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PRODUCTS OF TOEPLITZ OPERATORS

ON THE HARMONIC BERGMAN SPACE

XING-TANG DONG AND ZE-HUA ZHOU

(Communicated by Nigel J. Kalton)

Abstract. In this paper, we first discuss some basic results concerning
Toeplitz operators with quasihomogeneous symbols (i.e., symbols being of the
form eipθϕ, where ϕ is a radial function) on the harmonic Bergman space.
Then we determine when the product of two Toeplitz operators with quasiho-
mogeneous symbols is a Toeplitz operator.

1. Introduction

Let dA denote the Lebesgue area measure on the unit disk D, normalized so
that the measure of D equals 1. L2(D, dA) is the Hilbert space of Lebesgue square
integrable functions on D with the inner product

〈f, g〉 =
∫
D

f(z)g(z)dA(z).

The harmonic Bergman space L2
h is the closed subspace of L2(D, dA) consisting of

the harmonic functions on D. For u ∈ L∞(D, dA), the Toeplitz operator Tu with
symbol u is the operator on L2

h defined by

Tuf = Q(uf)

for f ∈ L2
h, where Q is the orthogonal projection of L2(D, dA) onto L2

h. Each
point evaluation is easily verified to be a bounded linear functional on L2

h. Hence,
for each z ∈ D, there exists a unique function Rz (called the harmonic Bergman
kernel) in L2

h that has the reproducing property

f(z) = 〈f,Rz〉
for every f ∈ L2

h.
Given z ∈ D, let Kz(w) = 1

(1−wz)2 be the well-known reproducing kernel for

the analytic Bergman space L2
a consisting of all L2-analytic functions on D. The

well-known Bergman projection P is then the integral operator

Pf(z) =

∫
D

f(w)Kz(w)dA(w)
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for f ∈ L2(D, dA). Since L2
h = L2

a+L2
a, it is easily checked that Rz = Kz +Kz −1.

Thus, Q can be represented by

Qf = Pf + Pf − Pf(0).

Recall that a function ϕ on D is radial if ϕ(z) depends only on |z|. Then for
each radial function ϕ, we define the function ϕ̃ on [0, 1) by ϕ̃(r) = ϕ(reiθ), where
(r, θ) are the polar coordinates of the complex variable z. It is obvious that ϕ̃ is
well defined. In the following, we shall often identify a bounded radial function ϕ
on D with the corresponding function ϕ̃ defined on [0, 1).

A bounded function f is said to be quasihomogeneous of degree p ∈ Z if and
only if

f(reiθ) = eipθϕ(r),

where ϕ is a radial function (see [9]). In this case the associated Toeplitz operator
Tf is also called a quasihomogeneous Toeplitz operator of degree p.

In 1964, Brown and Halmos [2] proved that TfTg = Th on the Hardy space
H2 of the unit circle if and only if: either (I) g is analytic, or (II) f is conjugate
analytic. They also showed that, in both cases h = fg. In the setting of an
analytic Bergman space, conditions (I) and (II) are still sufficient, but they are
no longer necessary. Ahern and Čučković [1] showed that a Brown-Halmos type
result holds for Toeplitz operators with harmonic symbols on L2

a. Later in [6],
Louhichi, Strouse and Zakariasy gave necessary and sufficient conditions for the
product of two quasihomogeneous Toeplitz operators to be a Toeplitz operator.
Then Louhichi and Zakariasy [7] characterized commuting Toeplitz operators on
L2
a with quasihomogeneous symbols. The main reason for them to study such a

family of symbols is that any function f in L2(D, dA) has the polar decomposition

f(reiθ) =
∑
k∈Z

eikθfk(r),

where fk are radial functions in L2([0, 1], rdr). Recently, we studied some algebraic
properties of quasihomogeneous Toeplitz operators on the analytic Bergman space
of the unit ball in [5] and [10].

The theory of Toeplitz operators on L2
h is quite different from that on L2

a. For
example, Choe and Lee [3] showed that two analytic Toeplitz operators on L2

h com-
mute only when their symbols and the constant function 1 are linearly dependent,
but analytic Toeplitz operators always commute on L2

a. In this paper, we shall
consider when the product of two quasihomogeneous Toeplitz operators on L2

h is a
Toeplitz operator.

