a maximal ideal in
R[Mx1

] lying over M.
In section 3 of [5] it is shown that a minimal ideal basis x1, x2, · · · , xn of M can

be chosen such that

M1 = (x1,
x2

x1
, · · · ,

xn

x1
)R[

M
x1

],

because the residue field R
M is algebraically closed.

Now let us consider the inverse transform I of M′ in R, i.e.,

I := x1M′ ∩ R.

A number of properties of the ideal I are collected in the following lemma.

Lemma 1. With the same conventions as above we have
(i) I = (x2

1, x2, · · · , xn)R.
(ii) I is a simple complete M-primary ideal and I ⊂ M are adjacent.
(iii) (R′,M′) is the unique immediate base point of I; that is, (R′,M′) is the

unique two-dimensional local ring of B�M(R) such that IR′ is not a principal ideal.
(iv) M′ is the transform of I in R′, i.e., IR′ = x1M′.
(v) T (I) = {vM, w} where w denotes the ordR′-valuation.

Proof. (i) One has the following inclusions:

(x2
1, x2, · · · , xn)R ⊂ x1M1 ∩ R ⊂ M.

Since (x2
1, x2, · · · , xn)R ⊂ M are adjacent and x1M1 ∩ R = M is impossible, it

follows that
I = x1M1 ∩ R = (x2

1, x2, · · · , xn)R.

(ii) and (iv) follow immediately from (i).
(iii) Since IR[Mx1

] = x1M1, it follows that (R′,M′) is the only immediate base
point of I on the chart R[Mx1

]. If i ∈ {2, · · · , n}, then we have that IR[Mxi
] =

xiR[Mxi
], so there are no immediate base points of I on R[Mxi

]. This shows that
(R′,M′) is the unique immediate base point of I.
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(v) We know that (R′,M′) is the only immediate base point of I and M′ is its
transform in R′. This implies that T (IM) = {vM, w}; hence

T (I) ⊂ {vM, w}.

Since the two-dimensional Muhly local domain (R,M) is not regular, we have
vM ∈ T (I) because of Theorem 3.3 in [5]. Finally, w ∈ T (I) since otherwise I
would be a simple complete M-primary ideal with T (I) = {vM}, implying that
I = M, a contradiction. �

Next we prove that the complete M-primary ideals adjacent to M obtained
by considering the inverse transform in R of the maximal ideal of the immediate
transforms of R are in fact all the complete M-primary ideals adjacent to M. More
precisely we have the following result.

Lemma 2. The mapping that associates to the maximal ideal M′ of an immediate
quadratic transform R′ of R its inverse transform I in R is a one-to-one correspon-
dence between the set of the immediate quadratic transforms of (R,M) and the set
of the complete M-primary ideals adjacent to M. The inverse mapping consists in
associating to I its unique immediate base point.

Proof. The existence of the mapping follows immediately from Lemma 1. Next we
prove the surjectivity of this mapping. So let I be any complete M-primary ideal
adjacent to M. Then I has at least one immediate base point, since otherwise one
would have that T (I) ⊂ T (M) = {vM} and thus I = M, which is impossible.

Let (R′,M′) denote an immediate base point of I. We claim that I is the
inverse transform of M′ in R. To see this, let us suppose that a minimal ideal
basis x1, x2, · · · , xn of M has been chosen as explained just before Lemma 1, so
R′ = R[Mx1

]M1 with M1 = (x1,
x2
x1

, · · · , xn

x1
).

In R′ we have

IR′ = x1I
′

with I ′ an ideal of R′ such that I ′ �= R′ because R′ is a base point of I.
In R we have the following chain of inclusions:

I ⊂ x1I
′ ∩ R ⊂ x1M′ ∩ R ⊂ M.

Since I ⊂ M are adjacent, it follows that

I = x1M′ ∩ R,

i.e., that I is the inverse transform of M′ in R. Note that it follows from Lemma 1
that I has the following form:

I = (x2
1, x2, · · · , xn)R,

which implies that (R′,M′) is in fact the only immediate base point of I. �

Remark 1. Because of the previous result, complete ideals adjacent to M will be
called first neighborhood complete ideals of the two-dimensional Muhly local domain
(R,M).
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3. Proof of the main theorem

We are now ready to prove the theorem announced in the introduction.
Let (R,M) be a two-dimensional Muhly local domain (not regular) and let I

be any first neighborhood complete ideal of R. As we have seen in the previous
section, the ideal I has a unique immediate base point, say (R′,M′), and a minimal
ideal basis x1, · · · , xn of M can be chosen such that

R′ = R[
M
x1

]M1 with M1 := (x1,
x2

x1
, · · · ,

xn

x1
)R[

M
x1

].

