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LOCALIZABLE OPERATORS AND THE CONSTRUCTION

OF LOCALIZED FRAMES

FUMIKO FUTAMURA

(Communicated by Michael T. Lacey)

Abstract. We introduce the notion of localizable operators with respect to
frames and prove the boundedness of such operators on families of Banach
spaces. This generalizes previous results for specific operators, such as pseudo-
differential operators on modulation spaces. We also use this notion to provide
sufficient conditions for the construction of frames which have the localization

property.

1. Introduction

Given a collection of compact normal operators on a separable Hilbert space H,
it is often desirable, but not always possible, to find a single basis that diagonalizes
every operator in the class. Thus, instead of diagonalizing the operators simulta-
neously, it is often useful to find a basis or, more generally, a pair of frames that
almost diagonalizes all the operators in the sense that the matrix representation
has fast off-diagonal decay for each operator in the class.

For a finite collection of symmetric matrices in finite dimensions, there is a tech-
nique for finding a basis that almost diagonalizes such a collection. This technique,
known as approximate joint diagonalization, was studied by both mathematicians
and engineers for blind source separation algorithms (see, for example, [7]).

For an infinite collection of operators in infinite dimensions, only a few specific
examples have been studied and resolved. For example, Frazier and Jawerth proved
that by choosing a well-behaved orthonormal wavelet frame, we can almost diag-
onalize the Calderón-Zygmund operators of the reduced David-Journé class [10],
[8]. These operators are a generalization of pseudodifferential operators and are
useful in the study of partial differential equations. Rochberg and Tachizawa [18]
proved that certain Gabor frames almost diagonalize pseudodifferential operators
whose symbols are in a class similar to that of the classical symbol classes used in
partial differential equations. In [17], Gröchenig and Heil proved a similar result for
pseuodifferential operators with symbol in the modulation space M∞,1, also known
as Sjöstrand’s class.

These wavelet and Gabor frames share the property of being localized frames,
which gives us a clue as to which types of frames may simultaneously almost diago-
nalize operators of a particular class. They also share the property of being Banach
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frames for a family of Banach spaces, the Besov and modulation spaces respectively.
We shall prove that if an operator is almost diagonalized or “localizable” by a pair
of localized frames, then it is bounded on a collection of associated Banach spaces.

In addition to boundedness, we shall show that if the operator is surjective, then
we have a method of constructing new localized frames. This stems from the fact
that by applying a bounded surjective linear operator to a frame, we again get a
frame [1]. We focus on frames generated by unitary shifts of a single atom, which
include Gabor frames, wavelet frames, and shift-invariant frames.

The paper is organized as follows. Section 2 reviews basic concepts and the
concept of symmetric localization of frames. Section 3 introduces the concept of
localized operators and in Section 4, we investigate the algebraic structure of �1-
localizable operators in particular. In Section 5, we prove the boundedness of these
operators on an associated family of Banach spaces. In Section 6, we introduce a
method of constructing localized frames using localizable operators, and finally in
Section 7, we explore some examples.

2. Basic concepts and frame localization

Here, we review some basic concepts and fix notation. We recommend [6, 14] for
additional background.

Let F = (fx)x∈X ⊂ H, a separable Hilbert space, where X is a countable in-
dexing set. F is a frame for H with frame bounds A,B > 0 if we have the fol-
lowing for all f ∈ H: A‖f‖2 ≤

∑
x∈X |〈f, fx〉|2 ≤ B‖f‖2. The analysis operator

C := CF : H → �2(X), Cf = (〈f, fx〉)x∈X is bounded and linear on H. The ad-
joint of C is the synthesis operator C∗ : �2(X) → H, C∗((cx)x∈X) =

∑
x∈X cxfx.

