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TOEPLITZ OPERATORS ON THE DIRICHLET SPACES

OF PLANAR DOMAINS

YOUNG JOO LEE AND QUANG DIEU NGUYEN

(Communicated by Marius Junge)

Abstract. We study some algebraic properties of Toeplitz operators on the
Dirichlet spaces of planar domains. On domains with real analytic boundary,
we show that Toeplitz operators with symbol vanishing near the boundary
have rank at most 1. Moreover, we construct explicit examples of Toeplitz
operators having exactly rank 1. This is a sharp contrast to a known result
on the unit disk. Also, on simply connected domains we characterize compact

Toeplitz operators in terms of the boundary vanishing property of the Berezin
transform of the symbol.

1. Introduction

Let Ω be a bounded domain in the complex plane C having the cone property.
Recall that a domain Ω has the cone property if every point in Ω is the vertex of
a cone congruent to a fixed cone in C. In particular, every bounded domain with
C1 smooth boundary has the cone property. See Chapter 1 of [8] for more details.
The Sobolev space W 1,2(Ω) is the completion of the space of all smooth functions
f on Ω for which

||f || =
{∣∣∣

∫
Ω

fdA
∣∣∣2 +

∫
Ω

(∣∣∣∂f
∂z

∣∣∣2 +
∣∣∣∂f
∂z

∣∣∣2)dA
}1/2

< ∞,

where dA is the usual Lebesgue measure on C. The space W 1,2(Ω) is a Hilbert
space with the inner product

〈f, g〉 =
∫
Ω

f dA

∫
Ω

gdA+

∫
Ω

(∂f
∂z

∂g

∂z
+

∂f

∂z

∂g

∂z

)
dA.(1)

See [8, Chapter 1] or [1, Chapter III] for more details and related facts. We further
assume 0 ∈ Ω. Then, the Dirichlet space D(Ω) is the space of all analytic functions
f ∈ W 1,2(Ω) such that f(0) = 0. Then D(Ω) is closed in W 1,2(Ω); see Proposition
2 in Section 2 for details. We let P be the orthogonal projection from W 1,2(Ω) onto
D(Ω). Put

M (Ω) =
{
ϕ ∈ L∞(Ω) :

∂ϕ

∂z
,
∂ϕ

∂z
∈ L∞(Ω)

}
,
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where L∞(Ω) is the space of all essentially bounded measurable functions on Ω and
the derivatives are taken in the distribution sense. Also, we let M0(Ω) be the set
of all functions ϕ ∈ M (Ω) for which

esssup
dist(z,∂Ω)<ε

|ϕ(z)| → 0 as ε → 0,

where and in what follows ∂F is the topological boundary of a set F and dist(z, E)
is the Euclidean distance between a point z and a set E.

Given ϕ ∈ M (Ω), the Toeplitz operator Tu with symbol u is the linear operator
on D(Ω) defined by

Tϕ(f) = P (ϕf)

for functions f ∈ D(Ω). Then, for ϕ ∈ M (Ω), the Toeplitz operator Tϕ is bounded
on D(Ω); see Proposition 2 in Section 2.

The aim of this paper is to investigate some algebraic properties of Toeplitz
operators. In the case of the unit disk D, G. Cao [2] proved that for a symbol
ϕ ∈ C1(D̄), the following three conditions are all equivalent:

(a) ϕ = 0 on ∂D.
(b) Tϕ = 0 on D(D).
(c) Tϕ is compact on D(D).

Later, this result was proved in [7] for symbols which are finite sums of finite prod-
ucts of harmonic functions on the unit disk. Very recently, the above characteri-
zation has been extended in [4] to more general symbols with a certain absolutely
continuity condition on the unit disk.

