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WITH NONNEGATIVE CURVATURE
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(Communicated by Jon G. Wolfson)

Abstract. Let M be a connected d-manifold without boundary obtained from

a (possibly infinite) collection P of polytopes of R
d by identifying them along

isometric facets. Let V (M) be the set of vertices of M . For each v ∈ V (M),
define the discrete Gaussian curvature κM (v) as the normal angle-sum with
sign, extended over all polytopes having v as a vertex. Our main result is as
follows: If the absolute total curvature

∑
v∈V (M) |κM (v)| is finite, then the

limiting curvature κM (p) for every end p ∈ End M can be well-defined and the
Gauss-Bonnet formula holds:∑

v∈V (M)∪End M

κM (v) = χ(M).

In particular, if G is a (possibly infinite) graph embedded in a 2-manifold
M without boundary such that every face has at least 3 sides, and if the
combinatorial curvature ΦG(v) ≥ 0 for all v ∈ V (G), then the number of
vertices with nonvanishing curvature is finite. Furthermore, if G is finite, then
M has four choices: sphere, torus, projective plane, and Klein bottle. If G
is infinite, then M has three choices: cylinder without boundary, plane, and
projective plane minus one point.

1. Polytopal manifolds

Let N be a compact d-dimensional manifold without boundary; as usual we call
it a closed d-manifold. Let M be a d-dimensional submanifold of N such that
N −M is a finite set. We call M a d-manifold with finite number of ends and write
EndM := N−M ; each element of EndM is called an end of M . By an open convex
k-cell (or just a k-cell) of M we mean a subset σ ⊆ M together with an embedding
φ : σ → R

d, where σ is the closure of σ in N , such that
(C1) φ(σ) is a k-dimensional compact convex set of R

d, and
(C2) φ(σ) is the relative interior of φ(σ);
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we call σ a closed k-cell and ∂σ := σ−σ the boundary of σ. A cell σ is called a face
of a cell τ , written σ ≤ τ , if either σ = τ or σ ⊂ ∂τ . A face σ of τ is called a facet
if dimσ = dim τ − 1. A convex cell complex on M is a (possibly infinite) collection
C(M) of relatively open convex cells of M such that

(CC1) If σ, τ ∈ C(M) and σ ∩ τ �= ∅, then σ ⊆ τ .
(CC2) M =

⊔
σ∈C(M) σ.

(CC3) For each σ ∈ C(M), the collection {τ ∈ C(M) | σ ≤ τ} is finite.

A subspace S of M is said to be cellular if there is a subcollection C(S) of C(M)
such that S =

⋃
σ∈C(S) σ.

By a polytopal structure on M we mean a cellular complex C(M) satisfying the
following conditions:

(PM1) For each d-cell σ there exists an embedding φσ : σ → R
d such that the

image φσ(σ) is an open d-polytope. We call (σ, φσ) a polytopal chart and σ
an open d-polytope of M .

(PM2) If σ and τ are d-cells such that σ∩τ �= ∅, then φτ◦φ−1
σ : φσ(σ∩τ ) → φτ (σ∩τ)

can be extended to an isometry of R
d.

We call a manifold with a polytopal structure a polytopal manifold and call 0-cells
vertices, 1-cells open segments, and 2-cells open convex polygons. We denote by
V (M) the set of vertices. A subspace X ⊆ M is said to be a polyhedron if, for each
polytopal chart (σ, φσ), the image φσ(X ∩ σ) is a disjoint union of finitely many
relatively open polytopes of φσ(σ); i.e., φσ(X ∩ σ) is a polyhedron of R

d in the
sense of [6]. A polyhedron X of M is said to be bounded if the closure X does not
contain any end. If X is bounded, then X intersects only a finite number of cells
in C(M).

We lack references for polytopal manifolds of dimensions ≥ 3. For dimension 2,
the book of Aleksandrov and Zalgaller [1] is a good source for polygonal surfaces.
For the motivation of Gaussian curvature below, we refer to the work of Allendoerfer
and Weil [2], Banchoff [3], Cheeger, Müller, and Schrader [5], McMullen [13], and
the present author [6]. For the motivation of combinatorial curvature, we refer to
Gromov [10], Higuchi [11], and Ishida [12]. For the application of the Gaussian
curvature and the combinatorial curvature on surfaces, we refer to the recent work
of DeVos and Mohar [8] and the author’s joint work with G. Chen [7].