The frame operator S = C∗C : H → H, Sf =
∑

x∈X 〈f, fx〉fx is a bounded,
positive, invertible operator on H. The Gramian matrix [〈fx1

, fx2
〉]XX represent-

ing CC∗ : �2(X) → �2(X), is a bounded linear operator on �2(X). The cross-
Gramian matrix [〈fx, ey〉]Y X representing CEC

∗
F : �2(X) → �2(Y ), compares two

frames F and E . A dual frame F̃ = (f̃x)x∈X allows for the stable reconstruction

f =
∑

x∈X 〈f, f̃x〉fx. The invertibility of the frame operator ensures the existence

of at least one dual frame of F , called the canonical dual frame, (S−1fx)x∈X .

In the following, let G be a group of the form

d∏
i=1

aiZ ×
e∏

j=1

Znj
. For every g =

(a1n1, a2n2, ..., adnd,m1,m2, ...,me) ∈ G, let

|g| = sup{|a1n1|, |a2n2|, ..., |adnd|, δ(m1), δ(m2), ..., δ(me)},

where

δ(mj) =

{
0 if mj = 0;

1 otherwise.

Define a metric on G to be d(g, h) = |g − h| for g, h ∈ G.
For a subset S ⊂ X, define |S| := #[S], the cardinality of S.

Definition 2.1 (Symmetric localization). Let F = (fx)x∈X and E = (ey)y∈Y

be frames for a separable Hilbert space H, where X,Y ⊂ R
d are countable in-

dex sets. Assume that there exist maps aX : X → G, aY : Y → G such that
max{supj∈G |a−1

X (j)|, supj∈G |a−1
Y (j)|} ≤ K < ∞.
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(1) (F , E) is symmetrically �p-localized if there exists an r ∈ �p(G) such that
for all x ∈ X, y ∈ Y ,

|〈fx, ey〉| ≤ raX(x)−aY (y).

(2) F is �p-self-localized if it is symmetrically �p-localized with respect to
itself.

Remark 2.2. In the simplest case where X = Y = G and the maps aX = aY = id,
(F , E) is symmetrically �p-localized can be understood to mean that the cross-
Gramian matrix [〈fx, ey〉]Y X has off-diagonal �p-decay.

This definition, as well as all other definitions and theorems in this paper, can
be modified to include v-moderate weights, where v is a submultiplicative weight.
We omit weights here for the sake of simplicity.

This idea of frame localization was introduced independently in [15, 3]. To dis-
tinguish the symmetric localization definition from their definitions, we call this
“symmetric �p-localization”. The advantage of this definition is that the localiza-
tion property is independent of the indexing of the frame elements. All of these
definitions are closely related and the main results from both their papers also hold
for the symmetric definition [11, 12].

Theorem 2.3 ([3, 9]). Let F be an �1-self-localized frame. Then the canonical dual

frame F̃ is also an �1-self-localized frame and (F , F̃) is symmetrically �1-localized.

Localized frames have the nice property of being Banach frames for an associated
family of Banach spaces. We define these concepts below.

Definition 2.4. Let B′ be the dual of a Banach space B. F = (fx)x∈X ⊂ B′ is
called a Banach frame for B if there exists a Banach space Bd(X) of sequences
associated to B such that the following properties hold:

(a) The coefficient operator CE : B → Bd defined by CEf = (fx(f))x∈X is
bounded.

(b) We have the norm equivalence ‖f‖B 	 ‖fx(f)‖Bd
.

(c) There exists a bounded operator R : Bd → B, called the reconstruction
operator, such that R((fx(f))x∈X) = f for all f ∈ B.

Definition 2.5. Let E be an �1-self-localized frame for H and Ẽ its canonical dual.
Let H0 ⊆ H be the subspace spanned by finite linear combinations of elements in
E . For 1 ≤ p < ∞, we define the Hp-norm on H0 by

‖f‖Hp = ‖CẼf‖�p = ‖〈f, ẽy〉‖�p .

Then Hp(E , Ẽ) is defined to be the Hp-norm completion of H0. For p = ∞, H∞ is
the completion of H0 in the σ(H,H0) topology.