In this paper, we consider the same characterization problem on general bounded
domains. In contrast to the known result above on the unit disk, our result shows
that the implication (a) ⇒ (b) above is no longer true on certain bounded domains.
For example, on a certain domain Ω with real analytic boundary, we will show that
Toeplitz operators with symbol in M0(Ω) must have rank 0 or 1; see Theorem 6.
Moreover, we construct an explicit example showing that this bound can actually
be attained on a family of simply connected domains with real analytic boundary;
see Corollary 7.

In Theorem 10, which is the main theorem of this paper, we characterize compact
Toeplitz operators on simply connected domains in terms of the boundary vanishing
property of the Berezin transform of the symbol. Specifically, if the domain has a
Jordan curve boundary, we show the implication (c) ⇒ (a) above still holds; see
Corollary 11. Also, on the setting of the unit disk we show that our results recover
the known result mentioned above.

2. Preliminaries

In this section, we collect some basic properties of Dirichlet spaces and Toeplitz
operators which might be known somewhere. We first prove the following norm
equivalence for functions in W 1,2(Ω) which will be useful.

Proposition 1. Let Ω be a bounded domain satisfying the cone property and 0 ∈ Ω.
Then there exist constants C1, C2 > 0, depending only on Ω, for which

C1||f ||2 ≤
∫
Ω

|f |2dA+

∫
Ω

(∣∣∣∂f
∂z

∣∣∣2 + ∣∣∣∂f
∂z

∣∣∣2)dA ≤ C2||f ||2

for every f ∈ W 1,2(Ω).
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Proof. By an application of the Cauchy-Schwarz inequality, we only prove the sec-
ond inequality. To do this, it suffices to show there exists a constant C, depending
only on Ω, such that ∫

Ω

|f |2dA ≤ C||f ||2

for all f ∈ W 1,2(Ω). Let f ∈ W 1,2(Ω) and assume ||f || ≤ 1 without loss of
generality. Let B ⊂ Ω be a ball around 0. By the generalized Poincaré inequality
(see [8, Lemma 1.1.11] for example), there exist a constant C, depending only on
Ω, and a smooth function ϕ with compact support in B such that∫

Ω

|f − α|2dA ≤ C

(
||f ||2 −

∣∣∣
∫
Ω

fdA
∣∣∣2
)
,(2)

where α =
∫
Ω
fϕ̄ dA. Note that∫

Ω

|f |2 dA− 2|α|
∣∣∣
∫
Ω

f dA
∣∣∣ ≤

∫
Ω

|f − α|2dA.

Since ||f || ≤ 1, it follows from (2) that∫
Ω

|f |2 dA− 2|α| ≤
∫
Ω

|f |2 dA− 2|α|||f ||

≤
∫
Ω

|f |2 dA− 2|α|
∣∣∣
∫
D

f dA
∣∣∣

≤ C.

On the other hand, by the Cauchy-Schwarz inequality we have

|α|2 ≤
∫
Ω

|ϕ|2 dA
∫
Ω

|f |2 dA.

Thus ∫
Ω

|f |2 dA− 2

(∫
Ω

|ϕ|2 dA
)1/2 (∫

Ω

|f |2 dA
)1/2

≤ C,

which implies that
∫
Ω
|f |2 dA is bounded by a constant independent on f . The

proof is complete. �

Next we prove the closedness of the Dirichlet space in W 1,2(Ω) and the bound-
edness of Toeplitz operators with symbol in M (Ω).

Proposition 2. Let Ω be a bounded domain satisfying the cone property and 0 ∈ Ω.
Then the Dirichlet space D(Ω) is closed in W 1,2(Ω). Also, for ϕ ∈ M (Ω), the
Toeplitz operator Tϕ is bounded on D(Ω).

Proof. Let {fk} be a sequence in D(Ω) converging to a function f ∈ W 1,2(Ω). By
Proposition 1, we have

lim
k→∞

∫
Ω

|fk − f |2 dA = 0.

By a standard argument (see [3, Chapter 1, p. 8] for example), we see that fk
converges locally uniformly to f . Thus f is holomorphic and f(0) = 0. Hence
f ∈ D(Ω) and then D(Ω) is closed in W 1,2(Ω).

