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ON BIMODULES OVER NOETHERIAN PI RINGS

AMIRAM BRAUN

(Communicated by Martin Lorenz)

Abstract. Let R be a prime Noetherian PI ring, and let I be an ideal in R
satisfying xI ⊆ Ix for some x in R. We prove that xI = Ix. This is obtained
as a corollary of a similar more general result, where I can be taken as any
finitely generated torsion-free central R-bimodule.

1. Introduction

It was proved in [1, Proposition 1.8] that xR ⊆ Rx implies xR = Rx for each
prime Noetherian PI ring R. This result has a long history. It was proved by Frölich
et al. in [6] and by Vasconcelos in [12] in special cases. It was then conjectured
by Montgomery in [10] to hold in general. This was verified by Guralnick et al. in
[8] for affine Noetherian prime PI rings. It was then confirmed in [1] and was also
extended to a version valid for an invertible ideal.

The following extension to bimodules is our main result.

Theorem A. Let R be a prime Noetherian PI ring, and let M be a finitely generated
torsion-free (from both sides) R-bimodule which is Z(R)-central. Let x in R satisfy
xM ⊆ Mx. Then xM = Mx.

The next immediate corollary appears to be new.

Corollary B. Let R be a prime Noetherian PI ring, and let I be an ideal in R
satisfying xI ⊆ Ix. Then xI = Ix.

This somewhat unexpected “rigidity” result triggers the question of whether
xR = Rx also holds in this case. We show at the end of this paper that this is
indeed the case if R is, in addition, a maximal order.

Theorem A was partially motivated by our investigation of the Noetherian prop-
erty of the I-adic ideal completion of a Noetherian PI ring, the results of which will
appear elsewhere.

2. Proofs

Lemma 2.1. Let R be a prime PI ring, and let M be a finitely generated torsion-free
left R-module. Then M is embedded in a finitely generated torsion-free Z-module,
where Z = Z(R), the center of R.
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Proof. By the torsion-freeness of M we identify M with R⊗RM ⊂ Q(R)⊗RM .
By Formanek (e.g. [11]), we have R ⊂ Zw1 + ... + Zws, where wi ∈ Q(R). Also

M =

r∑
i=1

Rmi. Hence

M =
r∑

i=1

R⊗mi ⊂
r∑
i

s∑
j

Zwj ⊗mi =
∑
i,j

Z(wj ⊗mi).

The latter is a finitely generated Z-submodule of Q(R)⊗RM and is Z-torsion-free
since Q(R)⊗RM is a torsion-free Q(R)-module. �

Corollary 2.2. Let R be a prime PI ring, and let M be a finitely generated torsion-
free left R-module. Then EndZ(M) is a prime PI ring.

Proof. M ⊆
∑
i

Zvij , where vij = wj⊗mi ∈ Q(R)⊗RM as in Lemma 2.1. Let K ≡

Q(Z). Then if α ∈ EndZ(M) we define, for each δ ∈ Z, α̃(δ−1m) ≡ δ−1α(m). This
is clearly well defined and α̃ ∈ EndK(K⊗ZM). So the map α → α̃ is an injection,
showing that EndZ(M) is a PI ring. Let ψ ∈ EndK(K⊗ZM). Find c ∈ Z(R)
such that cvij ∈ R⊗RM = M , so vij ∈ c−1M ⊂ K⊗ZM . Hence ψ(vij) ∈ K⊗ZM .
So find c1 ∈ Z such that c1ψ(vij) ∈ Z ⊗Z M = M . Hence c1ψ ∈ EndZ(M), and
consequently EndZ(M) is an order in the matrix ring EndK(K⊗ZM), implying
that EndZ(M) is a prime ring. �

Let S be a central simple finite dimensional K-algebra. Then for each x ∈ S one
defines the reduced norm, which we denote by detS(x), as having the properties
that detS(x) ∈ K and detS(xy) = detS(x)detS(y). The notation is explained by
the fact that if F is a splitting field of S, that is, S ⊗k F ∼= Mn(F ), the n × n
matrix ring over F , then detS(x) = det(x⊗ 1), where det() stands for the standard
determinant function on Mn(F ). For a standard reference see [4, pp. 274 - 275].