We first give the following basic result concerning quasihomogeneous Toeplitz
operators on L2

h.

Theorem 1.1. Let p ∈ Z and let f be a bounded function on D. Then the following
assertions are equivalent:

(a) For each k ∈ N, there exists λk ∈ C such that

Tf (r
keikθ) = λkr

|k+p|ei(k+p)θ.

(b) f is a quasihomogeneous function of degree p.

Next, we show a necessary condition for the product of two quasihomogeneous
Toeplitz operators on L2

h to be a Toeplitz operator.
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Theorem 1.2. Let f1 and f2 be two bounded quasihomogeneous functions on D
of degrees k1 and k2 respectively. If there exists a bounded function h such that
Tf1Tf2 = Th, then h is a quasihomogeneous function of degree k1 + k2.

Louhichi, Strouse and Zakariasy [6] gave lots of examples of radial functions
ψ1 and ψ2 such that Teipθψ1

Te−isθψ2
on L2

a is not a Toeplitz operator. Moreover,
Theorem 6.7 of [6] illustrates the difficulty in characterizing more precisely those
pairs of Toeplitz operators whose product is a Toeplitz operator. The problem
of determining when the product of two quasihomogeneous Toeplitz operators on
L2
a is a Toeplitz operators still remains open. The following theorem characterizes

when the product of two Toeplitz operators on L2
h with certain quasihomogeneous

symbols is a Toeplitz operator.

Theorem 1.3. Let l1, l2 > 0 and let k1, k2 ∈ Z. Then Teik1θrl1Teik2θrl2 is equal
to a Toeplitz operator if and only if k1 = k2 = 0. In this case:

Trl1Trl2 =

{
l1

l1−l2
Trl1 − l2

l1−l2
Trl2 if l1 �= l2

Trl1(1+l1 log r) if l1 = l2.

2. Some preliminary results

One of the most useful tools in the following calculations will be the Mellin
transform.

The Mellin transform ϕ̂ of a function ϕ ∈ L1([0, 1], rdr) is defined by the equation

ϕ̂(z) =

∫ 1

0

ϕ(s)sz−1ds.

It is clear that ϕ̂ is well defined on the right half-plane {z : Re z ≥ 2} and analytic on
{z : Re z > 2}. The use of the Mellin transform in the study of Toeplitz operators
was introduced for the first time in [4]. A direct calculation gives the following
lemma, which we shall use often.

Lemma 2.1. Let p ∈ Z and let ϕ be a bounded radial function. Then for each
k ∈ N,

Teipθϕ(z
k) =

{
2(k + p+ 1)ϕ̂(2k + p+ 2)zk+p if k ≥ −p
2(−k − p+ 1)ϕ̂(−p+ 2)z−k−p if k < −p,

Teipθϕ(z
k) =

{
2(k − p+ 1)ϕ̂(2k − p+ 2)zk−p if k ≥ p
2(p− k + 1)ϕ̂(p+ 2)zp−k if k < p.

Proof. Since ϕ is a bounded radial function, we see that for each k ∈ N,

P (eipθϕwk)(z) =

∫
D

ϕ(r)eipθwkKz(w)dA(w)

=

∞∑
j=0

(j + 1)zj
∫
D

ϕ(r)eipθwkwjdA(w)

=

{
2(k + p+ 1)ϕ̂(2k + p+ 2)zk+p if k ≥ −p
0 if k < −p
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and

P (eipθϕwk)(z) =

∫
D

ϕ(r)eipθwkKz(w)dA(w)

=

∞∑
j=0

(j + 1)zj
∫
D

ϕ(r)eipθwk+jdA(w)

=

{
2(p− k + 1)ϕ̂(p+ 2)zp−k if k ≤ p
0 if k > p .

Note that ϕ is still radial and

ϕ̂(n) = ϕ̂(n), ∀n ∈ N.