By definition, Hp is a Banach space and the set of all Hp such that 1 ≤ p ≤ ∞
is called the family of Banach spaces associated with E . We may also use alternate
duals rather than the canonical dual; however, to make sure that all the theorems
in this paper hold for alternate duals, we must assume further that the dual frame
is �1-localized and is �1-localized with respect to E .
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3. Localizable operators

3.1. Definition of localizable operators. We intuitively understand localized
frames as having Gramian matrices with off-diagonal decay. We introduce the
notion of localizable operators, which we intuitively understand as having a matrix
representation with off-diagonal decay.

Definition 3.1. Let T ∈ L(H), the set of bounded linear operators on a separable

Hilbert space. Let F = (fx)x∈X , E = (ey)y∈Y be frames for H and let Ẽ be a dual
frame of E . Let aX : X → G, aY : Y → G be maps such that for all j ∈ G,
max{supj∈G |a−1

X (j)|, supj∈G |a−1
Y (j)|} ≤ K < ∞. Then T is an �p-localizable

operator with respect to (F , Ẽ) if there exists an r ∈ �p(G) such that for all x ∈ X
and y ∈ Y ,

|〈T fx, ẽy〉| ≤ raX(x)−aY (y).

Notice that (F , E) is symmetrically �p-localized if and only if the frame operator

S of E is �p-localizable with respect to (F , Ẽ).
Let A = [〈T fx, ẽy〉]Y X , which we can think of as a matrix representation of

T . With regard to boundedness, T is bounded on H if and only if A is bounded
on �2(X). This allows us to work at the discrete level with A when determining
boundedness. This result is an immediate corollary of the proposition below.

Proposition 3.2. Let F = (fx)x∈X and E = (ey)y∈Y be frames for H, with dual

frames F̃ and Ẽ. Then the following diagram commutes:

H
CF̃

��

T �� H

�2(X)

C∗
F

��

A �� �2(Y )

C∗
E

��

H T �� H

CẼ

��

Proof. Let f ∈ H and c ∈ �2(X). Then

T f =
∑
x∈X

〈f, f̃x〉T fx =
∑
y∈Y

∑
x∈X

〈f, f̃x〉〈T fx, ẽy〉ey

= C∗
E

({∑
x∈X

〈f, f̃x〉〈T fx, ẽy〉
}

y∈Y

)
= C∗

EACF̃f.

Thus,

Ac =

{∑
x∈X

cx〈T fx, ẽy〉
}

y∈Y

= CẼ

(∑
x∈X

cxT fx

)
= CẼ

(
T

∑
x∈X

cxfx

)
= CẼT C∗

Fc.

�

Notice that this result holds for any dual frames F̃ and Ẽ , as the analysis oper-
ators of the dual frames are linear and bounded. In the following, let Ẽ denote a
dual frame for E which may or may not be the canonical dual.
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Theorem 3.3. Let E = (ey)y∈Y , F = (fx)x∈X , G = (gz)z∈Z be frames for H and

T ,S ∈ L(H). If T is �1-localizable with respect to (F , Ẽ), and if S is �1-localizable

with respect to (E , G̃), then ST is �1-localizable with respect to (F , G̃).

Proof. Let r, s ∈ �1(G) be such that |〈T fx, ẽy〉| ≤ raX(x)−aY (y) and |〈Sey, g̃z〉| ≤
saY (y)−aZ(z). Define t := r ∗ s ∈ �1(G). Then

|〈ST fx, g̃z〉| ≤
∑
y∈Y

|〈T fx, ẽy〉| |〈Sey, g̃z〉|

≤
∑
y∈Y

raX(x)−aY (y) saY (y)−aZ(z)

≤K
∑
g∈G

raX(x)−g sg−aZ(y)

≤K(r ∗ s)aX(x)−aZ(z) = KtaX(x)−aZ(z).

�

4. Algebra of �1-localizable operators

We introduce a Banach algebra of operators T ∈ L(H). In the process, we
expand the idea of a Banach algebra of infinite matrices proposed in [3]. We first
establish that the localizability of T is not dependent on the particular pair of
frames. Assume for the remainder of this paper that for a frame E , Ẽ refers to the
canonical dual frame of E .

