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ON THE ENDOFINITENESS OF A KEY MODULE

OVER PURE SEMISIMPLE RINGS

NGUYEN VIET DUNG AND JOSÉ LUIS GARCÍA

(Communicated by Birge Huisgen-Zimmermann)

Abstract. Let R be a left pure semisimple ring such that there are no non-
zero homomorphisms from preinjective modules to non-preinjective indecom-
posable modules in R-mod, and let W be the left key R-module; i.e., W is the
direct sum of all non-isomorphic non-preinjective indecomposable direct sum-
mands of products of preinjective left R-modules. We show that if the module
W is endofinite, then R is a ring of finite representation type. This settles a
question considered in [L. Angeleri Hügel, A key module over pure-semisimple
hereditary rings, J. Algebra 307 (2007), 361-376] for hereditary rings.

1. Introduction

A ring R is called left pure semisimple if it has left pure global dimension zero or,
equivalently, if every left R-module is a direct sum of finitely generated modules. It
is well known that left and right pure semisimple rings are precisely the rings of finite
representation type, i.e. artinian rings with finitely many isomorphism classes of
finitely generated indecomposable left and right modules (see [4, 16, 24]). However
it is still an open problem, known as the Pure Semisimplicity Conjecture, whether
left pure semisimple rings always have finite representation type (see [19, 27] for
historical surveys on the conjecture).

Preinjective modules played an important role in the study of pure semisimple
rings (see, e.g., [3, 9, 17, 18, 22, 25, 26, 28]). Inspired by work of Reiten and Ringel
[23] on finite-dimensional tame hereditary algebras, Angeleri Hügel [2] recently in-
troduced and studied a key module W over an indecomposable hereditary left pure
semisimple ring R. When R is of infinite representation type, this module W is the
direct sum of all non-isomorphic non-preinjective indecomposable direct summands
of products of preinjective left R-modules. It was shown in [2] that, in the above
situation, W is a finitely generated product-complete module, and moreover W
gives important information on the structure of the ring R. For example, no inde-
composable direct summand of W can be the source of a left almost split morphism
in R-mod, and R is of finite representation type provided the endomorphism ring
of W has right Morita duality [2, Proposition 4.7, Theorem 4.11]. An interesting
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question, studied in [2], is to determine necessary and sufficient conditions on the
ring R for which the key module W is endofinite.

In this paper we give an answer to this question for the wider class of the left
pure semisimple rings R satisfying the condition that there are no non-zero homo-
morphisms from preinjective modules to non-preinjective indecomposable modules
in R-mod. Our main result shows that the endofiniteness of the key module W is
equivalent to R having finite representation type (Theorem 3.6). As a consequence,
if such a ring R is not of finite representation type, then W is a finitely generated
product-complete non-endofinite left R-module whose endomorphism ring is not
right artinian (Remark 3.7).

2. Definitions and preliminaries

Throughout this paper, R is an associative ring with identity. We denote by
R-mod the category of finitely presented left R-modules, and by R-Mod the cat-
egory of all left R-modules. The corresponding categories of right R-modules are
denoted by mod-R and Mod-R.

Let A be a full subcategory of R-Mod and B a full subcategory of A. By Add
B (respectively, add B) we denote the class consisting of all modules of A that are
isomorphic to direct summands of (respectively, finite) direct sums of modules in
B. If B consists of a single module M , we just write Add(M) and add(M) instead.
A right B-approximation of a module M of A is a homomorphism f : B → M with
B ∈ add B such that each map in HomR(X,M) with X ∈ add B factors through
f .

