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TOWARDS THE CARPENTER’S THEOREM

MARTIN ARGERAMI AND PEDRO MASSEY

(Communicated by Marius Junge)

ABSTRACT. Let M be a II; factor with trace 7, A C M a masa and E 4 the
unique conditional expectation onto A. Under some technical assumptions on
the inclusion A C M, which hold true for any semiregular masa of a separable
factor, we show that for elements a in certain dense families of the positive
part of the unit ball of A, it is possible to find a projection p € M such that
E 4(p) = a. This shows a new family of instances of a conjecture by Kadison,
the so-called “carpenter’s theorem”.

1. INTRODUCTION

As is well-known, the Pythagorean Theorem (PT) states that the square of the
norm of the sum of two orthogonal vectors is equal to the sum of the squares of the
norms of each vector. A converse of the theorem would be the statement that if
such an equality occurs, then the two vectors were orthogonal to begin with. Such
a result allows a carpenter to check his right-angles by just measuring length, so
that’s why PT’s converse is called the “carpenter’s theorem” (CT) by Kadison. In
his work [4} [5], he considers extensions of PT and its corresponding converses CT
to infinite dimension, getting to the unexpected and striking Theorem 15 in [5]
(extended by Arveson in [2]). These generalizations of PT and CT are carried in
[M] to the realm of II; factors, where the PT basically becomes tautological, and
the CT becomes the following:

Conjecture (Kadison’s carpenter’s theorem). Let A be a masa of the II; factor
M and let a € A} . Then there exists a projection p € P(M) such that E4(p) = a,
where E 4 denotes the trace-preserving conditional expectation onto A.

In the finite dimensional case, the CT is a particular case of the well-known
Schur-Horn theorem. Whether the Schur-Horn theorem extends or not to II; factors
is unknown at the moment (see [Il [3]). In this paper we focus on the CT in Iy
factors. Assuming some restrictions on the factor and the masa, which hold true
for semiregular masas in separable II; factors, we show that the statement holds
for various dense families. It is worth mentioning here that the statement of the
CT (and also of Schur-Horn) is only meaningful in the case of masas, for this would
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3680 MARTIN ARGERAMI AND PEDRO MASSEY

imply the result for any other abelian subalgebra, and also because both statements
are likely to fail when the subalgebra considered is not abelian: indeed, CT does
not hold for non-abelian subalgebras of M, (C), and so neither does Schur-Horn.

Although our results fail to settle the CT conjecture in full generality, our meth-
ods lead us to consider a possible strategy for obtaining the CT under the conditions
we consider for the inclusion A4 C M, as explained at the end of the paper. It is
worth noting that these technical conditions hold true for inclusions A C M, where
A is semiregular.

2. PRELIMINARIES

Throughout the paper M denotes a II; factor with normalized faithful normal
trace 7. We denote by M2, M™ Uy, the sets of selfadjoint, positive, and unitary
elements of M. By P(M) we mean the set of projections of M. Given a € M** we
denote its spectral measure by p®; thus, p*(A) is the spectral projection associated
with a Borel set A C R. The characteristic function of the set A is denoted by
X and its Lebesgue measure by m(A). The unitary orbit of a € M*® is the set
Unm(a) = {uau™ 1 u € Up }.

In [], Kadison conjectured that if A C M is a masa and a € Af ie., a € A"
and 0 < a < 1, then there exists a projection p € P(M) such that E4(p) = a. This
conjecture is equivalent to the following assertion: for p € P(M), a € A,

(1) 0<a<l,7(a) =7(p) & acEallm(p))

Using () it can be shown that Kadison’s conjecture is a particular case of a
more general conjecture (a Schur-Horn theorem in II; factors), which was stated as
an open problem by Arveson and Kadison in [3]. In [I] we proved a weaker version
of Arveson-Kadison’s conjecture, which restricted to the situation in () is

Theorem 2.1. Let AC M, a€ A, p € P(M). Then

0<a<l, 7(@)=7(p) & acBUMP)"

Note that in () the unitary orbit of the projection is already strongly closed
(and so norm-closed, too), but the statement in Theorem 2] is weaker because it
is not clear whether the set on the right-hand side of () is already closed in the
strong operator topology (a fact that is actually equivalent to Kadison’s conjecture
by Theorem [ZT).

