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ON THE GLAUBERMAN CORRESPONDENT OF A BLOCK

YUANYANG ZHOU

(Communicated by Jonathan I. Hall)

Abstract. In this paper, we analyze the compatibility of Fong’s reduction
and the Glauberman correspondence of characters and then clarify that the
p-solvable hypothesis in a paper of Harris and Linckelmann is not necessary.

Let O be a complete discrete valuation ring with an algebraically closed residue
field k of characteristic p and a quotient field K of characteristic 0. In addition, K
is also assumed to be big enough for all finite groups that we consider below. Let
G be a finite group. We denote by Irr(G) the set of all irreducible characters of G.
Let A be another finite group acting on G. Then clearly A acts on Irr(G). The
following theorem is due to Glauberman [4] and relates the A-fixed set (IrrK(G))A

with the set IrrK(CG(A)).

Theorem 1. For any A-group G with A solvable and |G| and |A| coprime, there
is a bijection π(G, A) : IrrK(G)A → IrrK(CG(A)) such that

1.1. For any normal subgroup B of A, the bijection π(G, B) maps (IrrK(G))A to
(IrrK(CG(B)))A, and we have π(G, A) = π(CG(B), A/B)◦π(G, B) on (IrrK(G))A.

1.2. If A is a q-group for some prime q, for any χ ∈ (IrrK(G))A the corresponding
irreducible character π(G, A)(χ) of CG(A) is the unique irreducible constituent of

ResGCG(A)(χ) occurring with a multiplicity prime to q.

2. Continue to keep the notation in Theorem 1. Let b be a block idempotent of
OG. We denote by Irr(G, b) the set of all irreducible characters of G provided by
some KGb-module. If A centralizes a defect group P of b, by [9, Prop. 1 and
Th. 1], A stabilizes all characters of Irr(G, b) and there is a unique block idem-
potent c of OCG(A) such that Irr(CG(A), c) = π(G, A)(Irr(G, b)); moreover b and
c are perfectly isometric (refer to [1]). Such a block idempotent c is called the
Glauberman correspondent of b (see [9]). A perfect isometry between blocks is
considered to be the character-theoretic ‘shadow’ of a derived equivalence. So it is
very interesting to ask whether there is such a derived equivalence between a block
and its Glauberman correspondent. More strongly, with the p-solvable hypothesis,
Harris and Linckelmann proved that a block and its Glauberman correspondent
are Morita equivalent. In this paper, we analyze the compatibility of Fong’s reduc-
tion and the Glauberman correspondence of characters and then clarify that the
p-solvable hypothesis in [5] is not necessary.
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Theorem 3. Let G be an A-group with A solvable and |G| and |A| be co-prime. Let
b be a block idempotent of OG with a defect group P centralized by A and let c be
the Glauberman correspondent of b (refer to [9]). If G = Op′(G)CG(A), then there
is an indecomposable O(G× CG(A))-module M having the following properties:

3.1. The p-subgroup Δ(P ) = {(x, x)|x ∈ P} of G× CG(A) is a vertex of M .

3.2. M induces a Morita equivalence betweenOGb and OCG(A)c, and the bijection
between Irr(G, b) and Irr(CG(A), c) induced by this Morita equivalence coincides
with the Glauberman correspondence from Irr(G, b) to Irr(CG(A), c).

4. Firstly we introduce some notation and terminology used in this paper. Let
S be a set and H be a group acting on S. For any h ∈ H and s ∈ S, we write
the action of h on s as h · s. Let A be an O-algebra with the identity element.
We denote by A∗ the multiplicative group of all invertible elements of A. Let K
be a finite group. A group K̂ is an O∗-group with the O∗-quotient K if there
is an injective group homomorphism ρ : O∗ → Z(K̂) such that K̂/ρ(O∗) ∼= K.

Then K̂ can be regarded as a central extension of K by O, and, in this case, we
denote by O∗K̂ the twisted group algebra corresponding to this central extension
(see [10, 10.4]). For any λ ∈ O∗ and x ∈ K̂, we write the product ρ(λ)x as λ · x
for convenience. For any subgroup L of K, we denote by L̂ the inverse image
of L through the canonical surjective homomorphism K̂ → K; then L̂ is an O∗-
group with the O∗-quotient L. The group K̂ with another injective homomorphism
O∗ → Z(K̂), λ �→ ρ(λ−1) is also an O∗-group with the O∗-quotient K. We call this

O∗-group the opposite O∗-group of K̂ and denote it by K̂◦. Let Ĥ be an O∗-group
with the O∗-quotient H. A homomorphism θ : K̂ → Ĥ is called a homomorphism
of O∗-groups if for any λ ∈ O∗ and x ∈ K̂, we have θ(λ·x) = λ·θ(x). Below, we will
occasionally use the induction of interior K-algebras, the Brauer quotients and the
Brauer homomorphisms; for their definitions and corresponding notation, readers
can refer to [10]; by the word “character”, we sometimes indicate a character on a
group and sometimes indicate a character on an algebra, but that does not cause
any confusion.