Let B be a prime PI ring with center Z. Then Q(B) = BQ(Z) is a central
simple finite dimensional Q(Z)-algebra, and by abuse of notation we write detB(x)
for detQ(B)(x).

Theorem 2.3. Let S, R be PI rings, and let SMR be a bimodule. Let Z = Z(R).
Assume that:

(1) MR is a finitely generated and torsion-free R-module,
(2) SM is a finitely generated and faithful S-module,
(3) R is a prime Noetherian PI ring, and S is a left Noetherian PI ring.

Then A ≡ EndZ(MZ) is prime Noetherian and a finite Rr-module, as well as a
finite Sl-module. Moreover S is right Noetherian, Q(S) exists and SM is torsion-
free.

Note: Here Rr = {xr|x ∈ R}, where xr is the right multiplication by x on M ,
and Sl = {yl|y ∈ S}, where yl is the left multiplication by y on M .

Proof. By Corollary 2.2, A is a prime PI ring which contains both Rr and Sl.
We shall consider the action of A on M on the right, implying that M is a right
A-module. Also MR is finitely generated and hence MRr

is finitely generated,
which shows that MA is finitely generated. Also A ≡ EndZ(M) implies that MA

is faithful. Therefore by the H-condition (e.g. [7, Prop. 8.7]) AA ↪→ Mn
A, for
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some n. Since Rr ⊆ A we also have ARr
↪→ Mn

Rr
, which implies that A is a

finite Rr-module, and in particular A is Noetherian (from both sides) and Schelter

integral over Rr. Similarly ASl
↪→ M

(n)
Sl

shows, since Sl is right Noetherian (since

Sl
∼= S0), that ASl

is a right finitely generated Sl-module, and since Sl is right
Noetherian, we get that A is also Schelter integral over Sl. Now by [5], Sl is also
left Noetherian and consequently S is also right Noetherian. Now since A is Schelter
integral over Sl, then by [2, Theorem 7.1] CSl

(Nil(Sl)) ⊆ CA(0) and in particular
CSl

(Nil(Sl)) ⊆ CSl
(0). This shows that Sl has an Artinian quotient ring and the

same holds for S.
We shall next show that MA is torsion-free. It suffices to show that each δ �=

0 ∈ Z(A) acts regularly on M (since if a in A is regular, then detA(a) ∈ Q(Z(A))
is non-zero, and so ∃ c ∈ Z(A) �= 0 such that cdetA(a) ∈ Z(A)).

We shall first observe that Z(Rr) ⊆ Z(A). Indeed if θ ∈ A, z ∈ Z(R), then
m.(θ · zr) = θ(m)z = θ(mz) = m.(zr · θ), for each m ∈ M ; that is, θzr = zrθ,
for each θ ∈ EndZ(M) ≡ A. Therefore if K ≡ Q(Z(Rr)), then Q(Rr) = KRr ⊆
KA ⊆ Q(Z(A))A = Q(A). Now A is integral over Rr, and therefore KA is integral
over K and in particular δ is integral over K. So there exist c0, ..., cn ∈ Z(Rr),
cn �= 0, satisfying c0δ

n + c1δ
n−1 + ...+ cn = 0. Then mδ = 0 implies mcn = 0, and

m = 0 by the torsion-freeness of MR. Finally, if tm = 0, for some t ∈ CS(0), then
mtl = 0, but tl ∈ CSl

(0) ⊆ CA(0), and m = 0 by the torsion-freeness of MA. �

The next result is a surprising corollary.

Theorem 2.4. Let SMR be a bimodule which is finitely generated and torsion-free
from both sides, where S is a left Noetherian PI and R is a prime Noetherian PI
ring. Then there exists a centralizing extension B of both Rr and Sl. Moreover B
is finitely generated over both.