Let C be a family of finitely generated left R-modules. By ind C we mean any
family of representatives of the isomorphism classes of indecomposable summands
of modules in C. For a ring R, we simply write R-ind instead of ind R-mod. Recall
that, for an indecomposable module M in ind C and N in add C, a homomorphism
f : M → N is called a left almost split morphism in add C provided f is not a split
monomorphism, and for any moduleK in add C and any homomorphism g : M → K
which is not a split monomorphism, there is a homomorphism h : N → K such that
g = h◦f . If f : M → N is a left almost split morphism in add C, then we say that M
is a source of a left almost split morphism in add C. Right almost split morphisms

in add C are defined dually. A non-split exact sequence 0 → A
f→ B

g→ C → 0
is called an almost split sequence in add C if the homomorphisms f : A → B
and g : B → C are, respectively, a left and a right almost split morphism in
add C. A homomorphism f : B → C is called a right minimal map if for every
g ∈ HomR(B,B), f = f ◦ g implies that g is an automorphism of B.

Recall that S is a ring with enough idempotents if there is a family of pairwise
orthogonal idempotents {eλ}λ∈Λ in S, so that S =

⊕
Λ eλS =

⊕
Λ Seλ (see, e.g.,

[15]). A left S-module will always mean a unitary left S-module, and S-Mod will
denote the category of unitary left S-modules. The ring S is left locally coherent if
every finitely generated submodule of a finitely presented left S-module is finitely
presented. A left S-module X will be said to be finitely M -presented if there is an
exact sequence Mp → Mq → X → 0 where p and q are integers. Following [7, 8],
a left S-module M is called endofinite if HomS(X,M) is of finite length over the
endomorphism ring of M , for any finitely presented left S-module X. If R is a ring
with identity, then a left R-moduleM is endofinite if and only ifM is of finite length
as a module over its endomorphism ring. A module M is called product-complete
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if Add(M) is closed under products. It is well known that endofinite modules are
product-complete, but the converse is not always true (see [21]).

The following result will be essential in the proof of our main theorem in the
next section.

Proposition 2.1. Let S be a left locally coherent ring with enough idempotents, and
let SM be a finitely presented injective endofinite left S-module. Suppose that every
finitely M -presented left S-module is endofinite and that every finitely presented
quotient of SM embeds in a finitely M -presented module. Then M has an essential
socle.

Proof. See [12, Proposition 2.8]. �

A cotorsion pair is defined as a pair (A,B) of classes of modules in R-Mod such
that B = A⊥ and A = ⊥B, where for any class E of modules,

E⊥ = {M ∈ R-Mod |Ext1R(X,M) = 0 for all X ∈ E} and
⊥E = {N ∈ R-Mod |Ext1R(N,X) = 0 for all X ∈ E}.
A cotorsion pair (A,B) is cogenerated by a class F if B = F⊥. It is clear that,

for any class F of modules, (⊥(F⊥),F⊥) is a cotorsion pair, cogenerated by F .
We will need the following result, due to Eklof and Trlifaj [14].

Theorem 2.2. Let R be any ring and (A,B) a cotorsion pair cogenerated by a
set of modules. Then for any left R-module L there is a short exact sequence
0 → K → F → L → 0 such that K ∈ B and F ∈ A.

Proof. See [14, Theorem 10]. �

We recall the following definition, following Huisgen-Zimmermann [18] (see also
[6]).

Definition 2.3. Let R be a left pure semisimple ring. Then R is left artinian, and
there is a strong preinjective partition R-ind = I1 ∪ I2 ∪ . . . ∪ In ∪ . . . ∪ I∞, where
I∞ =

⋃
α≥ω Iα, such that all sets Iγ (with γ any finite or infinite ordinal) are finite

and pairwise disjoint and Iγ is a minimal cogenerating set for
⋃

β≥γ Iβ for each
γ. An indecomposable module M in R-mod is called preinjective if M ∈ In for
some positive integer n. Note that an indecomposable module M lies in In if and
only if any monomorphism M → N with N ∈ add(In ∪ . . . ∪ I∞) splits (see [18,
Theorem 4], [9, Lemma 2.1]).

If R is left pure semisimple hereditary, then it is well known that an indecompos-
able module M in R-mod is preinjective if and only if HomR(M,N) �= 0 for only
finitely many non-isomorphic finitely generated indecomposable left R-modules N .
We now show that, for left pure semisimple rings, this property can be characterized
by the condition stated in the abstract of the paper.