Matrix units. Given a masa A in M, we denote by N4 the normalizer of A in
M, i.e. the subgroup of Un, given by

Ny={u€lp: v Au= A}.

The masa A is said to be semiregular if (M4)” is a factor, and regular (or Cartan)
if (M4)” = M. Popa shows in [6, Proposition 3.6] that any semiregular masa in a
separable type II factor is Cartan in a hyperfinite subfactor. His result implies the
following:

Proposition 2.2. If A C M is a semiregular masa in the separable II; factor M,
then for every k € N there exists {u? 12; C Ny and {p} 12; C P(A) such that
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{vli }ij, where vf; = ufpi(uf)*, is a 25-system of matrix units with v¥; = p¥ € P(A)

for j =1,...,2% and such that
(2) Ugitll,ijl + Uéﬁlj =y, 1<i, j<2F,
and such that the family {p;“} generates all of A.

Matrix units can always be constructed in a II; factor, but the result in Propo-
sition allows one to make “coherent embeddings”, in a sense made precise in
Corollary 2.3

We denote by D(n) the diagonal subalgebra of M,,(C) and by Ep(,) : M, (C) —
D(n) the diagonal compression. We also consider ¢y : Max (C) — Myr+1(C) to be
the unital *-monomorphism ¢ (A) = I ® A. Denote by {ef;} the canonical matrix
units in Mk (C).

Corollary 2.3. Let {p}}, {v};} be as in Proposition Define a family of x-
monomorphisms 7y, : Mar(C) — M in the following way: for a = (a;;) € Max(C),

let
mi(a) = Z aijvfj.
i,J
Then (k) = pk for i = 1,...,2% and 7y = mpy1 0 ¢p, 7k O Ep@ry = Ea o,
keN.

For every k € N let {If}fil denote the dyadic partition of [0, 1] given by IF =
(i —1)27F,i275).

Remark 2.4. To each family { {p? 22:1 : k € N} C A as in Proposition 22 we
associate an operator = in the following way. It is easy to see that the sequence of
(discrete) positive operators xy = Zil o p¥ € AT is non-increasing and bounded.
Let x = limgor 7 € A*. Then, for every k € N and 0 < i < 2k, p?(IF) = pk.
In particular, 7 o p* is the Lebesgue measure restricted to [0,1]. We say that x
is the associated operator to the family {p¥}. Notice that the von Neumann
subalgebra generated by z coincides with A, since the projections p? are Borel
functional calculus of x € A.

3. MAIN RESULTS

Two subalgebras A, B C M are said to be orthogonal [7] in M if E4(B) c CI.

Definition 3.1. We say that a masa A C M is totally complementable if
for every projection p € A, the masa pA in pMp admits a diffuse orthogonal
subalgebra.

In what follows we shall say that a € M™ is discrete if there exists a sequence
of mutually orthogonal projections {gqr}trey C M and a sequence of uniformly
bounded complex numbers {ay }xen such that a = Y, ay, gx (where the convergence
is in the || - ||;-norm). Note that we can always assume that ay # «; if k # j.

Theorem 3.2 (Carpenter’s theorem for discrete operators). If A is a totally com-
plementable masa in the I1; factor M, then for every discrete a € (A)] there exists
a projection p € M such that E4(p) = a.
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3682 MARTIN ARGERAMI AND PEDRO MASSEY

Proof. Assume B C M is a subalgebra orthogonal to A. For any o« € [0, 1], there
exists a projection g € B with 7(¢) = «. Since A and B are orthogonal, E4(q) =
T(Ealq) =7(q) = a.

Now let p € A be a projection; then pA is a masa in pMp, so it admits an
orthogonal subalgebra B,. By the first paragraph, there exists a projection ¢ €
B, C pMp with Ep4(q) = ap. Since ¢ € pMp, in particular ¢ = pg. So

Ea(q) = Ea(pq) = pEalq) = Epalq) = ap.