Next we begin to analyze the compatibility of Fong’s reduction and the Glauber-
man correspondence of characters. Let G be a finite group, b be a block idempotent
of OG and P be a defect group of b. Let A be another finite group acting on G.
We assume that |G| and |A| are coprime, Op′(G) ∩ CG(A) = Op′(CG(A)), A is
cyclic with the order a power of some prime q and A centralizes P . Let c be the
Glauberman correspondent of b. Set C = CG(A) and let R be a Sylow p-subgroup
of C containing P .

5. Let I be the set of all block idempotents f of OOp′(G) such that bf �= 0. The
action of A on Op′(G) induces an action of A on OOp′(G), which again induces
an action of A on I. We consider the action of the semidirect G � A defined by
the equality g · f = gfg−1, where g ∈ G and f ∈ I, together with the action of
A on I. By this action, it is well known that G acts transitively on I; moreover
since |G| and |A| are co-prime, by [3, Lemma 13.8 and Cor. 13.9], the set IA of
A-fixed points in I is non-empty and CG(A) acts transitively on IA. We denote by

K the stabilizer of f in G and set TrGK(f) =
∑

x∈G/K xfx−1, where G/K is a set

of representatives of right cosets of K in G. Clearly ffx = 0 for any x ∈ G −K;



ON THE GLAUBERMAN CORRESPONDENT OF A BLOCK 2643

therefore by [3, 2.6.3], we have an isomorphism

(5.1) IndGK(OKf) ∼= OGTrGK(f)

which maps 1⊗ y ⊗ 1 onto y for any y ∈ OKf .

6. Since any element of Z(IndGK(OKf)) can be written as the sum
∑

x∈G/K x ⊗
a⊗ x−1 for some a ∈ Z(OKf), by the isomorphism (5.1), the map

(6.1) Z(OKf) → Z(OGTrGK(f)), a �→
∑

x∈G/K

xax−1

is an isomorphism. Obviously Z(OKf) and Z(OGTrGK(f)) are both A-stable
and the isomorphism (6.1) is compatible with the A-actions on Z(OKf) and

Z(OGTrGK(f)). Since bTrGK(f) = b, b ∈ Z(OGTrGK(f)) and we denote by d the
inverse image of b through (6.1), which is A-stable. Then b =

∑
x∈G/K xdx−1 and

dxdx−1 = 0 for any x ∈ G−K. Again by [3, 2.6.3], we have an isomorphism

(6.2) IndGK(OKd) ∼= OGb

mapping 1⊗ y ⊗ 1 onto yb for any y ∈ OKd.

7. Let J be the set of all defect groups of d. It is well known thatK acts transitively
on J . Since A stabilizes d, A also acts on J . We consider the action of K �A on J
defined by these two actions of A and K on J . Since |A| and |K| are co-prime, by
[3, Lemma 13.8 and Cor. 13.9], the JA of all A-stable elements of J is non-empty
and CK(A) acts transitively on JA. Similarly b also has A-stable defect groups and
CG(A) acts transitively on all these defect groups. By the isomorphism (6.2), all
defect groups of d are also defect groups of b. Since P is a defect group centralized
by A, adjustingK and d by suitable CG(A)-conjugation, we can assume that P ≤ K
and P is a defect group of d. Let e and g be the Glauberman correspondents of d
and f respectively. Since we assume Op′(G) ∩ CG(A) = Op′(CG(A)), g is actually
a block idempotent of OOp′(CG(A)).

Proposition 8. Keep the notation and hypotheses as above. Then the stabilizer of
g under the CG(A)-conjugation is equal to CK(A), ge = e and there is an isomor-
phism

(8.1) Ind
CG(A)
CK(A)(OCK(A)e) ∼= OCG(A)c.