Let M be a polytopal d-manifold. A geodesic segment of M is an embedding
g : I → M , where I is a closed interval of R, such that g(I) is contained in a
closed d-cell σ and φσ(g(I)) is a segment in the polytope φσ(σ). The length of a
geodesic segment g, denoted �(g), is the length of the segment φσ(g(I)) in R

d. A
geodesic walk is a continuous map γ : [a, b] → M such that [a, b] can be partitioned
into a = a0 < a1 < · · · < am = b so that the restrictions γ|[ai−1,ai] are geodesic
segments. The length of a geodesic walk γ is defined to be

�(γ) :=
m∑

i=1

�
(
γ|[ai−1,ai]

)
.

A geodesic path is a geodesic walk γ : [a, b] → M such that the restriction γ|(a,b) to
the open interval (a, b) is injective. A geodesic walk (path) γ : [a, b] → M is said to
be closed if γ(a) = γ(b). There is a canonical metric d on a polytopal manifold M ,
whose distance d(x, y) between two points x, y ∈ M is the infimum of the lengths
of all geodesic paths from x to y.
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Let Bd denote the closed unit ball of R
d centered at the origin o. Let C be a

convex cone of R
d whose cone point is the origin o, where dimC may be lower than

d. The normal cone of C is the closed convex cone

C∗ :=
{
v ∈ R

d | 〈u, v〉 ≤ 0 for all u ∈ C
}
.

Let P be a polyhedron of R
d. For each p ∈ P , the tangent cone of P at p is the

polyhedral cone

Tp(P ) := {v ∈ R
d | ∃ ε > 0 s.t. p + tv ∈ P ∀ 0 < t < ε}.

Let Tp(P ) be written as a disjoint union of finitely many relatively open convex
cones Ci. The Gaussian curvature of P at p is defined in [6] as

κP (p) :=
∑

i

(−1)dim Ci
vol (C∗

i ∩ Bd)
vol (Bd)

,

where vol is the Lebesgue measure on the Euclidean space R
d. When p �∈ P , we

take the convention κP (p) = 0. It is known by Groemer’s extension theorem [9]
(see Lemma 2.1 and Lemma 4.1 in [6]) that κP (p) is independent of how Tp(P )
is written as a disjoint union of finitely many relatively open convex cones. The
curvature function κP (p) is additive in the sense that if Q is a polyhedron of R

d,
then

κP∪Q(p) = κP (p) + κQ(p) − κP∩Q(p), p ∈ R
d.

It is clear that κP (p) is invariant under isometries of R
d.

Let X be a polyhedron of M . We denote by C(X) the collection of cells σ ∈ C(M)
such that X ∩ σ �= ∅. For each cell σ ∈ C(M), let Cd(M, σ) denote the collection of
all d-cells τ such that σ ≤ τ . We define the Gaussian curvature of X at x ∈ M to
be

κX(x) :=
∑

σ∈C(X),x∈σ

1
#(Cd(M, σ))

∑
τ∈Cd(M,σ)

κφτ (X∩σ)(φτ (x)).

So the Gaussian curvature of X is a well-defined function κX : M → R. Note that
for each cell σ ∈ C(M), κX(x) is nonzero at only finitely many points of σ; and
κX(x) = 0 for x ∈ M − X. The curvature function κX(x) is clearly also additive.

Similar to the combinatorial curvature of [10, 11, 12] for embedded graphs, the
combinatorial curvature for a cellular subspace S of M can be defined as a function
ΦS : V (M) → R, given by

ΦS(v) :=
∑

σ∈C(S), v∈σ

(−1)dim σ

#(V (σ))
.

Notice that for each cell σ ∈ C(M),∑
x∈V (σ)

κσ(x) =
∑

x∈V (σ)

Φσ(x) = (−1)dim σ.

It follows that for any finite cellular subspace S of M , we have the Gauss-Bonnet
formula (for finite cellular subspaces):∑

v∈V (S)

κS(v) =
∑

v∈V (S)

ΦS(v) = χ(S).
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More generally, for any bounded polyhedron X of M , there is also the Gauss-Bonnet
formula (for bounded polyhedra):∑

x∈X

κX(x) = χ(X).