Now let @ = >, o pr € A, where {p; }ren is a sequence of mutually orthogonal
projections in M and {ag}ren is a sequence of uniformly bounded numbers such
that oy, # «; for k # j. Since a € (A)7, for each k € N we have that pj, € A (since
we can recover these projections as Borel functional calculus of a) and 0 < o, < 1.
For each k € N apply the first part of the proof to get a projection g, € M™ such
that E4(qr) = o Pk, qx < pr. Thus, the operator ¢ = >, qx € M is a projection
such that E4(q) = >, o D O

Remarks 3.3. (i) The conditions in Theorem are satisfied by a Cartan
masa of the hyperfinite II; factor, and so by any semiregular masa in
a separable II; factor, since it is Cartan in an intermediate hyperfinite
subfactor [6, Proposition 3.6].

(ii) Because in general there is no clear “coherent” way of constructing the
projections g, in the previous proof, we would not expect such an argument
to be useful to prove the general case of the carpenter’s theorem.

(iii) Under the conditions of Theorem B2] it follows in particular that there
exists a projection p € A such that

Ealp) = EI-

Remarkably, it seems hard to prove even this particular case of Kadison’s
conjecture in the general case of an arbitrary II; factor and a masa A C M.

In the remainder of the paper, given a semiregular masa A of the separable II;
factor M, we will prove the carpenter’s theorem for some non-discrete operators,
namely piecewise linear functional calculus of x, the associated operator of a family
of projections considered in Remark 2.4

We begin by defining the following sequence of unitary matrices (W, ):

1 0 0 0
wi= |, vy ol Wn+1=Wn®Iz=(0n W):@Wl.
V2 V2 " j=1
0 0 0 1

Lemma 3.4. Let A € My (C). Put A(1) = A, A(n+1) = Witn1(l2 ®
A(n))Wi,,_;- Then there exists A < 1, independent of A, k and n such that

1
§\|A(n +1) - LeAMm); < AAn) — Lo A(n —1)|3.
Proof. Let k> 1 and n > 2. We can consider A(n —1) as a block matrix with 2 x 2

blocks, i.e. A(n — 1) = (A;;)i;, where A;; € My(C) for 1 < i, j < 20+n=3) Tt is
easy to verify that

L®An—1)=(I2® Ai;)i; and A(n) = (Wi(l2 ® Aij)W7)ij = (Aij(2))is.
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So in particular we have that

2(k+7173)
3) IA() ~ Lo An -1l = Y 45(2) - L ® A4l3.
i, j=1
Similarly we see that A(n+ 1) = (A4;;(3))i;, for 1 <i, j <2k"=3 and
2(k+n73)

(4) A +1) -LeoAn)E= > [4503) - Lo 4525

i, j=1

So, from (@) and (@) we see that it is enough to prove that there exists 0 < A < 1
(independent of A, k and n) such that for every 1 < i, j < 2k+n=3

1
§|\Az‘j(3) — I ® A;;(2)]13 < MAy5(2) — I ® A3

We show that such an inequality holds for any 2 x 2 matrix B = (b;;);; € M»(C).
By straightforward computations,

b1 7\%2 1“7; 0
—ba1  biitbas  bii—bas  biz
V2 2 D) V2
B2)=W,(Io® B)W; =
bar bii—bay  biitbas  bin
V2 2 2 V2
and so
(5) IB(2) — I ® B3 = (4 — 2V2)(|b1al® + [b21|*) + [b11 — bao|*.

Thus, if we consider B(2) = (B;;):; as a 2 x 2 block matrix, where B;; € M>(C),
we can use the previous calculation with each of these four matrices and get
1

(6) 3IBG) ~ 1 © BO)IE = 5((4—2V2)(bial” + Ibar ) + (5 ~ V3 [bra — b ).

Writing 2 — v2 =1+ (2 — v/2) and using (5) and (@) we get that

1 ||BB)—-L®B(2)|3 1 3
- <Z(14+=-V2)<1.
2|[Wi(I, ® BYW; — I, x B||2 — 2( 2 )

O
In what follows we denote by {f¥ 2221 the rank-one projections associated with

the elements of the canonical basis of C2", that is, Ik =ek.