Proof. It is trivial to see that [5, Th. 5.1] still holds without the p-solvable condition.
Now we assume that the block idempotent f of OOp′(G) is stabilized by G�A;

then K = G, d = b, e = c and CK(A) = CG(A). �
9. Obviously G acts on the full matrix algebra OOp′(G)f over O, and by the
Skolem-Noether theorem, there exists a group homomorphism

ρ : G → Aut(OOp′(G)f) ∼= (OOp′(G)f)∗/O∗.

We denote by Ĝ the set of all elements (x, s) such that ρ(x) is the image of s in

(OOp′(G)f)∗/O∗, where s ∈ (OOp′(G)f)∗ and x ∈ G. Ĝ is a group with respect
to the multiplication (x, s)(x′, s′) = (xx′, ss′). Endowed with the homomorphism

O∗ → Ĝ mapping λ onto (1, λ), Ĝ becomes an O∗-group with the O∗-quotient G.

There is an injective group homomorphism Op′(G) → Ĝ, x �→ (x, xb), whose image

is normal in Ĝ and intersects O∗ trivially. Later we always identify Op′(G) with
this image through the injective homomorphism.
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10. We set

Ḡ = G/Op′(G) and ˆ̄G = Ĝ/Op′(G).

For any (x, s) ∈ Ĝ, we denote by (x, s) the image of (x, s) in Ḡ. With the obvious

injective homomorphism O∗ → Ĝ/Op′(G) mapping λ onto (1, λ), ˆ̄G is an O∗-group
with the O∗-quotient Ḡ. The actions of A on OOp′(G)g and G induce an action of

A on Ĝ defined by the equality

a · (x, s) = (a · x, a · s)

for any a ∈ A and (x, s) ∈ Ĝ. Obviously Op′(G) is an A-stable normal subgroup

of Ĝ and thus the action of A on Ĝ induces an action of A on ˆ̄G. Set m =
|G||Op′(G)| and denote by μm the subgroup of O∗ of all m-th roots of unity. For

any x ∈ G, choose sx ∈ (OOp′(G)f)∗ such that (x, sx) ∈ Ĝ and det(sx) = 1. Set
G′ = {(x, λsx)|λ ∈ μm, x ∈ G}.

Lemma 11. Keep the notation and hypotheses as above. Then G′ is an A-stable
finite subgroup of Ĝ such that Ĝ = O∗G′ and Op′(G) ≤ G′; moreover, the exponent
of G′ divides m.

Proof. This lemma easily follows from the proof of [5, 4.5 (i)]. �

12. SinceOOp′(G)f is a full matrix algebra overO and its rank overO is prime to p,
the restriction to R of the homomorphism ρ can be lifted to a unique homomorphism
σ : R → (OOp′(G)f)∗ such that det(σ(u)) = 1 for any u ∈ R (refer to [7, para. 6.2]).

By this homomorphism, we define a new homomorphism R → Ĝ, u �→ (u, σ(u)),
which is injective and whose image intersects O∗ trivially. We identity R with its
image through this homomorphism. We claim that

(12.1) R ⊂ CG′(A).

Firstly, since OOp′(G)f is a full matrix algebra over O, by the Skolem-Noether
theorem, for any a ∈ A and u ∈ R, a(σ(u)) is equal to some conjugate of σ(u) in
OOp′(G)f and thus det(a(σ(u))) = 1; then it follows from the uniqueness of the
homomorphism σ that a(σ(u)) = σ(u) for any a ∈ A and u ∈ R. This shows that A

centralizes the subgroup R of Ĝ. Secondly it is clear that suσ(u)
−1 is an invertible

element of O with order dividing m. Therefore there is some λ ∈ μm such that
su = λσ(u) and then (u, σ(u)) ∈ G′. The claim is proved.

13. By [5, Th. 4.4], there is an algebra isomorphism

(13.1) OGf ∼= OOp′(G)f ⊗O O∗
ˆ̄G◦

mapping xf onto s⊗(x, s) for any x ∈ G. Since fb = b, this isomorphism determines

a central primitive idempotent b̄ of O∗
ˆ̄G◦ such that

(13.2) OGb ∼= OOp′(G)f ⊗O O∗
ˆ̄G◦b̄.

Moreover the image of P in Ḡ is a defect group of b̄ (refer to [8, Cor. 6.6]). Since
P and the image of P in Ḡ are isomorphic, we identify them. We let α be the

unique character of OOp′(G)f and denote by Irr( ˆ̄G◦, b̄) the set of characters of all
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irreducible K ⊗O O∗
ˆ̄G◦b̄-modules. Then by the isomorphism (13.2), we obtain a

bijection

(13.3) Irr(G, b) → Irr( ˆ̄G◦, b̄), χ �→ χ̄

such that for any x ∈ G, χ(x) = α(s)χ̄(x, s).