Theorem 4.1. Let F ,F ′, E and E ′ be �1-self-localized frames. Suppose (F ′,F) and

(E ′, E) are symmetrically �1-localized. If T is �1-localizable with respect to (F , Ẽ),
then T is �1-localizable with respect to (F ′, Ẽ ′

).

Proof. This follows from Theorem 3.3 and Theorem 2.3. �

Thus, we can make the following definition.

Definition 4.2. Let T ∈ L(H) and let F = (fx)x∈X , E = (ex)x∈X be �1-self-
localized frames for H. We say that T ∈ L(H)1 if T is �1-localizable with respect

to (F , Ẽ).

Theorem 4.3. Let L(H)1 ⊂ L(H) be endowed with the same norm as L(H). The
following statements hold:

(1) The identity I belongs to L(H)1.
(2) L(H)1 is closed under addition and composition.
(3) L(H)1 is complete with respect to the operator norm.

In particular, L(H)1 is a unital Banach sub-algebra of L(H).

Proof. (1) This follows from the fact that I is always �1-localized with respect to
�1-localized frames.

(2) It is clear that L(H)1 is closed under addition, since for r, s ∈ �1(G), r+ s ∈
�1(G). The property of being closed under composition follows from Theorem 3.3.

(3) Consider the Cauchy sequence {T n}n∈N of operators in L(H)1. Certainly,

this Cauchy sequence converges to some T ∈ L(H), and for every fixed x and every
fixed y, 〈T nfx, ẽy〉 converges to 〈T fx, ẽy〉. We need only to prove that |〈T fx, ẽy〉| ≤
raX(x)−aY (y) for some r ∈ �1(G).
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Notice that for each T n, there is an rn ∈ �1(G) such that

|〈T nfx, ẽy〉| ≤ rnaX(x)−aY (y).

Let ε > 0. Then there is an Nε ∈ N such that for all n,m ≥ Nε, ‖Tn − Tm‖ < ε
and we can define rn,m ∈ �1(G) so that

|〈(T n − T m)fx, ẽy〉| ≤ rn,maX(x)−aY (y), ‖rn,m‖ < ε.

Consider εk = 1
2k

for k ∈ N, and let Nk = Nεk as above. For k = 0, let N0 = 0

and T0 = 0. Define r = rN1 +
∑∞

k=1 r
Nk+1, Nk . Notice that

‖r‖ ≤ ‖rN1‖+
∞∑
k=1

‖rNk+1, Nk‖ < ‖rN1‖+
∞∑
k=1

1

2k
< ∞.

So r ∈ �1(G) and

|〈T fx, ẽy〉| = lim
k→∞

|〈T Nk
fx, ẽy〉|

≤ lim
n→∞

n∑
k=0

(|〈T Nk+1
fx, ẽy〉| − |〈T Nk

fx, ẽy〉|)

≤ lim
n→∞

n∑
k=0

|〈(T Nk+1
− T Nk

)fx, ẽy〉|

< rN1

aX(x)−aY (y) +

∞∑
k=1

r
Nk+1, Nk

aX(x)−aY (y) = raX(x)−aY (y).

Hence, T ∈ L(H)1. �

Theorem 4.4. If T ∈ L(H)1 is invertible, then T −1 ∈ L(H)1.

Proof. Suppose T ∈ L(H)1, and assume that there exist �1-self-localized frames
F = (fx)x∈X , E = {ey}y∈X such that |〈T fx, ẽy〉| ≤ raX(x)−aX(y), r ∈ �1(G). As-
sume the frame bounds for F and E are α, β > 0 and α′, β′ > 0 respectively.
The associated matrix representation is A = [〈T fx, ẽy〉]x,y∈X . Consider the matrix

A† = [〈T −1ey, f̃x〉]x,y∈X . By Theorem 3.2, A† can be represented by the operator