Proof. Let Z = Z(R) and A = EndZ(MZ) be as in Theorem 2.3. ThenB ≡ Sl·Rr is
a centralizing extension of both Sl and Rr. Moreover since by the previous theorem
A is a finite Sl-module as well as a finite Rr-module and both are Noetherian, we
conclude that B is finite over both. �

Remark 2.5. The previous result suggests that SpecR ∼= SpecRr is closely con-
nected to SpecS ∼= SpecS0 ∼= SpecSl. This seems to be new even in the finite
extension case R ⊂ S.

Corollary 2.6. Let R be a prime Noetherian PI ring with center Z(R) ≡ Z. Then
EndZ(R) is a prime Noetherian PI ring, which is a finite Rr-module as well as a
finite Rl-module.

Remark 2.7. This can be used to give a different proof of [1, Theorem 1.8].

The next result is our main tool in generalizing [1, Theorem 1.8].

Proposition 2.8. Let R be a prime Noetherian PI ring with center Z, and let
M be an R-bimodule which is finitely generated torsion-free (from both sides). Let
ϕ, ψ ∈ EndZM ≡ A satisfy:

(1) detAϕ = detAψ �= 0,
(2) ϕ(M) ⊆ ψ(M).

Then ϕ(M) = ψ(M).
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Proof. We can clearly extend ψ to EndK(MK), where K = Q(Z) is the quotient
field of Z. Then detψ �= 0 implies that ψ has an inverse ψ−1 ∈ EndK(MK). Hence
(2) implies that α ≡ ψ−1 ◦ ϕ ∈ EndZM ≡ A. Moreover,

detAα = (detAψ
−1)detAϕ = (detAψ)

−1detAϕ = (detAϕ)
−1(detAϕ) = 1.

Hence, by the Cayley-Hamilton equation, α has an inverse α−1 ∈ T (A), the trace
ring of A. Now by Theorem 2.3 A is a prime Noetherian PI ring and consequently
T (A) is a finite centralizing extension of A. Let (α−1)m+a1(α

−1)m−1+ ...+am = 0
be an integral equation of α−1 over A, with a1, ..., am in A. Multiplying this
equation by αm−1 yields that α−1 ∈ A. In particular α is an onto map. Since
ϕ = ψ ◦ α, this shows that ϕ(M) = ψ(M). �

Lemma 2.9. Let S be a central simple finite dimensional K-algebra. Then T ≡
EndK(S) is a central simple K-algebra. Moreover, for each x ∈ S we have detT (xl)
= detSl

(xl)
n = detS(x)

n = detSr
(xr)

n = detT (xr), where n2 = [S : K].

Proof. This appears for example in [4, pp. 274-275]. �

Lemma 2.10. Let R be a prime Noetherian PI ring, and let M be a Z-central R-
bimodule which is finitely generated and torsion-free from both sides. Let K ≡ Q(Z)
be the quotient field of Z, and let Q(R) be the quotient ring of R. Then Q(R)KM ,
KMQ(R) are free and rankRM = rankMR.

Proof. Clearly KM = MK and Q(R) = KR = RK. Now KM is a completely
reducible left module over Q(R) ⊗K Q(R)◦ ∼= EndK(Q(R)◦, since the latter is
a simple central K-algebra. Consequently KM ∼= V ⊕ · · · ⊕ V︸ ︷︷ ︸

t−times

, where V is the

unique irreducible left Q(R) ⊗K Q(R)◦ module. Clearly Q(R) is an irreducible
Q(R) ⊗K Q(R)◦-module. Therefore V ∼= Q(R) implies that Q(R)V ∼=Q(R) Q(R),
showing that KM is a free left Q(R)-module with rankQ(R)KM = t. Similarly
using VQ(R)

∼= Q(R)Q(R), we show that rankKMQ(R) = t and KMQ(R) is free. �

Lemma 2.11. Let R be a prime Noetherian PI ring with center Z. Let M be a
finitely generated torsion-free Z-central R-bimodule. Then for every x ∈ CR(0),
we have detA(xr) = dettnR (x) = detA(xl), where A = EndZM , t = rankRM and
n = PI.degR.