14. By paragraph 9 applied to C, OOp′(C) and g, we obtain a group homomor-
phism

	 : C → Aut(OOp′(C)g) ∼= (OOp′(C)g)∗/O∗.

By this homomorphism, we construct anO∗-group C̃ with theO∗-quotient C, which
is the set of all elements (y, t) such that 	(y) is the image of t in (OOp′(C)g)∗/O∗,

where t ∈ (OOp′(C)g)∗ and y ∈ C. Just as Ĝ in paragraph 9, Ĉ has three sub-
groups: the first is the normal group {(y, yg)|y ∈ Op′(C)} and we identity this
normal subgroup with Op′(C); the second is the subgroup C ′ consisting of all el-
ements (y, λty), where λ ∈ μm, y ∈ C and ty belongs to (OOp′(C)g)∗ such that

(y, ty) ∈ C̃ and det(ty) = 1; the third is the p-group R = {(u, ς(u))|u ∈ R}, where
ς : R → (OOp′(C)g)∗ is the unique lifting of the restriction of 	 to R such that
det(ς(u)) = 1 for any u ∈ R. Note that the exponent of C ′ also divides m (refer to
Lemma 11) and that R ⊂ C ′ (refer to (12.1)). We set

C̄ = C/Op′(C) and ˜̄C = C̃/Op′(C)

and denote by (x, t) the image of (x, t) in ˜̄C for any (x, t) ∈ C̃. Then ˜̄C is an
O∗-group with O∗-quotient C̄.

15. By [5, Th. 4.4], there is an algebra isomorphism

(15.1) OCg ∼= OOp′(C)g ⊗O O∗
˜̄C◦

mapping xg onto t⊗(x, t) for any x ∈ C. Since gc = c, this isomorphism determines

a central primitive idempotent c̄ of O∗
˜̄C◦ such that

(15.2) OCc ∼= OOp′(C)g ⊗O O∗
˜̄C◦c̄.

Let β be the unique character of OOp′(C)g and denote by Irr( ˜̄C◦, c̄) the set of

characters of all irreducible K ⊗O O∗
˜̄C◦c̄. By the isomorphism (15.2), we obtain a

bijection

(15.3) Irr(C, c) → Irr( ˜̄C◦, c̄) , ψ �→ ψ̄

such that for any x ∈ C, ψ(x) = β(t)ψ̄(x, t).

Lemma 16. Keep the notation and hypotheses as above. Then CĜ(A) = Ĉ and

CG′(A) is a subgroup of Ĉ such that O∗CG′(A) = Ĉ.

Proof. Take x ∈ C and let K be the set of all the inverse images of x through the
canonical surjective homomorphism G′ → G. Then since it follows from Lemma 11
that G′ is A-stable, A stabilizes K. Consider the action of μm × A on K defined
by the left multiplication of μm on K and the above A-action on K together. Since
μm acts regularly on K and A and μm have co-prime order, by [3, Lemma 13.8 and
Cor. 13.9], A has to stabilize some element of K and μm regularly acts on these
A-stabilized elements; in particular, A stabilizes all elements of K. This shows that
CG′(A) is a subgroup of Ĉ such that O∗CG′(A) = Ĉ. Thus CĜ(A) = Ĉ. �
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The following two lemmas will be used to analyze the local structure of the
O(G × CG(A))-module in Theorem 3 inducing Morita equivalence between OGb
and OCG(A)c. For the compatibility of Fong’s reduction with the Glauberman
correspondence of characters (see Proposition 23 below), they can be skipped for
now.

Lemma 17. Keep the notation and hypotheses as above. There is an isomorphism

Φ : CG′(A) ∼= C ′,

which preserves R and Op′(C) element-wise and makes the following diagram com-
mutative:

(17.1)
1 → μm → CG′(A) → C → 1

‖ ↓ ‖
1 → μm → C ′ → C → 1.

Proof. We choose a local subring O′ of K obtained by adding a primitive
|Op′(G)|-th root ξ of unity to the ring of rational integers Z and localizing Z[ξ]
at a maximal ideal containing q; then |Op′(G)| is invertible in O′ and the residue
field k′ of O′ is equal to Fq(ξ) and has characteristic q. Let α be the unique char-
acter of OOp′(G)f . Then for any a ∈ OOp′(G)f , by the Fourier inversion formula,
we have

a =
α(1)

|Op′(G)|
∑

z∈Op′ (G)

α(az−1)z.