Proposition 2.4. Let R be a left pure semisimple ring. The following conditions
are equivalent:

(1) For every preinjective left R-module M , HomR(M,N) �= 0 for only finitely
many non-isomorphic indecomposable left R-modules N .

(2) If M,N are indecomposable left R-modules such that M is preinjective and
N is not preinjective, then HomR(M,N) = 0.

Proof. (1) ⇒ (2) See [13, Lemma 4.10].
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(2) ⇒ (1) Suppose that (2) holds, and assume that M is preinjective in R-mod.
By Definition 2.3, there is a strong preinjective partition R-ind = I1 ∪ I2 ∪ . . . ∪
In ∪ . . . ∪ I∞, and M ∈ In0

for some positive integer n0. For any n > n0, let Mn

be the intersection of the kernels of all the homomorphisms M → N , where N is
an indecomposable module belonging to some Ik with k ≥ n.

The sequence Mn0+1 ⊆ Mn0+2 ⊆ . . . is thus an ascending chain of submodules
of M . Since M is noetherian, there is some k > n0 such that Mk = Ms for all
indices s > k. We now show that Mk = M .

Suppose that Mk �= M . Then M/Mk is a non-zero quotient of M ; hence by (2) it
is a finite direct sum of preinjective modules. Therefore there exists some index m
such that all the indecomposable direct summands of M/Mk belong to I1∪ . . .∪Im.
Now let s > m, k. Since Mk = Ms, we have that M/Mk is cogenerated by the
modules in the sets Ir(r ≥ s). Moreover, M/Mk is isomorphic to a submodule of a
finite direct sum of modules belonging to those sets Ir, because R is left artinian.
Thus each non-zero indecomposable summand of M/Mk is a preinjective module
belonging to some In, with n ≤ m, which has a monomorphism into a module N ∈
add(In+1 ∪ . . . ∪ I∞). But this is a contradiction.

This proves that Mk = M for some index k. This implies that HomR(M,N) = 0
if N is a preinjective module not belonging to I1 ∪ . . . ∪ Ik. Since this is a finite
set and HomR(M,N) = 0 if N is not preinjective, we see that HomR(M,N) �= 0
for only finitely many non-isomorphic indecomposable modules N . �

Finally, we recall the construction of the right functor ring of a ring R, following
[15]. Let {Uλ|λ ∈ Λ} be a complete family of all non-isomorphic finitely presented
right R-modules, and set U =

⊕
λ∈Λ Uλ. Let S = {f ∈ HomR(U,U)|f(Uλ) = 0

for almost all λ ∈ Λ}. The ring S, defined naturally in this way, is called the
right functor ring of R. Note that S is a left locally coherent ring with enough
idempotents, and there is a full and faithful functor T = U ⊗R − : R-Mod → S-
Mod, which has a right adjoint. The functor T gives an equivalence between R-Mod
and the FP-injective left S-modules, and T (M) is injective in S-Mod if and only
if M is pure-injective in R-Mod. Moreover, T preserves direct sums and direct
products and preserves and reflects finitely presented modules.

We refer the reader to [30, Chapter 10] for more basic properties of the functor
ring S and the functor T described above, and to [1, 29, 30] for general properties
of rings, modules, and categories, and for all undefined notions used in the text.

3. Main results

Throughout this section, we assume that R is a left pure semisimple ring that
satisfies the following condition:
(A) HomR(X,Y ) = 0 for any preinjective left R-module X and non-preinjective
indecomposable left R-module Y .

In view of Proposition 2.4, for such a ring R, each preinjective left R-module
has non-zero homomorphisms only to finitely many non-isomorphic indecomposable
modules. In particular, left pure semisimple hereditary rings satisfy (A), but not
conversely. In fact, non-hereditary rings of finite representation type give obvious
examples of left pure semisimple rings that satisfy (A) but are not hereditary.