Proof. By Lemma 2.10, MK = KM is a free left Q(R)-module of rank t. Hence
KM = Q(R)u1 ⊕ ... ⊕ Q(R)ut, as left Q(R)-modules. Hence EndK(MK) ∼=
Mt(EndKQ(R)). Moreover, since xl(Q(R)ui)) ⊆ Q(R)ui, for each i = 1, ..., t,
then the matrix representing xl ∈ EndK(MK) is given by the t× t matrix:

xl =

⎛
⎜⎜⎜⎝

xl,Q 0 · · · 0
0 xl,Q · · · 0
...

...
. . .

...
0 0 · · · xl,Q

⎞
⎟⎟⎟⎠ ,

where xl,Q is the matrix representing left multiplication by x on Q(R).
Consequently detA(xl) = dettT (xl,Q), where T = EndK(Q(R)). Let S = Q(R);

then by Lemma 2.9 we have detT (xl,Q) = detnS(x). Consequently detA(xl) =
dettnS (x). The other equality follows by a similar argument on the right side using
Lemma 2.10. �
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Recall that it is proved in [1, Theorem 1.8] that xR ⊆ Rx implies xR = Rx,
for each prime Noetherian PI ring R. The following extension of this result to
R-bimodules is obtained by an entirely different proof.

Theorem 2.12. Let R be a prime Noetherian PI ring with center Z. Let M be a
finitely generated torsion-free (on both sides) R-bimodule which is Z-central. Sup-
pose that xM ⊆ Mx, for some x ∈ R. Then xM = Mx.

Proof. We clearly may assume that x �= 0. We shall next show that x ∈ CR(0).
Indeed the torsion-freeness of RM implies that RM is faithful and hence xM �= 0.
Suppose xy = 0 for some non-zero y ∈ R. Then y ∈ r − annRxM , a non-zero
two-sided ideal in R, implying the existence of a non-zero c ∈ Z ∩ (r − annRxM).
Hence cxM = xMc = 0 shows that cx = 0 and therefore x = 0, which was excluded.
Let ϕ = xl, ψ = xr. Then xM ⊆ Mx is equivalent to ϕ(M) ⊆ ψ(M). Also by
Lemma 2.11 detA(xr) = detA(xl) �= 0, where A ≡ EndZM . So all the conditions
of Proposition 2.8 are in place and its conclusion ϕ(M) = ψ(M) is the required
result. �

Apparently, even the next corollary seems to be new.

Theorem 2.13. Let R be a prime Noetherian PI ring with xI ⊆ Ix, for some
two-sided ideal I ⊆ R and x ∈ R. Then xI = Ix.

Question 2.14. Is there a non-normal element x ∈ R satisfying xI = Ix, for some
non-zero ideal I ⊆ R, where R is a prime Noetherian PI ring?

The next result provides a negative answer to Question 2.14 in the case where
R is in addition a maximal order.

Lemma 2.15. Let R be a prime Noetherian PI maximal order and xI = Ix for
some non-zero ideal I in R and x ∈ R. Then x is a normal element in R.

Proof. If xy = 0, then xIy = 0, showing, since x �= 0, that y = 0. Therefore x is a
regular element in R and consequently x−1 ∈ Q(R). We have

(xRx−1)I = xR(x−1Ix)x−1 = xRIx−1 = xIx−1 = I.

Therefore xRx−1 ⊆ Ol(R) ≡ {t ∈ Q(R)|tI ⊆ I} (see e.g. [9, 3.1.12]). Thus since
R is a maximal order, Ol(R) = R (e.g. [9, 5.1.4]). Therefore xRx−1 ⊆ R, or
equivalently xR ⊆ Rx. Hence by [1, Proposition 1.8] or Theorem A, xR = Rx and
x is a normal element in R. �

A similar argument to the one appearing in Theorem 2.12, using Proposition 2.8,
proves the following result.

Theorem 2.16. Let R,M be as in Theorem 2.12 and x, y be regular elements in
R. Suppose that xMy ⊆ yMx. Then xMy = yMx.

Question 2.17. It is easily verified that r−ann(x) ⊆ r−ann(y) and l−ann(y) ⊆
l − ann(x). Thus we merely have to assume in Theorem 2.16 that one of {x, y} is
regular. Can one avoid it altogether? Even the special case xRy ⊆ yRx appears to
be open.
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