CF̃T −1C∗
E . Likewise, A can be represented by the operator CẼT C∗

F . It is clear
that AA† and A†A are the orthogonal projections onto the ranges of A and A†

respectively. Hence, we have that A† is the pseudo-inverse of A.
We can now use similar proof techniques as found in [3], which in their case

proved that the canonical dual of an �1-self-localized frame is �1-self-localized.
It suffices to consider the case where the index set X = G. A is a bounded
operator in the set L(�2(G)), with spectrum SpL(�2(G))(A) being a closed set in

{0} ∪ [ (α/β′)1/2‖T‖, (β/α′)1/2‖T‖ ]. A is also a bounded operator in the algebra
B(G)1 of matrices with off-diagonal �1-decay, as defined in [3], and SpL(�2(G))(A) =
SpB(G)1(A).

Standard holomorphic calculus and a theorem proved by Gohberg, Kaashoek and
Woerdeman [13], Baskakov [5], and Sjöstrand [19] give us that the pseudo-inverse A†

is also an element of B(G)1, hence satisfying the conditions for T −1 ∈ L(H)1. �
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5. Boundedness on Banach spaces

If T ∈ L(H) is localized with respect to localized frames (F , E), with the matrix
representation [〈T fx, ey〉]XY having the same type of decay as the cross-Gramian
matrix, then we shall prove below that the operator can be extended as a bounded
operator on the associated family of Banach spaces Hp (Definition 2.5). As an
example, Gabor frames with nice generator functions are examples of localized
frames, and as we have mentioned, they almost diagonalize classes of pseudodif-
ferential operators. One property that we need is that localized (Hilbert) frames
are also Banach frames for some associated family of Banach spaces as described
in [9, 11]. Specifically, we have the following.

Theorem 5.1 ([11]). Suppose F = (fx)x∈X is a frame and E = (ey)y∈Y an �1-
self-localized Riesz basis for H. If (F , E) is symmetrically �1-localized, then F is a

Banach frame for the family of Banach spaces Hp(E , Ẽ).

Theorem 5.2. Assume E = (ey)y∈Y is an �1-self-localized Riesz basis and assume

F = (fx)x∈X is a frame with dual frame F̃ such that (F̃ , E) is symmetrically �1-
localized. Suppose the following conditions are satisfied:

• T ∈ L(H);

• T is �1-localizable with respect to (F , Ẽ).
Then T is bounded on Hp for all 1 ≤ p ≤ ∞.

Proof. LetH0 be as in Definition 2.5. ThenH0 is dense inHp. So it suffices to prove
‖Tf‖Hp ≤ C‖f‖Hp for all f ∈ H0, where C does not depend on f . Let f ∈ H0,

f =
∑

y∈Y cyey, where all but finitely many cy are nonzero. By Theorem 5.1, Ẽ is

a Banach frame for Hp, so the reconstruction operator R : �p(Y ) → Hp defined by
Rc =

∑
y∈Y cyey is bounded. Thus we have the following:

‖T f‖Hp =

∥∥∥∥∑
y∈Y

cyT ey

∥∥∥∥Hp

=

∥∥∥∥∑
y∈Y

cy
∑
x∈X

∑
z∈Y

〈ey, f̃x〉〈T fx, ẽz〉ez
∥∥∥∥Hp

≤ k

∥∥∥∥(∑
y∈Y

cy
∑
x∈X

〈ey, f̃x〉〈T fx, ẽz〉
)

z∈Y

∥∥∥∥
lp(Y )

.

Define d ∈ lp(G) by

dj =

{∑
y∈a−1

Y (j) cy if a−1
Y (j) �= ∅,

0 if a−1
Y (j) = ∅.