Lemma 3.5. Let n € N and A € M, (C). Then, with the notation of Lemma B4}

(i) Epu+ny(A(n+1)) = Epgrtn) Wiin—1 (l2® Epgren-1)(A(n)) Wi, ).
(ii) If A is diagonal and B =W,_; AW} ,, then

B _ | A if i = 4h or i = 4h — 3,
w L (Asp—1,4n-1+ Asp—oan—2) ifi=4h—1ori=4h—2.
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(ifi) Tf Epor)(A) = X2, dy £, then

2k 1271. 1
Epgrin-1)(A(n)) Z Z Vih- 1fkn(? 11+2h 1"'thkj(? 11+2h ,
=1 h=1
where
h
Yo =doe-1+ 55 1 (dae — das—1).

Proof. To prove (i) let k, n > 1 and consider the block representations A(n) =

gk+n—2 ok+n—2

(Aij)i,jZI_ R where Aij S MQ((C) Then I, ® A(n) = (IQ X Aij)ij:l and

ok+n—2

An+1) = Wipna(lo @ A(n)) Wi, = (Wi (T2 @ Aij) W)i5

with respect to the previous block representation. Hence, to study the diagonal of
A(n + 1) we can restrict our attention to the diagonal blocks Wy (I; ® Ay,) Wi €
M, (C), for i = 1,...,2¥+"=2_ Straightforward computations show that

Epuy(Wy (Ix ® Ay) W) = Epuy(Wi Epa)(I2 @ Ay) WY)

from which (i) follows, after noting that Ep4)(le ® B) = Iy ® Ep2)(B) for any
B e M, ((C)

The proof of () is straightforward.

We prove () by induction. The case n = 1 follows from the definitions, and
hence we omit it. Now, assume that () holds for A(n). Then

2k 121:, 1

L@ Eppieny(Am) = 33 0u1 b® R oy
(=1 h=1

+ 2 ® fzn(e 1)+2h

2’(:—1 2’n 1

_ k+n

= E: E : Vih- 1(f(£ Han+t1pan—s T FE 1)2nt1pan—2)
(=1 h=1

+ (f(z D2n+iyan—1 T fz Dzt pan)-

Using (i) and the relations

1 1
~(Wh-1 T = ’YZ-Qi_hfl’

n _ _n+l
Ye,n = Ve2n o 5

we have
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Ep@reny(A(n+1)) = Epgrtny(Witn-1 (T2 ® Eparin-—1y(A(n))) Wii,_1)
2k—1 271.—1

_ n k+n
= Z Z Ve,n—1 f(£71)2”+1+4h73

{=1 h=1

+
DN | =

k
(Ven—1+Vn) f(etq)2"+1+4h—2

1
+ 5(7[ h—1T Ve, h) f(;r 1)2n+144h—1 + A/Z h f (e— 1)2"+1+4h

_ n+1 k+4+n + n+1 k+n
= A/e 2h—2J(e—1)2n+1 pan—3 T Ve,2n—1 J(e—1)2n+1 1an—2

ntl phin nt1 phtn
+ ’YZ —1 (671)2n+1+4h71 + ’Y@Qh (f71)2“44+4h

n+1 k+n

k+
Ye,n—1Jon(e—1)+2n— 1+'Yz f v

n(0—1)+2h"

HM~

d

Theorem 3.6 (Carpenter’s theorem for some non-discrete operators). Let M be
a separable II; factor and let € AT be the associated operator to a family {p¥}
of projections in a semiregular masa A in M. If A € My, (C), then the sequence
(an)nen € M given by a1 = m,(A) and

nt1 = Thyn(AN+1)) = Topn Wiir—1) Thpn (A1) Togn Wagr—1)"
converges strongly to an operator a € M. Moreover, we have that

(i) if A is a projector (resp. selfadjoint, positive), then so is a;

(ii) if Aj; =d; and f:[0,1] — C is the piecewise linear function given by

k-1 J—1 J—1 J
f(t) = d2j71 + 2 (t - ok—1 ) (dgj - dgjfl), t e 5 (1) 2(k1)) ,

j=1,...,2""1 then E4(a) = f(z);
(ili) if B € Mo and b = limy, mpqk—1(B(n)), then ||b— al|3 = 5¢||B — All3.