In the next section we prove the Gauss-Bonnet formulas for polyhedra that may
intersect infinitely many cells in C(M). The crucial part is to define the Gaussian
curvature correctly at each end of the polytopal manifold M . In section 3 we
show that the finiteness of the absolute total curvature implies the finiteness of the
number of vertices of nonvanishing curvature by the Gauss-Bonnet formulas. In
the special case of dimension 2, we characterize regular polygonal surfaces having
nonnegative curvature everywhere by the Gauss-Bonnet formula for surfaces with
finite ends, and solve a conjecture made previously by the author. The variety of
such graphs is much richer than that of graphs with positive curvature everywhere.

2. The Gauss-Bonnet formula

Let M be a polytopal d-manifold with a finite number of ends in a closed d-
manifold N ; i.e., EndM = N −M is a finite set. To have a Gauss-Bonnet formula
for M , we need to define the curvature at each end of M . Let p be an end of M .
Let Un(p) be a sequence of closed neighborhoods of p in N , satisfying the following
conditions:

(S1) ∂Un(p) are cellular subspaces;
(S2) (Un(p), ∂Un(p)) are homeomorphic to (Bd, ∂Bd);
(S3) Un(p) ⊂ int Un−1(p), and

⋂∞
n=1 Un(p) = {p}.

Each of Un(p) is called a cellular neighborhood of p in N . Then Mn := N − Un are
polyhedra of M . We define the Gaussian curvature of M at p to be the limit (if it
exists)

κM (p) := lim
n→∞

∑
x∈V (∂Un(p))

κMn
(x).

Theorem 2.1 (The Gauss-Bonnet formula). Let M be a polytopal d-manifold with
a finite number of ends in a closed d-manifold N : EndM = N −M . If the absolute
total curvature |κ|(M) =

∑
v∈V (M) |κM (v)| is finite, then the limiting curvature

κM (p) exists for every end p ∈ EndM and the Gauss-Bonnet formula holds:

(2.1)
∑

v∈V (N)

κM (v) = χ(M),

where V (N) = V (M) ∪ End M is the closure of V (M) in N and χ(M) := χ(N) −
#(EndM) is the Euler characteristic of M .

The Gauss-Bonnet formula (2.1) may be stated for tame polyhedra of M . A
polyhedron X of M is said to be tame provided that for each end p ∈ X ∩ EndM ,
there exists a sequence of closed cellular neighborhoods Un of p in N such that:

(T1) Un satisfy the conditions (S1)-(S3),
(T2) X ∩ Un � (X ∩ ∂Un) × [0, 1).

For example, the manifold M is a tame polyhedron of itself. So Theorem 2.1 is a
special case of the following Theorem 2.3. Nontame polyhedra do exist and can be
easily demonstrated.
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We wish to define the limiting curvature κX(p) of a tame polyhedron X at each
of its ends. Fix an end p ∈ X ∩EndM ; let Un(p) be a closed cellular neighborhood
of p in N satisfying (T1) and (T2). Then Xn := X − Un(p) is a polyhedron of M .
We define the Gaussian curvature of X at p to be the limit (if it exists)

κX(p) := lim
n→∞

∑
x∈∂Un(p)

κXn
(x).

Note that κXn
(x) are nonzero at only a finite number of points of ∂Un(p).

Lemma 2.2. Let p ∈ X ∩EndM be an end of a tame polyhedron X. If there exists
a cellular neighborhood U of p in N such that

∑
x∈U, x�=p |κX(x)| < ∞, then the

limiting curvature κX(p) exists.

Proof. Note that for any cell σ ∈ C(M), the curvature κX(x) is zero on σ except
for a finite number of points. The summation is understood that all finite sums are
bounded above by a fixed number K. Let Un and Wn be sequences of closed cellular
neighborhoods of p in N , satisfying (T1) and (T2). Write Xn = X ∩ (N − Un),
Yn = X ∩ (N − Wn), and define the sequences:

an =
∑

x∈∂Un

κXn
(x), bn =

∑
x∈∂Wn

κYn
(x).