Whenever a takes f or sx for x ∈ C, az−1 has finite order dividing m. Therefore
α(az−1) ∈ Z[ξ], f ∈ (O′Op′(G))A and sx ∈ (O′Op′(G))A for any x ∈ C. Further-
more sx ∈ (O′Op′(G)f)A for any x ∈ C since sxf = sx. Similarly g ∈ O′Op′(C)
and ty ∈ O′Op′(C)g for any y ∈ C.

We denote by ḡ the image of g in k′Op′(C). Since brA(sx) and brA(tx) both act
on k′Op′(C)ḡ as x for any x ∈ C, there is a unique νx ∈ k′∗ such that brA(sx) =
νxbrA(tx). Moreover since brA(sx) and brA(tx) both have order dividing m, νx has
finite order dividing m. Therefore we can uniquely lift νx to an invertible element
of O′ with the same order as νx; we still denote this invertible element by νx. Then
by the proof of [5, 4.5.8], we can prove that there is an isomorphism of O∗-groups

(17.2) C̃ ∼= Ĉ

which maps (x, tx) onto (x, νxsx) for any x ∈ C and (x, xg) onto (x, xf) for any x ∈
Op′(C). In particular, the isomorphism (17.2) induces an isomorphism CG′(A) ∼=
C ′. The latter preserves Op′(C) element-wise and fulfilling (17.1), but unfortunately
it does not preserve R element-wise. So we have to adjust the isomorphism (17.2).

Since R ⊂ CG′(A) and R ⊂ C ′ (refer to (12.1) and paragraph 14), without loss
of generality, we take tu to be ς(u) and su to be σ(u) for any u ∈ R. Then the

isomorphism C̃ ∼= Ĉ above implies that for any u, v ∈ R, νuνv = νuv. This shows
that the function ν : R → Z[ξ], u �→ νu is a linear character of R. We claim that
ν is C-stable. By the uniqueness of σ and ς, we have xσ(u)x−1 = σ(xux−1) and
xς(u)x−1 = ς(xux−1) for any x ∈ C and u ∈ R such that xux−1 ∈ R. Then we
have

ν(xux−1) = brA(σ(xux
−1))brA(ς(xux

−1)) = brA(xσ(u)x
−1)brA(xς(u)x

−1) = ν(u).

The claim is proved. �
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Notice that R is a Sylow p-subgroup of C. Then by [5, Prop. 2.6], ν can be
extended to a linear character of C and we still denote this character by ν. By
using ν, we define a map

C̃ → Ĉ, (x, tx) �→ ν(x−1)νx(x, sx).

Then it is easily checked that this map is an isomorphism of O∗-groups and its
inverse induces the desired isomorphism Φ : CG′(A) ∼= C ′ in the lemma.

18. We define a function α′ on G′ by setting

α′(x, s) = α(s)

for any (x, s) ∈ G′. Then α′ is an irreducible character of G′ extending α through
the inclusion Op′(G) ↪→ G′. Since OOp′(G)f is a full matrix algebra over O, by
the Skolem-Noether theorem, for any (x, s) ∈ G′ and a ∈ A, a(s) is equal to some
conjugate of s in OOp′(G)f . Therefore α′(a(x, s)) = α′(x, s) and α′ is A-stable.
Similarly a function β′ on C ′ defined by

β′(y, t) = β(t)

for any (y, t) ∈ C ′ is also an irreducible character of C ′, which extends β through
the inclusion Op′(C) ↪→ C ′.

Lemma 19. Keep the notation and hypotheses as above. Then there is a linear
character γ′ : C ′ → O such that the following hold:

19.1. μm ⊂ Ker(γ′) and Im(γ′) ⊂ μm.

19.2. The map Θ : CG′(A) → C ′, (t, y) �→ γ′(Φ(t, y))Φ(t, y) is an isomorphism
preserving Op′(C) elementwise.

19.3. π(G′, A)(α′) ◦Θ−1 = β′.

Proof. By [5, Th. 2.3], π(G′, A)(α′) ◦ Φ−1 is an irreducible character of C ′ and is
an extension of β. Therefore there is a linear character γ′ : C ′ → O of C ′ such that
π(G′, A)(α′) ◦ Φ−1 = γ′β′ and Op′(C) ⊂ Ker(γ). Take ξ ∈ μm. Since

(π(G′, A)(α′) ◦ Φ−1)(1, ξg) = ξ(π(G′, A)(β′) ◦ Φ−1)(1, g) = ξβ(1) = β′(ξg, 1),

γ′(ξ) = 1 and μm ⊂ Ker(γ′). The inclusion Im(γ′) ⊂ μm is obvious since the
exponent of C ′ divides m. So up to now, 19.1 is proved. The latter two can be
trivially verified. �

Lemma 20. Keep the notation and hypotheses as above. Then CḠ(A) =
CG(A)Op′(G)/Op′(G) and we have an isomorphism

(20.1) CḠ(A) ∼= C̄, xOp′(G) �→ xOp′(C).