We start with some notation that will be used throughout this section. Let us
denote by C0 the class of all indecomposable left R-modules which are not prein-
jective and by C the class of all left R-modules which have no non-zero preinjective
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direct summands. Let D be the class of all left R-modules that are isomorphic
to direct sums of indecomposable direct summands of products of preinjective left
R-modules. Motivated by the similar construction in [2], we define the left key
R-module W to be the direct sum of all non-isomorphic non-preinjective indecom-
posable direct summands of products of preinjective left R-modules. Note that
when R is an indecomposable hereditary left pure semisimple ring, as in [2], the
module W constructed in [2, Theorem 4.3] coincides with our left key module if R
is of infinite representation type (see [2, Theorem 4.8]).

We observe also that a module belongs to D if and only if it is a direct sum
of preinjective modules and indecomposable summands of W . We first give some
preliminary results.

Lemma 3.1. The class D coincides with C⊥. Consequently, it is closed under
extensions.

Proof. Suppose first that M is preinjective and C is a module in C. Let 0 → M
f→

X → C → 0 be a short exact sequence. Then we write X = X0 ⊕ X1, with
X0 a direct sum of preinjective modules, and X1 ∈ C. By the condition (A), the
image of f is contained in X0; hence we may identify C = X1 ⊕ L, where L is the
cokernel of the restriction f : M → X0. But this cokernel is an epimorphic image
of X0 and belongs to C; hence it is zero by our assumption. Therefore f is a split
monomorphism, and this shows that Ext1R(C,M) = 0 and M ∈ C⊥.

Next, note that the class C⊥ is closed under taking direct products and direct
summands (see, e.g., [13, Lemma 4.6]), so D ⊆ C⊥. The converse inclusion follows
by combining Proposition 2.4 and the last paragraph of the proof of [13, Theo-
rem 4.12]. �

Lemma 3.2. W is a finitely generated product-complete module, and the indecom-
posable summands of W are precisely the indecomposable modules in C⊥ ∩ C.

Proof. The fact that W is a finitely generated product-complete module was proven
in [13, Corollary 4.8]. The second assertion follows from Lemma 3.1. �

When R is hereditary and indecomposable, the following result also follows from
[2, Proposition 4.6].

Proposition 3.3. Let N be a module in C which has no direct summand isomorphic
to a direct summand of W . Then HomR(W,N) = 0.

Proof. Let us first show that there is not any monomorphism Y → N if Y is a non-
zero indecomposable direct summand of W . Assume to the contrary that there is

a short exact sequence 0 → Y → N
p→ Z → 0. We know that Z = Z1 ⊕ Z0 such

that Z0 belongs to D and the direct summands of Z1 do not belong to D. Let
U = p−1(Z0) so that we get a short exact sequence,

0 → Y → U → Z0 → 0,

and the property that Y and Z0 belong to the class D, which is closed under
extensions by Lemma 3.1, implies that U ∈ D. On the other hand, there is also a
short exact sequence

0 → U → N → Z1 → 0.

Since U ∈ D and Z1 ∈ C, we see that the above sequence splits; hence U is
isomorphic to a direct summand of N . But then U cannot have preinjective direct
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summands since N ∈ C. Thus any indecomposable direct summand of U would be
a direct summand of W , which cannot happen by the hypothesis. So we infer that
U = 0, and the monomorphism Y → U implies Y = 0, which is a contradiction.