These sequences are well-defined because κXn
and κYn

are nonzero at only a finite
number of points of ∂Un and ∂Wn, respectively. Consider positive integers m, n
such that Wn ⊂ int Um. Set Xm,n = X ∩ (Um −Wn) and X ′

m,n = X ∩ (Um −Wn).
Then Xm,n is a bounded polyhedron of M . Note that Xm,n is homeomorphic to
(X ∩ ∂Um) × [0, 1). Since χ([0, 1)) = 0, the Gauss-Bonnet formula (for bounded
polyhedra) implies∑

x∈Xm,n

κXm,n
(x) = χ(Xm,n) = χ(X ∩ ∂Um) χ([0, 1)) = 0.

Notice that κYn
(x) = κXm,n

(x) for x ∈ ∂Wn and ∂Wn = Xm,n − X ′
m,n. The

difference bn − am can be written as

bn − am =
∑

x∈∂Wn

κXm,n
(x) −

∑
x∈∂Um

κXm
(x)

=
∑

x∈Xm,n−X′
m,n

κXm,n
(x) −

∑
x∈∂Um

κXm
(x)

= −
∑

x∈X′
m,n

κXm,n
(x) −

∑
x∈∂Um

κXm
(x).

Now for x ∈ X ′
m,n but x �∈ ∂Um, we have κXm,n

(x) = κX(x); while for x ∈ ∂Um,
we have κXm,n

(x) + κXm
(x) = κX(x). It turns out that

bn − am = −
∑

x∈X′
m,n

κX(x).

Since
∑

x∈Um, x�=p |κX(x)| < ∞ for large enough m, we thus have

|bn − am| ≤
∑

x∈Um, x�=p

|κX(x)| → 0 (m → ∞).
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Taking Un = Wn, one sees that an is a Cauchy sequence. Of course its limit exists,
and such a limit is independent of the chosen sequences of the cellular neighbor-
hoods. �

Theorem 2.3 (The Gauss-Bonnet formula for polyhedra). Let X be a tame poly-
hedron of M . If the absolute total curvature |κ|(X) =

∑
x∈X∩M |κX(x)| is finite,

then the limiting curvature κX(p) exists for each end p ∈ X ∩EndM , and we have
the Gauss-Bonnet formula

∑
x∈X

κX(x) =
∑

x∈X∩M

κX(x) +
∑

p∈X∩End M

κX(p) = χ(X).

Proof. For each p ∈ End M , let Un(p) be a sequence of closed cellular neighborhoods
of p in the manifold N such that (T1)-(T2) are satisfied. We may further assume
that Un(p) are disjoint for all p ∈ EndM . Then

Mn = M −
⋃

p∈End M

Un(p)

is a finite cellular subspace of M . We define Xn = X∩Mn. Let Mn(p) = M−Un(p)
and Xn(p) = X∩Mn(p). Then Xn =

⋂
p∈End M Xn(p). Applying the Gauss-Bonnet

formula (for finite cellular subspaces) to Xn, we have

χ(Xn) =
∑

x∈Xn

κXn
(x) =

∑
x∈Mn

κXn
(x)

=
∑

x∈Mn

κXn
(x) +

∑
p∈End M

∑
x∈∂Un(p)

κXn
(x).

Note that κXn
(x) = κX(x) for x ∈ V (Mn) and Xn is homeomorphic to X. Then

χ(Xn) = χ(X). Let n tend to infinity and make use of the definition of κX(p) for
p ∈ EndM . We obtain

χ(X) =
∑
x∈M

κX(x) +
∑

p∈End M

κX(p) =
∑
x∈X

κX(x). �

Let S be a cellular subspace of M . Then κS(x) are zero except at the vertices of
S ∩ M . In particular, for the polytopal manifold M , κM (x) is zero except on the
vertex set V (M).

Corollary 2.4 (The Gauss-Bonnet formula for cellular subspaces). Let S be a tame
cellular subspace of M . If the absolute total curvature

|κ|(S) =
∑

x∈V (S∩M)

|κS(x)|

is finite, then the limiting curvature κS(p) exists for each end p ∈ EndM , and we
have the Gauss-Bonnet formula

∑
x∈V (S∩M)

κS(x) +
∑

p∈S∩End M

κS(p) = χ(S).
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3. The characterization of embedded graphs with nonnegative

combinatorial curvature

In this section we assume that M is a polytopal 2-manifold with a finite number
of ends in a closed 2-manifold N ; such an M is usually called a polygonal surface.
The 1-skeleton forms a graph G embedded in M . We denote by V (G) the set of
vertices, and by E(G) the set of edges of the graph G. Let

ν(M) := inf
{
d(u, v) | u, v ∈ V (M), u �= v

}
.