Proof. Obviously CG(A)Op′(G)/Op′(G) ⊂ CḠ(A). Let xOp′(G) ∈ CḠ(A). We
consider the Op′(G) � A on Op′(G)xOp′(G) defined by the left multiplication of
Op′(G) on xOp′(G) and the obvious action of A on xOp′(G) induced by the action
of A on G. Since A and Op′(G) have co-prime order and Op′(G) acts regularly
on xOp′(G), by [3, Lemma 13.8 and Cor. 13.9], the set of all A-stable elements
in xOp′(G) is non-empty and COp′ (G)(A) acts transitively on it. This shows that

CḠ(A) ⊂ CG(A)Op′(G)/Op′(G). Consequently CG(A)Op′(G)/Op′(G) = CḠ(A).
By this equality and the assumption that CG(A)∩Op′(G) = Op′(C), it is trivial to
see that (20.1) is an isomorphism. �
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Below, we always identify CḠ(A) with C̄ through the isomorphism (20.1) and
thus C̄ is a subgroup of Ḡ.

Lemma 21. Keep the notation and hypotheses as above. Then we have C ˆ̄G
(A) = ˆ̄C.

Proof. Set Ḡ′ = G′/Op′(G). By Lemma 11, Ḡ′ is a subgroup of ˆ̄G such that

O∗Ḡ′ = ˆ̄G. Then replacing Ĝ by ˆ̄G and G′ by Ḡ′ in the proof of Lemma 16, we
can prove this lemma. �

Lemma 22. Keep the notation and hypotheses as above and denote by

Γ : Ĉ ∼= C̃

the isomorphism induced by Θ (see Lemma 19). Then Γ induces an isomorphism
of O∗-groups

(22.1) Γ̄ : ˆ̄C ∼= ˜̄C.

Proof. Since Γ maps Ĉ ∩ Op′(G) onto Op′(C), it induces an isomorphism of O∗-
groups

Γ̄ : ĈOp′(G)/Op′(G) ∼= Ĉ/Ĉ ∩Op′(G) ∼= C̃/Op′(C) = ˜̄C.

By Lemma 16, Ĉ = CĜ(A); therefore ĈOp′(G)/Op′(G) = CĜ(A)Op′(G)/Op′(G) ⊂
C ˆ̄G

(A). On the other hand, it follows from Lemmas 20 and 21 that ĈOp′(G)/Op′(G)

and C ˆ̄G
(A) both are O∗-groups with the O∗-quotient C̄. Therefore the above

inclusion CĜ(A)Op′(G)/Op′(G) ⊂ C ˆ̄G
(A) should be an equality. Then Γ̄ is the

desired isomorphism. �

Obviously the group isomorphisms Γ and Γ̄ induce isomorphisms

O∗Ĉ ∼= O∗C̃ and O∗
ˆ̄C◦ ∼= O∗

˜̄C◦.

We still denote these isomorphisms by Γ and Γ̄ respectively.

Proposition 23. Keep the notation and hypotheses as above. Then there is a

bijection π( ˆ̄G◦, A) : Irr( ˆ̄G◦, b̄) → Irr( ˜̄C◦, c̄) such that

23.1. For any χ̄ ∈ Irr( ˆ̄G◦, b̄), π( ˆ̄G◦, A)(χ̄)◦Γ̄−1 is the unique irreducible constituent

of the restriction of χ̄ to K ⊗O O∗
ˆ̄C◦, which occurs with a multiplicity prime to q.

23.2. If χ ∈ Irr(G, b) corresponds to χ̄ ∈ Irr(b̄) through the bijection (13.3), then

π(G,A)(χ) corresponds to π( ˆ̄G◦, A)(χ̄) through the bijection (15.3).