It follows that
I = (x2

1, x1, · · · , xn)R

and

IR[
M
x1

] = x1M1.

Further, this implies that T (I) = {vM, w}, where w denotes the ordR′-valuation.
In order to prove that I is projectively full, we have to show that any complete

M-primary ideal J projectively equivalent to I is of the following form:

Iν with ν ∈ N+.

Since J is projectively equivalent to I we have that

T (J) = T (I) = {vM, w},
implying that J , just like I, has (R′,M′) as its unique immediate base point.

Let r := ordR(J). Then we have in R[Mx1
],

JR[
M
x1

] = xr
1J ,

where J denotes an ideal of R[Mx1
] not contained in any ht 1-prime. Since R′ =

R[Mx1
]M1 is the unique immediate base point of J , it follows that M1 is the unique

prime ideal of R[Mx1
] containing J . Thus J is an M1-primary ideal of R[Mx1

], which
is called the transform of J in R[Mx1

]. Note that we do not know whether J is
complete or not.

Localizing at M1 yields
JR′ = xr

1JM1 ,

which means that the transform J ′ of J in R′ is given by

J ′ = JM1 .

From JR′ = xr
1J

′ it follows that

JR
′
= xr

1J
′.

We claim: the complete M′-primary ideal J ′ of R′ has only one Rees valuation,
namely w, i.e.,

T (J ′) = {w}.
To prove this claim, let us suppose that w′ is a Rees valuation of J ′ with w′ �= w.

We now show this leads to a contradiction. Since w′ is a Rees valuation of J ′,
we have that

W ′ ∈ BlJ′(R′),
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where W ′ denotes the valuation ring of w′. Because JR′ = xr
1J

′ we have

BlJ′(R′) = BlJR′(R′).

From the fact that (R′,M′) is the only immediate base point of J it follows that
the blowup BlJM(R) is obtained by blowing up R at M and then blowing up the
local ring (R′,M′) ∈ BlM(R) at JR′. This implies that

W ′ ∈ BlJM(R)

and it follows that
w′ ∈ T (JM) = T (M) ∪ T (J),

where T (M) = {vM} and T (J) = {vM, w}. As w′ �= w, we have that w′ = vM,
which implies that W ′ ∈ BlM(R). Since W ′ dominates the local ring R′ ∈ BlM(R),
we have a contradiction. So J ′ cannot have Rees valuations �= w, and this proves
our claim.

Since the complete M′-primary ideal J ′ in the two-dimensional regular local ring
(R′,M′) has only one Rees valuation w, it follows from Zariski’s Unique Factor-
ization Theorem [15] that J ′ is a power of the simple complete M′-primary ideal
having w as its unique Rees valuation. Thus

J ′ = M′ν with ν ∈ N+.

This together with JR′ = xr
1J

′ yields

(1) JR′ = xr
1M′ν = xr

1(M
ν
1 )M1 .

Since J ′ = JM1 , we also have

(2) JR′ = xr
1(JM1).

From (1) and (2) it follows that

xr
1(JM1) = xr

1(J )M1 = xr
1(M

ν
1 )M1 .

So
(J )M1 = (Mν

1 )M1 , whence J = Mν
1 .

Thus we have

(∗) JR[
M
x1

] = xr
1J = xr

1M
ν
1 .

Now we claim that r = ν. This can be seen as follows. As J is projectively
equivalent to I, we have a relation of the form

Ii = Jj with i, j ∈ N+.

Taking the ordR-value of both sides, we obtain

i = rj

and hence
Jj = Irj .

It follows that
JjR′ = IrjR′.

Now IR[Mx1
] = x1M1 implies that IR′ = x1M′ and thus IrjR′ = xrj

1 M′rj . This
implies that

(3) JjR′ = xrj
1 M′rj = xrj

1 M′rj .
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On the other hand, from (1) we have

JR′ = xr
1M′ν

and thus

(4) JjR′ = (JR′)j = xrj
1 M′νj .

Comparing (3) and (4) gives
M′νj = M′rj ,

which implies that ν = r.
Putting ν = r in (*) yields

JR[
M
x1

] = xr
1M

r
1 .

Now we have the following chain of inclusions:

J ⊂ JR[
M
x1

] ∩ R ⊂ JR[
M
x1

] ∩ R ⊂ JV ∩ JW ∩ R,

where V denotes the valuation ring of vM = ordR and W the valuation ring of w.
Since T (J) = {vM, w} and J is complete, we have

JV ∩ JW ∩ R = J ;

hence

J = JR[
M
x1

] ∩ R = xr
1M

r
1 ∩ R.

Finally one can verify that
xr

1M
r
1 ∩ R = Ir,

which shows that J = Ir, i.e., that I is projectively full. �
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