DeVos and Mohar [8] obtained the following Gauss-Bonnet inequality (3.1), which
solves a conjecture of Higuchi [11]. Higuchi’s conjecture can be thought of as a
combinatorial analogue of Myers’ theorem [4, 14] on Riemannian manifolds. Other
related results are the work of Stone [15] and Woess [16].

Theorem 3.1 (DeVos and Mohar). Let M be a polygonal surface with a finite
number of ends. If ν(M) > 0 and

∑
v∈V (M), κM (v)<0 κM (v) converges, then

(3.1)
∑

v∈V (M)

κM (v) ≤ χ(M).

Let G be a (possibly infinite) graph embedded in a 2-manifold with a finite
number of ends in such a way that the boundary of every face is a cycle of G. Such
an embedding is usually called a strong embedding. For each vertex v ∈ V (G), we
denote by d(v) the degree of v in G, and by F (v) the set of all faces having v as
a vertex. We assume d(v) ≥ 3 for all v ∈ V (G) and every face of the embedding
is homeomorphic to a closed disk. The combinatorial curvature ΦG(v) of G at a
vertex v is defined by

ΦG(v) := 1 − d(v)
2

+
∑

σ∈F (v)

1
#(V (σ))

.

Conjecture 3.2 (Higuchi [11]). Let G be a (possibly infinite) graph embedded in
the plane such that every face has at least 3 sides. If ΦG(v) > 0 for all v ∈ V (G),
then G is a finite graph.

A polytopal 2-manifold with a finite number of ends is said to be regular if each
polytopal 2-cell is a regular open polygon of unit side length. Clearly, the 1-skeleton
of a regular polytopal 2-manifold can be considered as a simple graph embedded in
a 2-manifold with a finite number of ends.

Conversely, let a simple graph G be embedded in a 2-manifold M with a finite
number of ends. For each face σ of the embedding, it is easy to find an embedding
φσ : σ → R

2 such that φσ(σ) is a regular polygon of unit side length. So a 2-cell
embedding is the same as a polytopal 2-manifold with a finite number of ends.
Notice that for each vertex v ∈ V (G), the Gaussian curvature κM (v) in this special
case is the same as the combinatorial curvature ΦG(v).

The combinatorial curvature is closely related to the continuous curvature of
differential geometry. To obtain some finiteness results on discrete curvature, Chen
and Chen [7] introduced absolute total curvature, and obtained the following rela-
tion between the finiteness of total curvature and the finiteness of the number of
vertices of nonvanishing curvature.
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Theorem 3.3 (Chen and Chen [7]). Let G be a (possibly infinite) graph embedded
in a 2-manifold M without boundary. If the absolute total curvature |Φ|(G) =∑

v∈V (G) |ΦG(v)| is finite, then the graph G has only a finite number of vertices of
nonvanishing curvature.

Higuchi’s conjecture is modified by Chen and Chen [7] as follows.

Conjecture 3.4. Let G be a (possibly infinite) graph embedded in a 2-manifold
without boundary. If ΦG(v) ≥ 0 for all v ∈ V (G), then G has a finite number of
vertices of nonvanishing curvature.

1/4

1/4

1/4
1/30

1/12

1/12

1/61/5

1/12

1/12

Figure 1. Infinite plane graphs with nonnegative curvature
everywhere and positive curvature at a finite number of vertices.
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Figure 2. Infinite projective plane graphs with vanishing curva-
ture everywhere.

In what follows we shall see that Theorems 3.1 and 3.3 imply the following char-
acterization of regular polygonal surfaces with nonnegative curvature. The char-
acterization solves Conjecture 3.4. However, the classification of embedded graphs
having nonnegative combinatorial curvature remains open, and it seems compli-
cated. Figure 1 shows two examples of infinite graphs embedded in the plane,
having nonnegative combinatorial curvature everywhere and positive curvature at
a finite number of vertices but at least one. Figure 2 shows two examples of infi-
nite graphs embedded in the projective plane with vanishing curvature everywhere.
Similar examples of infinite graphs embedded in the cylinder without boundary can
be easily constructed to have vanishing curvature everywhere.
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Theorem 3.5. Let G be a (possibly infinite) graph embedded in a 2-manifold M
without boundary such that every face has at least 3 sides. If ΦG(v) ≥ 0 for all
v ∈ V (G), then the number of vertices with nonvanishing curvature is finite.