Proof. In this proof, we will identify Ĉ with C̃ through Γ and ˆ̄C with ˜̄C through Γ̄.
By our hypothesis, the map π(G,A, b) : Irr(G, b) → Irr(C, c), χ �→ π(G,A)(χ)

is a bijection. We denote by π( ˆ̄G◦, A) the composition of the inverse of the bi-
jection (13.3), π(G,A, b) and the bijection (15.3). Take χ ∈ Irr(G, b) and set

ψ = π(G,A)(χ); then π( ˆ̄G◦, A)(χ̄) = ψ̄. Then in order to prove the proposi-
tion above, it suffices to show that ψ̄ is the unique irreducible constituent of the

restriction of χ̄ to K ⊗O O∗
˜̄C◦, which occurs with a multiplicity prime to q.

We inflate χ to χ′ through the canonical surjective homomorphism G′ → G and ψ
to ψ′ through the canonical surjective homomorphism C ′ → C. Since π(G,A)(χ) =

ψ, π(G′, A)(χ′) = ψ′. We define a function χ̄′ on G′ by setting χ̄′(x, s) = χ̄((x, s))
for any (x, s) ∈ G′. Then χ̄′ is an irreducible character of G′ and it follows from the



ON THE GLAUBERMAN CORRESPONDENT OF A BLOCK 2649

isomorphism (13.3) that χ′(x, s) = α′(x, s)χ̄′(x, s) for any (x, s) ∈ G′. Moreover
since χ′ and α′ are A-stable, so is χ̄′. Similarly the function ψ̄′ on C ′ by defining
ψ̄′(y, t) = ψ̄((y, t)) for any (y, t) ∈ C ′ is also an irreducible character of C ′ and
fulfills the equality ψ′(y, t) = β′(y, t)ψ̄′(y, t) for any (y, t) ∈ C ′.

We decompose the restriction ResG
′

C′(α′) as the sum
∑

1≤i≤n α
′
i of irreducible

characters of C ′ and the restriction ResG
′

C′(χ̄′) as the sum
∑

1≤j≤m χ̄′
j . Then

ResG
′

C′(χ′) =
∑

1≤i≤n

∑
1≤j≤m α′

iχ̄
′
j . Now we claim that if ψ′ is an irreducible

constituent of some α′
iχ̄

′
j , then

α′
i = β′ and χ̄′

j = ψ̄′.

Since π(G′, A)(χ′) = ψ′ and π(G′, A)(α′) = β′, this implies that the multiplicity of

ψ̄′ in the restriction ResG
′

C′(χ̄′) is prime to q. In particular, the multiplicity of ψ̄ in

the restriction of χ̄ to K ⊗O O∗
˜̄C◦ is prime to q; the uniqueness of ψ̄ follows from

[2, Th. 6.13].
Suppose α′

i �= β′. Since g is a central idempotent of OC ′ and ψ′ is a character
of C ′ provided by some irreducible KC ′g-module (refer to the isomorphisms (15.1)
and (15.2)), α′

i(g)χ̄
′
j(g) �= 0 and thus α′

i(g) �= 0. But since α′
i is irreducible, α′

i is

a character of some irreducible KC ′g-module and the restriction ResC
′

Op′ (C)(α
′
i) is

some multiple of β. On the other hand, since π(G′, A)(α′) = β′, there are α′
i1
, α′

i2
,

· · · , α′
il
among α′

1, α
′
2, . . ., α

′
n such that α′

i1
= α′

i2
= · · · = α′

il
= β′, where l is the

multiplicity of β′ in the restriction of α′ to C ′. Therefore since

ResC
′

Op′ (C)(Res
G′

C′(α′)) = Res
Op′ (G)

Op′ (C)(Res
G′

Op′ (G)(α
′)) = Res

Op′ (G)

Op′ (C)(α),

the multiplicity of β in Res
Op′ (G)

Op′ (C)(α) is greater than the sum of l with the multiplicity

of β in ResC
′

Op′ (C)(α
′
i) and thus strictly exceeds l. But the multiplicity of β in

Res
Op′ (G)

Op′ (C)(α) is l. So a contradiction is produced and α′
i = β′.

Note that χ̄′
j is an irreducible constituent of ResG

′

C′(χ̄′) and that χ̄ is a character

of an irreducible K ⊗O O∗
ˆ̄G◦-module. Therefore there is a character χ̄j of some

irreducible K ⊗O O∗
ˆ̄C◦-module such that for any (x, s) ∈ C ′, χ̄′

j(x, s) = χ̄j(x, s).
Then by the isomorphism (15.1), α′

iχ̄
′
j is an irreducible character of G′. So ψ′ =

α′
iχ̄

′
j and χ̄′

j = ψ̄′. �

24. A proof of Theorem 2. In order to avoid unnecessary repetition, we continue
to keep all the notation from paragraph 5 to paragraph 23. First we consider the
case that the block idempotent f of OOp′(G) (see paragraph 2.1) is not stabilized
by G. Then we have isomorphisms (see (6.2) and (8.1))

IndGK(OKd) ∼= OGb and Ind
CG(A)
CK(A)(OCK(A)e) ∼= OCG(A)c.