Proof. Using Corollary 23] Lemma [B4] and the fact that if C' € My (C) then
[Thn-1(C)[I5 = 27 FF=D || C][3, we have

lant1 — anH% < AMlan — an71||§
with 0 < A < 1, independent of A, k and n. Then the sequence {a,} converges in
I - ]2 to an operator a € M. We now prove the remaining items.
(i) If A is a projector (resp. selfadjoint, positive), then so is A(n), for each n.
Since every m, is a *-representation, 7, r—1(A(n)) inherits the properties from A,

and any of the three properties passes to the || - ||2-limit.
(ii) By Lemmas 2.3 and B.5]
Ealan) = Ea(Trin-1(AN))) = Trpn—1(Eparin-1)(A(n)))
2k 1 on— 1
_ k+n—1
= Z Z V- 1p2w )+2h el b Pone—1)42n
=1 h=1
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If we consider the discrete operators x,, as defined in Remark [24] then

2k+n71 .
1
Thin-1= Z ok+n— 1pf+n '
1=1
gk—1 gn—
B MU —1)+2h—1 4 p s (6 —1)+2h 40y
Z Z ok+n—1 Pon(e—1)4+2n-1 oftn—1_ Pan(e—1)t2n
t=1 h=1

It is easy to check that

(-1 _2"((—1)+2h—1 _2"((—1)+2h ¢
2k—1 < 2k+n—1 < 2k+n—1 2]971’

and, if 77, are as in the statement of Lemma [3.5] then

2"l —-1)+2h—1
f ( Sk > = Yh-1 ton (dze dae—1),
2"(0— 1)+ 2h n
/ (W) = Ye,h-1-
So
2k 12n 1
Forent) = 30 3 (s e —dan)) P
=1 h=1
k+n—1
T Veh—1Pan(—1)+2n
2k 1271. 1
= an + Z Z d2€ d2€ 1)p2n(12 i)+2h 1°
(=1 h=1
Thus, letting d = max{d;} < || 4],
2k 12'n. 1 d
IEa(an) = f@rn-0)l =11 Y Z (doe = dae—1) P (i1 fanall < on
(=1 h=1
Since a,, M a, Ty M x, F 4 is normal, and f is continuous off a set of Lebesgue
measure 0 (see Remark 2.4)), we get E4(an) 1le, E4(a), f(zn) e, f(z), and so
Ea(a) = f(z).
(iii) Note that ||I> ® Al|3 = 2||A|3. Then we have
1
1751 (B(1) = mnna (A3 = gy 1B(n) — A3
1
= 5ot |Whtn—2(l2 ® (B(n — 1) = A(n — 1) Win|3
1
= ntk—2 [B(n—1)— A(n — 1)||§
1
= B~ Al
By continuity,
1
1 —all = 2*,CIIB—AH%- O
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The continuity property in (iii) suggests a possible strategy for solving Kadi-

son’s conjecture in this setting: using the previous notation, let g(z) € A for
k

g € L>([0,1]), 0 < g <1, and for k € N, let g = Z?Zl 9ik X+ be a sequence of

dyadic discrete functions, 0 < g < 1, fol gr(t)dt = 27%*m(k) for some m(k) € N

and such that it converges to g in L?([0,1]). Then, if we were able to construct a
sequence of projection matrices Ay € Mor(C) such that

2k
: 1 || Ags1 — Io ® Ay 13
7 Dor(Ag) = ok fF and  limsup - <1,
(7) o (Ar) =D gi | S S Ay~ L@ Ar 1|

i=1
then, denoting by aj = limy, 74, (Ag), we would have that

Il [l
ay, TQ> a, Ea(ag) T2> g(x)

since by (), {ax}r would be a Cauchy sequence of projections in || - ||2. Hence a €
M would be a projection such that F4(a) = g(z) for an arbitrary g € L>([0,1]),
0<g<Ll
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