As shown in [12], since max{supj∈G |a−1
X (j)|, supj∈G |a−1

Y (j)|} ≤ K, we have that
‖d‖lp(G) ≤ K‖c‖lp(Y ). By this and our assumptions, we have the following:

‖T f‖Hp ≤ k

∥∥∥∥(∑
y∈Y

cy
∑
x∈X

raY (y)−aX(x) saX(x)−aY (z)

)
z∈Y

∥∥∥∥
lp(Y )

≤ k

∥∥∥∥(∑
y∈Y

cy
∑
j∈G

∑
x∈a−1

X (j)

raY (y)−aX(x) saX(x)−aY (z)

)
z∈Y

∥∥∥∥
lp(Y )
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≤ kK

∥∥∥∥(∑
y∈Y

cy(r ∗ s)aY (y)−aY (z)

)
z∈Y

∥∥∥∥
lp(Y )

= kK

∥∥∥∥(∑
j∈G

dj(r ∗ s)j−aY (z)

)
z∈Y

∥∥∥∥
lp(Y )

= kK‖((d ∗ r ∗ s)aY (z))z∈Y ‖lp(Y )

≤ kK2‖((d ∗ r ∗ s)j)j∈G‖lp(G)

≤ kK2‖d‖lp(G)‖r ∗ s‖l1(G)

≤ kK3‖r ∗ s‖l1(G)‖c‖lp(Y )

= kK3‖r ∗ s‖l1(G)‖f‖Hp . �

Corollary 5.3. Let E be an �1-self-localized Riesz basis and let T ∈ L(H). If T is

�1-localizable with respect to (E , Ẽ), then T is bounded on Hp for all 1 ≤ p ≤ ∞.

Remark 5.4. If F is an �1-self-localized frame, then Theorem 5.2 is true if the

symmetric �1-localization of (F̃ , E) is replaced by (F , E).

6. The construction of localized frames

This technique of looking at matrix representations with respect to frames helped
us to extend localizable operators bounded on H to a family of Banach spaces. In
this section, we shall see that this technique also leads us to a new way of con-
structing localized frames. In the process, we will identify new classes of operators
localized with respect to frames constructed from unitary shifts of a single atom
function. We have the following theorem concerning the role of operators in deter-
mining a relationship between frames.

Theorem 6.1 ([1]). Let F = (fx)x∈X be a frame for H. If T is a bounded linear
operator on H, then (T fx)x∈X is a frame for H if and only if there exists a positive
constant γ such that for every f ∈ H,

(6.1) ‖T ∗f‖2 ≥ γ‖f‖2.

Suppose F is an �1-self-localized frame. We address the question, what are the
conditions on an operator T such that (T fx)x∈X is �1-self-localized? It is only
known that the canonical dual of an �1-self-localized frame, (S−1fx)x∈X , is again
an �1-self-localized frame. Although (6.1) guarantees that (T fx)x∈X is a frame, it
does not guarantee that it is a self-localized frame nor does it guarantee that this
new frame extends to a Banach frame for an associated family of Banach frames.

6.1. Necessary and sufficient conditions for T F to be a localized frame.
We give a necessary and sufficient condition for localization.

Theorem 6.2. Let F = (fx)x∈X be an �1-self-localized frame, T a bounded linear
operator which satisfies (6.1). (T fx)x∈X is an �1-self-localized frame if and only if

T ∗T is �1-localizable with respect to (F , F̃).

Proof. Suppose (T fx)x∈X is an �1-self-localized frame. We have that 〈T ∗T fx, fy〉 =
〈T fx, T fy〉. But {T fx}x∈X being an �1-self-localized frame is equivalent to the
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identity operator I on H being �1-localizable with respect to (F ,F). But by The-

orem 2.3, (F , F̃) is symmetrically �1-localized. Hence, equivalently, the identity

operator I is �1-localizable with respect to (F , F̃). It then follows by Theorem 3.3

that T ∗T is �1-localizable with respect to (F , F̃) since it is �1-localizable with

respect to (F ,F), I is �1-localizable with respect to (F , F̃), and T ∗T = IT ∗T .

Suppose T ∗T is �1-localizable with respect to (F , F̃). Then T ∗T = IT ∗T is �1-
localizable with respect to (F ,F). But we have 〈T ∗T fx, fy〉 = 〈T fx, T fy〉. Thus
{T fx}x∈X is an �1-self-localized frame. �

Notice that if T is a unitary operator, the theorem is automatically satisfied. If
we only want to ask the question of whether or not T F is an �1-localized frame
given that F is an �1-self-localized frame, we have the following sufficient condition.