Suppose that the O(CK(A)×K)-module N induces a Morita equivalence between
OKd and OCK(A)e, which induces the Glauberman correspondence of characters
from Irr(K, d) to Irr(CK(A), e). Then it is trivial to see that the O(CG(A) × G)-
module M = O(CG(A)×G)⊗O(CK(A)×K)N induces a Morita equivalence between
OGb and OCc. Take χ ∈ Irr(K, d). Let W be a KKd-module providing the
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character χ. Since

(K ⊗O M)⊗KG (KG⊗KK W ) ∼=
(
KCG(A)⊗KCK(A) (K ⊗O N)⊗KK KG

)

⊗KG(KG⊗KK W )
∼= KCG(A)⊗KCK(A) ((K ⊗O N)⊗KK W )

and the character of (K⊗ON)⊗KKW is π(K,A)(χ), then by [5, Th. 2.3], the Morita
equivalence induced by M induces the Glauberman correspondence of characters
from Irr(G, b) to Irr(C, c). Here we note that N and M have common vertexes and
source modules.

Therefore in order to prove Theorem 2, we can assume without loss of generality
that f is stabilized by G. Then we have the algebra isomorphisms (see (13.2) and
(15.2))

OGb ∼= OOp′(G)f ⊗O O∗
ˆ̄G◦b̄ and OCc ∼= OOp′(C)g ⊗O O∗

˜̄C◦c̄,

group isomorphisms (see Lemma 22)

Γ : Ĉ ∼= C̃ and Γ̄ : ˆ̄C ∼= ˜̄C

and isomorphisms of algebras

Γ : O∗Ĉ ∼= O∗C̃ and Γ̄ : O∗
ˆ̄C◦ ∼= O∗

˜̄C◦.

Let i be a primitive idempotent of OOp′(G)f and j be a primitive idempotent of

OOp′(C)g. It is well known that the O∗
ˆ̄G◦b̄⊗O OGb-module iOOp′(G)⊗O O∗

ˆ̄G◦b̄

induces a Morita equivalence between OGb and O∗
ˆ̄G◦b̄, which induces the bijection

(13.3) of characters, and that the OCc ⊗O O∗
˜̄C◦c̄-module OOp′(C)j ⊗O O∗

˜̄C◦c̄

induces a Morita equivalence between O∗
˜̄C◦c̄ and OCc, which induces the inverse

of the bijection (15.3) of characters. Moreover since we assume G = Op′(G)CG(A),
ˆ̄C = ˆ̄G and then it follows from Proposition 23 that Γ̄ maps O∗

ˆ̄G◦b̄ onto O∗
˜̄C◦c̄

isomorphically; in this case, it is clear that the O∗
˜̄C◦⊗OO∗

ˆ̄G◦-module Γ̄−1(O∗
ˆ̄G◦b̄),

which is defined by the equality
(
(1⊗ x)⊗ (1⊗ y)

)
· a = Γ̄−1(1⊗ x)a(1⊗ y−1) for

any x ∈ ˜̄C, y ∈ ˆ̄G and a ∈ O∗
ˆ̄G◦b̄, induces a Morita equivalence between O∗

ˆ̄G◦b̄

and O∗
˜̄C◦c̄. Then we can easily see that the O(C ×G)-module

(OOp′(C)j ⊗O O∗
˜̄C◦c̄)⊗O∗

˜̄C◦

(
iOOp′(G)⊗O Γ̄−1(O∗

ˆ̄G◦b̄)
)

∼= OOp′(C)j ⊗O Γ̄−1(O∗
ˆ̄G◦b̄)⊗O iOOp′(G)

induces a Morita equivalence between OGb and OCc (note that O(C×G) ∼= OC⊗O
OG); moreover by Proposition 23, the bijection of characters induced by this Morita
equivalence coincides with the Glauberman correspondence of characters between
Irr(G, b) and Irr(C, c).

Finally, employing the fifth paragraph in the proof of 1.1 in the reduced case

in [5], we can prove that OOp′(C)j ⊗O Γ̄−1(O∗
ˆ̄G◦b̄) ⊗O iOOp′(G) has Δ(P ) as a

vertex.
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