Furthermore, if G is finite, then M has four choices: sphere, torus, projective
plane, and Klein bottle. If G is infinite, then M has three choices: plane, cylinder
without boundary, and projective plane minus one point.

Proof. Since κM (v) = ΦG(v) ≥ 0 for all v ∈ V (M), it is obvious that∑
v∈V (M), κM (v)<0

κM (v)

is zero; of course it is convergent. Note that ν(M) = 1 because each polygon is
regular and has unit side length. Then by Theorem 3.1, the absolute total curvature
is bounded above, i.e.,∑

v∈V (G)

|ΦG(v)| =
∑

v∈V (M)

κM (v) ≤ χ(M).

Applying Theorem 3.3, we see that the graph G has a finite number of vertices
of nonvanishing curvature. Recall that when N is a closed 2-manifold, the Euler
characteristic of N is given by

χ(N) =
{

2 − 2g if N is orientable of genus g ≥ 0,
2 − g if N is nonorientable of genus g ≥ 1.

If G is finite, then M has no end, M = N is a closed 2-manifold, and χ(M) =
χ(N) ≥ 0 by the Gauss-Bonnet formula. Hence χ(N) = 0, 1, 2. So M has four
choices: sphere, torus, projective plane, and Klein bottle.

If G is infinite, then M has at least one end. Adding the ends to M , we obtain a
closed 2-manifold N . Let m be the number of ends of M . Then χ(N) = χ(M)+m ≥
m by the Gauss-Bonnet formula. We have χ(N) = 1, 2. So M has three choices:
plane, cylinder without boundary, and projective plane minus one point. �

Theorem 3.6. Let S be a cellular subspace of the polytopal d-manifold M . If
the absolute total combinatorial curvature |Φ|(S) =

∑
v∈V (M) |ΦS(v)| is finite and

if #(V (σ)) ≤ m for all d-cells σ, then the number of vertices of nonvanishing
combinatorial curvature for S is bounded by m!|Φ|(S).

Proof. For each vertex v ∈ V (M), let fij(v) denote the number of i-cells σ such
that σ ⊂ S, v ∈ σ, and #(V (σ)) = j. Let A be the (d + 1)-by-m matrix whose
(i, j)-entry is aij = (−1)i

j . Let Fv be the (d + 1)-by-m matrix whose (i, j)-entry is
fij . Then ΦX(v) can be written as

ΦS(v) = 〈A, Fv〉 :=
d∑

i=0

m∑
j=1

(−1)ifij

j
.

Notice that the entries of the matrix A are rational numbers and
{
B | 〈A, B〉 = 0

}
is a hyperplane of the vector space of (d + 1)-by-m real matrices. It is easy to see
that for any integral matrix F , if 〈A, F 〉 �= 0, then |〈A, F 〉| ≥ 1

m! . Thus

|Φ|(S) =
∑

v∈V (M), ΦS(v) �=0

|ΦS(v)| ≥ #{v ∈ V (M) | ΦS(v) �= 0}
m!

. �
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Corollary 3.7. Let S be a cellular subspace of a simplicial d-manifold M . If the
absolute total combinatorial curvature |Φ|(S) =

∑
v∈V (M) |ΦS(v)| is finite, then the

number of vertices of nonvanishing combinatorial curvature for S is bounded by
d!|Φ|(S).

Let PSn (n is even) denote the infinite projective plane 4-regular graphs; see the
example for n = 16 in the left of Figure 2. Let PHn (n is odd) denote the infinite
projective plane 3-regular graphs; see the example for n = 9 in the right of Figure 2.
The graphs PSn and PHn are actually the square and hexagon tessellations of
the projective plane. Similar families of infinite graphs embedded in the cylinder
S1×(0, 1) without boundary can be defined by tessellations; there are more families
since there are two ends and cells can be wrapped around S1 with shift. A question
similar to the following can also be asked.

Question. Are the two families PSn and PHn the only infinite graphs embedded
in the projective plane with nonnegative combinatorial curvature everywhere?
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