Thus,

Teipθϕ(w
k)(z) = P (eipθϕwk)(z) + P (ϕe−ipθwk)(z)− P (eipθϕwk)(0)

=

{
2(k + p+ 1)ϕ̂(2k + p+ 2)zk+p if k ≥ −p
2(−k − p+ 1)ϕ̂(−p+ 2)z−k−p if k < −p

and

Teipθϕ(w
k)(z) = P (eipθϕwk)(z) + P (ϕe−ipθwk)(z)− P (eipθϕwk)(0)

=

{
2(k − p+ 1)ϕ̂(2k − p+ 2)zk−p if k ≥ p
2(p− k + 1)ϕ̂(p+ 2)zp−k if k < p.

This completes the proof. �
Remark 2.2. Let p, s ∈ Z. Then Lemma 2.1 implies that the image of r|s|eisθ

by a quasihomogeneous Toeplitz operator of degree p is λp,sr
|p+s|ei(p+s)θ for some

constant λp,s.

Lemma 2.3. Let f be a bounded function on D. Then the following conditions are
equivalent:

(a) For any k ∈ N, there exists λk ∈ C such that Tf (z
k) = λkz

k.

(b) For any k ∈ N, there exists λk ∈ C such that Tf (z
k) = λkz

k.

Proof. First suppose that (a) holds, so Tf (z
k) = λkz

k for each k ∈ N. Then for
any m ∈ N, we have 〈

Tfz
k, zm

〉
=

〈
fzm, zk

〉
=

〈
λmzm, zk

〉
=

{
λk

〈
zk, zk

〉
if m = k

0 if m �= k,

which implies that 〈
Tfz

k, zm
〉
=

〈
λkz

k, zm
〉
.

Also, a similar calculation shows that〈
Tfz

k, zm
〉
=

〈
λkz

k, zm
〉
.

Since
{√

k + 1zk
}∞
k=0

∪
{√

k + 1zk
}∞
k=1

is an orthonormal basis for the harmonic
Bergman space, we have

Tfz
k = λkz

k

for any k ∈ N.
By a similar argument, one can also show that (b) implies (a). This completes

the proof. �
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When considering the product of two Toeplitz operators we often use a well-
known fact about the Mellin convolution of their symbols. If f and g are in
L1([0, 1], rdr), then their Mellin convolution is defined by

(f ∗M g)(r) =

∫ 1

r

f(
r

t
)g(t)

dt

t
, 0 ≤ r < 1.

The Mellin convolution theorem states that

(2.1) f̂ ∗M g(s) = f̂(s)ĝ(s)

and that if f and g are bounded, then so is f ∗M g.
It is important and helpful to know that the Mellin transform is uniquely de-

termined by its value on an arithmetic sequence of integers. In fact we have the
following classical theorem (see [8, p. 102]).

Theorem 2.4. Suppose that f is a bounded analytic function on {z : Re z > 0}
which vanishes at the pairwise distinct points z1, z2, · · · , where

i) inf{|zn|} > 0 and
ii)

∑
n≥1 Re(

1
zn
) = ∞.

Then f vanishes identically on {z : Re z > 0}.

Remark 2.5. We shall use this theorem to show that if ϕ ∈ L1([0, 1], rdr) and if
there exists a sequence (nk)k≥0 ⊂ N such that

ϕ̂(nk) = 0 and
∑
k≥0

1

nk
= ∞,

then ϕ̂(z) = 0 for all z ∈ {z : Re z > 2} and so ϕ = 0.

3. Proofs of the theorems

We start this section with the notion of radialization (see [11]). Letting f be a
bounded function on D, we define the “radialization” of f by

rad(f)(z) =
1

2π

∫ 2π

0

f(eitz)dt.

It is clear that a function f is radial if and only if rad(f) = f .
We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. If f is a quasihomogeneous function of degree p, then (a) is
a direct consequence of Remark 2.2.