Suppose now that there is a non-zero homomorphism f : W → N and let X
be the image of f in N . Starting with the short exact sequence 0 → K → W →
X → 0, we consider for each module C ∈ C the exact sequence Ext1R(C,W ) →
Ext1R(C,X) → Ext2R(C,K). Combining Proposition 2.4 with [13, Lemma 4.10], we
infer that C has projective dimension at most one, hence Ext2R(C,K) = 0. Note
also that Ext1R(C,W ) = 0 by Lemma 3.1. Hence Ext1R(C,X) = 0, showing that
X ∈ D by Lemma 3.1. This implies that all indecomposable direct summands of X
are either preinjective or summands of W . But if Y is a non-zero indecomposable
direct summand of X which is isomorphic to a direct summand of W , then we have
seen above that there is no monomorphism Y → N . Thus X would have to be a
direct sum of preinjective modules, which contradicts condition (A). �

We now consider the cotorsion pair cogenerated by the set of modules C0. Since
D = C⊥

0 (because every module in C is a direct sum of modules in C0), this cotorsion
pair is (⊥D,D). For a left R-module N with its endomorphism ring S, recall that
the local dual of N is defined to be the right R-module D(N) = HomS(N,C),
where C is a minimal injective cogenerator of the category Mod-S. The transpose
of a finitely presented R-module M is denoted by Tr(M).

Lemma 3.4. A module X belongs to ⊥D if and only if it is a direct sum of a
module in C and a direct sum of indecomposable left R-modules that are projective
and preinjective.

Proof. The “if” part is clear by Lemma 3.1.
For the converse, let X ∈ ⊥D and let N be an indecomposable direct summand

of X which does not belong to C. Then N has to be preinjective. Suppose that
N is not projective. Then, by Auslander’s theorem [5, Theorem I.3.9], there is an
almost split sequence in R-Mod,

0 → A → K → N → 0,

where A ∼= D(Tr(N)). Since this sequence is not split, we have that Ext1R(N,A) �=
0. Note that by Proposition 2.4 and [13, Lemma 4.10], we have that A is a prein-
jective left R-module. Hence A belongs to D. But this clearly contradicts the
assumption that N is a direct summand of X ∈ ⊥D. �

Let P be the direct sum of a set of representatives of the isomorphism classes
of indecomposable projective preinjective left R-modules. Then P is finitely gener-
ated, as the number of isomorphism classes of indecomposable projective modules
is finite. Let us set W1 = W ⊕ P . Thus, in view of Lemma 3.2, W1 is finitely gen-
erated. For hereditary indecomposable rings, a version of the next result is given
in [2, Proposition 4.4].

Proposition 3.5. Every finitely presented module of D is finitely W1-presented.

Proof. Let M ∈ D be a finitely presented module. We apply Theorem 2.2 to the
cotorsion pair (⊥D,D). Since it is cogenerated by the set C0 of indecomposable
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(finitely generated) non-preinjective left R-modules, we know that there is an exact
sequence,

0 → K → X → M → 0,

with X ∈ ⊥D and K ∈ D.
By Lemma 3.4 and the definition of W1, we have X = X0 ⊕ X1, where X0 ∈

Add(W1) and X1 ∈ C has no direct summands in D. Since K ∈ D and there are
no non-zero homomorphisms from modules in D to X1 by Proposition 3.3, we have
that the image of K is inside X0. Thus X1 is isomorphic to a direct summand of
M . If X1 �= 0, then X1 would have a direct summand in D, which is contrary to
our assumptions. Hence X1 = 0, and X = X0 belongs to Add(W1).

In particular, for every finitely presented module N ∈ D there is an epimorphism
Z → N where Z is a finitely presented module of Add(W1); hence Z ∈ add(W1).

Now, let X =
⊕

i∈I Xi and K =
⊕

j∈J Kj be indecomposable decompositions,

and set KF =
⊕

j∈F Kj for each finite subset F ⊆ J . Since D is closed under
direct summands and finite direct sums, we have KF ∈ D. As K is the direct
union of its submodules KF , we have that M ∼= X/K ∼= lim−→(X/KF ) (see [29,

Proposition IV.8.9]).
Since M is finitely presented, the functor HomR(M,−) commutes with direct

limits, and hence M is isomorphic to a direct summand of X/KF for some F . But
thenM is isomorphic to a direct summand of a module of the form (

⊕
i∈F1

Xi)/KF ,
where F1 is a finite subset of I, because M is finitely generated. Therefore, we
conclude that there is a left R-module N so that M ⊕ N ∼= Y/L, where Y, L are
finitely generated and Y ∈ add(W1), L ∈ D.