Theorem 6.3. Let F = (fx)x∈X be an �1-self-localized frame, T a bounded linear

operator which satisfies (6.1). If T is �1-localizable with respect to (F , F̃), then
(T fx)x∈X is an �1-self-localized frame.

Proof. (T fx)x∈X is a frame. Since F = (fx)x∈X is an �1-self-localized frame, the

identity operator I is �1-localizable with respect to (F ,F), (F̃ , F̃), (F , F̃), and

(F̃ ,F). It follows by Theorem 3.3 that T = IT is �1-localizable with respect

to (F ,F) and T = T I is �1-localizable with respect to (F̃ ,F). But now T ∗ is

�1-localizable with respect to (F , F̃) since T = IT is �1-localizable with respect

to (F̃ ,F). It follows that T ∗T is �1-localizable with respect to (F ,F). Using
the identity operator and Theorem 3.3 again we get that T ∗T is �1-localizable with
respect to (F , F̃). Thus by Theorem 6.2, (T fx)x∈X is an �1-self-localized frame. �

7. Examples

7.1. Almost shift-invariant operators. Consider the shift-invariant space
V 2(φ), where φ ∈ W (L1), the Wiener space of locally L∞, globally L1 functions.
Assume it is generated by the Riesz basis (φ(· − k))k∈Z = (Tkφ)k∈Z. It is known

that (Tkφ)k∈Z is an �1-self-localized basis which extends to an unconditional basis
for V p(φ), 1 ≤ p ≤ ∞ [2].

We define a collection of operators which extend to bounded operators on V p(φ).

Definition 7.1. Let (Tkφ)k∈Z be a Riesz basis for V 2(φ). Define the linear oper-

ator T so that T φ ∈ V 2(φ) ∩W (L1) and T Tkφ = akTkT φ for some ak ∈ C, where
the sequence (ak)k∈Z has the property that for each k, 0 < K ≤ |ak| ≤ M < ∞.
Call all such operators almost shift-invariant.

Theorem 7.2. Let T be an invertible almost shift-invariant operator satisfying
(1). If T φ ∈ W (L1), then for 1 ≤ p ≤ ∞, T is bounded on V p(φ) and (T Tkφ)k∈Z
is an �1-localized frame which extends to a Banach frame for V p(φ).

7.2. Pseudodifferential operators. Rochberg and Tachizawa [18] and Gröchenig
[16] showed the boundedness of pseudodifferential operators on generalized Sobolev
spaces and modulation spaces respectively using this particular technique of looking
at the matrix representation with respect to Gabor frames. We focus on the results
of Gröchenig.

Let H = L2(Rd). The pseudodifferential operator known as the Weyl trans-
form of a symbol σ(z, ζ) is defined as σwf(x) =

∫
R

d σ
(
x+y
2 , ξ

)
e2πi(x−y)·ξf(y)dydξ.

Assume σ(z, ζ) ∈ S ′(R2d) and belongs to the Sjöstrand class.
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Theorem 7.3 ([16]). The Weyl transform σw is an �1-localizable operator with
respect to tight Gabor frames with atom function g such that the short time Fourier
transform Vgg is in the weighted amalgam space W (�1).

Gabor frames with atom functions in M∞ are �1-self-localized and localized
with respect to each other [3, 9]. Furthermore, they are Banach frames for the
associated family of modulation spaces Mp [9]. Then by Theorem 5.2, we have the
following previously known result (see, for example, [17]) arising from this more
general context.

Theorem 7.4. Let Lσ be a pseudodifferential operator such that Lσ is �1-localizable
with respect to a pair of �1-self-localized Gabor frames which are Banach frames for
the modulation spaces Mp, 1 ≤ p ≤ ∞. Then Lσ is bounded on Mp, 1 ≤ p ≤ ∞.
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