Conversely, suppose (a) is true. Then for any k ∈ N,

Tf (w
k)(z) =

〈
fwk,Kz +Kz − 1

〉
=

〈
fwk,Kz +Kz − 1

〉
= Tf (wk)(z)

= λkr
|k+p|e−i(k+p)θ.
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Thus, if p ≥ 0,

Tzpf (z
k) =

〈
wpfwk,Kz +Kz − 1

〉
=

〈
fwk, wpKz

〉
+
〈
wp, fwk(Kz − 1)

〉
=

∞∑
j=0

(j + 1)zj
〈
Tf (w

k), wj+p
〉
+

∞∑
j=1

(j + 1)zj
〈
wp, Tf (w

j+k)
〉

=

∞∑
j=0

λk(j + 1)zj
〈
wk+p, wj+p

〉
+

∞∑
j=1

λj+k(j + 1)zj
〈
wp, wj+k+p

〉

=
λk(k + 1)

k + p+ 1
zk,

and if p < 0,

Tz−pf (z
k) =

〈
fwk−p,Kz +Kz − 1

〉
=

〈
Tf (w

k−p),Kz +Kz − 1
〉

=
〈
λk−pw

k,Kz +Kz − 1
〉

= λk−pz
k.

In particular, if we denote ϕ = r|p|e−ipθf , then it follows that

(3.1) Tϕ(z
k) = δkz

k

for some constant δk ∈ C. In the following we will prove that ϕ is radial, which
implies that f is a quasihomogeneous function of degree p.

Now, writing out the integrals and changing the order of integration, we see that
for each m ∈ N,〈

Trad(ϕ)z
k, zm

〉
=

1

2π

(∫ 2π

0

ei(m−k)tdt

)〈
Tϕz

k, zm
〉

=

{ 〈
Tϕz

k, zm
〉

if k = m
0 if k �= m.

On the other hand,〈
Trad(ϕ)z

k, zm
〉
=

1

2π

(∫ 2π

0

ei(k+m)tdt

)〈
Tϕz

k, zm
〉
= 0, ∀m ∈ Z+.

Then by (3.1), we obtain 〈
Trad(ϕ)z

k, zm
〉
=

〈
Tϕz

k, zm
〉

and 〈
Trad(ϕ)z

k, zm
〉
=

〈
Tϕz

k, zm
〉

for all m ∈ N. Thus

(3.2) Trad(ϕ)z
k = Tϕz

k.

Moreover, by (3.1) and Lemma 2.3, we have

Tϕz
k = δkz

k, ∀k ∈ N.

Then by a similar discussion, we can get

(3.3) Trad(ϕ)z
k = Tϕz

k.

From (3.2) and (3.3) we deduce that Trad(ϕ) = Tϕ, which implies ϕ(z) = rad(ϕ)(z).
Hence ϕ is radial. This completes the proof. �

Next we discuss the proof of Theorem 1.2.
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Proof of Theorem 1.2. Suppose f1 = eik1θϕ1(r) and f2 = eik2θϕ2(r). Then for each
k ∈ N, it follows from Remark 2.2 that

Tf1Tf2(r
keikθ) = Teik1θϕ1

Teik2θϕ2
(rkeikθ)

= λk2,kTeik1θϕ1
(r|k+k2|ei(k+k2)θ)

= λk1,k+k2
λk2,kr

|k+k1+k2|ei(k+k1+k2)θ

for some constants λk2,k and λk1,k+k2
. Hence, if Tf1Tf2 = Th, then by Theorem 1.1,

h is a quasihomogeneous function of degree k1 + k2. This completes the proof. �

The following corollary, which characterizes the idempotent Toeplitz operators,
is an immediate consequence of Theorem 1.2.

Corollary 3.1. If f is a quasihomogeneous function of degree different from 0 and
if T 2

f = Tf , then f = 0.

We now turn to the proof of Theorem 1.3.

Proof of Theorem 1.3. Assume Teik1θrl1Teik2θrl2 is a Toeplitz operator. By Theo-
rem 1.2, this operator is of the form Tei(k1+k2)θψ(r). Then for any k ∈ N such that

k+ k2 ≥ 0 and k+ k1+ k2 ≥ 0, the equality Teik1θrl1Teik2θrl2 (z
k) = Tei(k1+k2)θψ(z

k)
together with Lemma 2.1 gives

(3.4) r̂l1(2k + 2k2 + k1 + 2)r̂l2(2k + k2 + 2) =
1

2k + 2k2 + 2
ψ̂(2k + k2 + k1 + 2).