We may thus suppose that N ∼= Y1/L for some submodule Y1 ⊆ Y , so that
M ∼= Y/Y1. By Lemma 3.1, D is closed under extensions, and N , being a quotient
of Y , is in D by Proposition 3.3. Hence we have that Y1 ∈ D. So we get a short exact
sequence 0 → Y1 → Y → M → 0, with Y ∈ add(W1) and Y1 a finitely presented
module of D. By the above observation, there is an epimorphism Z → Y1 with
Z ∈ add(W1). Then the right exact sequence Z → Y → M → 0 shows that M is
finitely W1-presented. �

We are now ready to prove our main result.

Theorem 3.6. Let R be a left pure semisimple ring such that there are no non-
zero homomorphisms from preinjective modules to non-preinjective indecomposable
modules in R-mod. The left key R-module W is endofinite if and only if R is of
finite representation type.

Proof. If R is of finite representation type, then it is well known that every left (or
right) R-module is endofinite (see [20, Theorem 6]).

For the converse, suppose that W is endofinite. If W = 0, this would mean that
any direct product of preinjective modules in R-mod is a direct sum of preinjective
modules. Therefore, R is of finite representation type by [18, Corollary B] (cf. also
[13, Corollary 3.12]).

Thus, we now assume that W is non-zero. We will get a contradiction by fol-
lowing several steps. Let S be the right functor ring of R. We know that S is left
locally noetherian [30, 53.7] and that there is a full and faithful functor T : R-Mod
→ S-Mod such that T (M) is injective as a left S-module for every module M in
R-Mod. Let W1 be the module as in Proposition 3.5.

(1) W1 is a finitely presented endofinite module.
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We know that a finite direct sum of endofinite modules is endofinite [7, Propo-
sition 4.3]. Since W is endofinite and each preinjective left R-module is endofinite
[13, Corollary 3.6], we see that W1 is endofinite.

(2) A left S-module L is finitely T (W1)-presented if and only if there is a finitely
W1-presented module N such that T (N) ∼= L.

If N is finitely W1-presented, then there is an exact sequence

W r
1 → W t

1 → N → 0.

Since the functor T is additive and right exact, we get the corresponding exact
sequence in S-Mod,

T (W1)
r → T (W1)

t → T (N) → 0,

which shows that T (N) is finitely T (W1)-presented.
Conversely, let there be given an exact sequence in S-Mod,

T (W1)
r f→ T (W1)

s → L → 0.

Since T is an additive full functor, we have that there is a homomorphism a :
W r

1 → W s
1 such that T (a) = f . This gives rise to an exact sequence in R-Mod

W r
1

a→ W s
1 → Y → 0. Then Y ∼= Coker(a) so that T (Y ) ∼= Coker(T (a)) ∼=

Coker(f) ∼= L, because T is right exact. Thus L ∼= T (Y ), with Y being a finitely
W1-presented module.

(3) If L is a finitely T (W1)-presented left S-module, then L is endofinite.
By (2) above, L ∼= T (M) for some M which is finitely W1-presented. Then

M ∈ D by Proposition 3.3 and assumption (A). Therefore M is a finite direct sum
of preinjective modules and direct summands of W , and hence M is endofinite, as
shown in (1). Then T (M) is also endofinite, by [8, 3.6, Lemma 1].

(4) Let q : T (W1) → L be an epimorphism of S-Mod. Then L embeds in a finitely
T (W1)-presented left S-module.

We know that L is finitely generated and hence finitely presented because S is
left locally noetherian. Thus L embeds in a module of the form T (N) for N a
finitely presented left R-module by [8, 3.3, Lemma 3] (cf. [10, Theorem 2.4]).

We then construct the homomorphism f : T (W1) → T (N) by composing the
epimorphism q with the canonical inclusion. Since T is full, we know that there is
a homomorphism a : W1 → N such that T (a) = f .