Denote
k′ = min{0, k1, k2, k1 + k2}.

Then by (2.1) and (3.4), we have

(rl1+k1+k2−k′
∗M rl2−k′

)̂ (2k+k2+k′+2) = (rk2−k′
∗M rk1−k′

ψ)̂ (2k+k2+k′+2).

Next, by Remark 2.5, the above equation yields that

rl1+k1+k2−k′
∗M rl2−k′

= rk2−k′
∗M (rk1−k′

ψ).

The above equation is equivalent to∫ 1

r

ψ(t)tk1−k2−1dt = rl1+k1

∫ 1

r

tl2−l1−k1−k2−1dt,

from which we can get

(3.5) ψ(r) =

{
l1+k1

l1+k1−l2+k2
rl1+k2 − l2−k2

l1+k1−l2+k2
rl2−k1 if l1 + k1 �= l2 − k2

rl1+k2(1 + (l1 + k1) log r) if l1 + k1 = l2 − k2.

Similarly, it follows from Teik1θrl1Teik2θrl2 (z
k) = Tei(k1+k2)θψ(z

k) that

rl1−k′
∗M rl2+k1+k2−k′

= rk1−k′
∗M (rk2−k′

ψ),

from which we can get

(3.6) ψ(r) =

{
l1−k1

l1−k1−l2−k2
rl1−k2 − l2+k2

l1−k1−l2−k2
rl2+k1 if l1 − k1 �= l2 + k2

rl1−k2(1 + (l1 − k1) log r) if l1 − k1 = l2 + k2.

Since l1, l2 > 0, one can easily see that (3.5) and (3.6) are the same functions if
and only if one of the following holds:

(1) k1 = k2 = 0,
(2) l1 = l2 and k1 = k2 �= 0,
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(3) k1 = l1 and k2 = l2,
(4) k1 = −l1 and k2 = −l2.

To show that only condition (1) holds, we next prove that conditions (2), (3) and
(4) are all impossible to satisfy.

First, assume l1 = l2 and k1 = k2 �= 0. Without loss of generality, we can also
assume that k1 > 0 and k2 > 0, for otherwise we could take the adjoints. Then it
follows from (3.5) that

ψ(r) =
l1 + k1
2k1

rl1+k1 − l1 − k1
2k1

rl1−k1 .

Now, consider the equality Teik1θrl1Teik1θrl1 (z
k1) = Te2ik1θψ(z

k1). Then we get

4(k1 + 1)

(l1 + k1 + 2)2
=

(l1 + k1)(k1 + 1)

k1(l1 + 3k1 + 2)
− (l1 − k1)(k1 + 1)

k1(l1 + k1 + 2)
,

and hence

k1(k1 + l1) = 0,

which is a contradiction since k1 > 0 and l1 > 0.
Next, assume k1 = l1 and k2 = l2. Then ψ(r) = rl1+l2 . So the equality

Tzl1Tzl2 (z
l2) = Tzl1+l2 (z

l2) gives that

2

2l2 + 2
=

2l1 + 2

2l1 + 2l2 + 2
,

and hence

l1l2 = 0,

which is a contradiction since l1 > 0 and l2 > 0.
Finally, assume k1 = −l1 and k2 = −l2. Similarly, it follows that ψ(r) = rl1+l2 .

Then the equality Tzl1Tzl2 (z
l2) = Tzl1+l2 (z

l2) gives that

l1l2 = 0,

also a contradiction.
Consequently, if Teik1θrl1Teik2θrl2 is a Toeplitz operator, then k1 = k2 = 0.
Conversely, the Toeplitz operator Tψ, whose symbol ψ given by

ψ(r) =

{
l1

l1−l2
rl1 − l2

l1−l2
rl2 if l1 �= l2

rl1(1 + l1 log r) if l1 = l2

is obtained by taking k1 = k2 = 0 in (3.5) and (3.6), takes the same values on zk

and zk for all k ∈ N as the product Trl1Trl2 . This completes the proof. �
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