By Proposition 3.3 and condition (A), there are no non-zero homomorphisms
from W1 to any indecomposable module which does not belong to D. Therefore
there is a direct summand N0 ⊆ N such that Im(a) ⊆ N0 and N0 ∈ D. Thus
a : W1 → N factors through the inclusion N0 ↪→ N .

Consequently, f = T (a) can be factored through the direct summand T (N0) of
T (N), and therefore the image L of T (a) is contained in T (N0). Since N0 ∈ D,
the module N0 is finitely W1-presented by Proposition 3.5. Then T (N0) is finitely
T (W1)-presented by (2), and this proves (4).

(5) Each indecomposable direct summand of W is the source of a left almost split
morphism in R-mod.

We use Proposition 2.1, applied to the left locally coherent ring S and to the
injective left S-module T (W1). We know that the hypotheses of the proposition are
satisfied by points (1), (3) and (4). The conclusion is that T (W1) has an essential
socle. Therefore, if M is any indecomposable direct summand of W , then T (M)
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has an essential socle, which implies that M is the source of a left almost split
morphism in R-mod, by [11, Lemma 2.4].

Finally, we have reached the contradiction, because W �= 0 and we know that
each indecomposable direct summand of W is not the source of a left almost split
morphism in R-mod, by [13, Corollary 4.8]. �

We conclude the paper with the following.

Remark 3.7. (a) Let R be a two-sided artinian hereditary indecomposable left pure
semisimple ring. Angeleri Hügel considered in [2, Section 5] the cotorsion pair
(M,L) cogenerated by the preprojective component p in Mod-R, and she showed
that the key module W in R-Mod is endofinite if and only if the class M is closed
under direct limits in Mod-R (see [2, Theorem 5.6]). Combining this result with
our Theorem 3.6, we deduce that the class M is closed under direct limits precisely
when R is of finite representation type.

(b) Let R and W be as in Theorem 3.6, and suppose R is not of finite representa-
tion type. Then, by combining Theorem 3.6 with Proposition 2.4 and [13, Theorem
4.12], we obtain a complete description of the module W as follows: W is a finitely
generated product-complete non-endofinite left R-module, and the endomorphism
ring S of W is not right artinian, because W is finitely presented over its endo-
morphism ring [21, Proposition 3.9]. Moreover, if fk : Mk → Ik are the minimal
right C-approximations of all the indecomposable injective left R-modules, then the
indecomposable summands of W are precisely the indecomposable summands of
Mk and of the kernels Ker(fk).
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[3] L. Angeleri Hügel and H. Valenta, A duality result for almost split sequences, Colloq. Math.
80 (1999), 267-292. MR1703897 (2000h:16025)

[4] M. Auslander, Representation theory of Artin algebras. II, Comm. Algebra 1 (1974), 269-310.
MR0349747 (50:2240)

[5] M. Auslander, Functors and morphisms determined by objects, Lecture Notes in Pure and
Appl. Math., 37, Dekker, New York, 1978, 1-244. MR0480688 (58:844)

[6] M. Auslander and S. O. Smalø, Preprojective modules over Artin algebras, J. Algebra 66
(1980), 61-122. MR591246 (83a:16039)

[7] W. W. Crawley-Boevey, Modules of finite length over their endomorphism rings, in “Rep-

resentations of algebras and related topics” (Eds. S. Brenner and H. Tachikawa), London
Math. Soc. Lecture Note Series, Vol. 168, Cambridge University Press, 1992, pp. 127-184.
MR1211479 (94h:16018)

[8] W. W. Crawley-Boevey, Locally finitely presented additive categories, Comm. Algebra 22
(1994), 1641-1674. MR1264733 (95h:18009)

[9] N. V. Dung, Strong preinjective partitions and almost split morphisms, J. Pure Appl. Algebra
158 (2001), 131-150. MR1822837 (2002c:16019)
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