To prove the boundedness of Toeplitz operators, let ϕ ∈ M (Ω). By Proposi-
tion 1, one can check that there exists a constant C, depending only on ϕ and Ω,



550 Y. J. LEE AND Q. D. NGUYEN

such that ||ϕf || ≤ C||f || for every f ∈ D(Ω). Now, the result follows from the fact
that

||Tϕf || = ||P (ϕf)|| ≤ ||ϕf || ≤ C||f ||

for every f ∈ D(Ω). The proof is complete. �

In our characterization of Toeplitz operators with symbol ϕ ∈ M0(Ω), we con-
sider special domains that we call admissible and that contain domains with C1

boundary. So we introduce the following piece of terminology.

Definition 3. A bounded domain G in C is said to be admissible if there exists
a sequence {Gj}j≥1 of connected open subsets Gj of G satisfying the following
properties:

(a) Each ∂Gj is a piecewise smooth simple closed curve.
(b) Gj � Gj+1 for every j ≥ 1 and G =

⋃∞
j=1 Gj .

(c) supj≥1 length (∂Gj) < ∞.

For two admissible domains G1, G2 with G1 ∩G2 �= ∅, it is not hard to see that
G1 ∪G2 and each connected component of G1 ∩G2 are admissible. It is also easy
to check that if G is admissible, then ∂G is rectifiable; i.e., H1(∂G) < ∞, where H1

denotes the one dimensional Hausdorff measure. We do not know if the converse is
also true.

The following shows that any bounded domain with C1 boundary is admissible.

Proposition 4. Every bounded domain with C1 boundary is admissible.

Proof. Let G be a bounded domain with C1 boundary. Let ρ be a defining function
for G. That is, ρ is smooth on a neighborhood U of G, G = {z ∈ U : ρ(z) < 0} and
dρ �= 0 on ∂G. Fix a ∈ G. By Sard’s theorem, there exists a decreasing sequence
{εj} of positive numbers εj such that

(i) εj → 0 as j → ∞,
(ii) ρ(a) < −ε1,
(iii) {z ∈ G : ρ(z) = εj} is a real one dimensional smooth compact submanifold.

Denote by Gj the connected component of {z ∈ G : ρ(z) < −εj} that contains a.
Then by (iii), ∂Gj is a smooth simple closed curve. Also, since {εj} is decreasing,
clearly Gj � Gj+1 for every j ≥ 1. Next, we claim G =

⋃∞
j=1 Gj . Let b ∈ G be any

point. Since G is open connected, we can take a curve γ in G connecting a and b.
By (i), we can choose j large enough such that −εj > supz∈γ ρ(z). Then γ ⊂ Gj ,
and hence b ∈ Gj , as desired. Finally, we show that supj≥1 length (∂Gj) < ∞. By
the compactness of ∂G, it suffices to prove that for every ξ ∈ ∂G, there exists an
open neighborhood Uξ of ξ such that

sup
j≥1

length(Uξ ∩ ∂Gj) < ∞.

Fix ξ = ξ1 + iξ2 ∈ ∂G. Since dρ(ξ) �= 0, we may assume that ∂ρ
∂x (ξ) �= 0. By the

implicit function theorem, we can find open intervals Vξ,Wξ and a constant tξ > 0
such that ξ1 ∈ Wξ, ξ2 ∈ Vξ and

ρ(x, y) = t, (x, y, t) ∈ Wξ × Vξ × (−tξ, tξ) ⇔ x = h(y, t),
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where h is a smooth function defined on a neighborhood of Vξ × [−tξ, tξ]. Set
Uξ := Wξ × Vξ and choose j0 such that εj < tξ for j > j0. Thus for j > j0 we have

length(Uξ ∩ {ρ = εj}) =
∫
Vξ

ψ(y, εj)dy

for some function ψ smooth on a neighborhood of Vξ × [−tξ, tξ]. It follows that
length(Uξ ∩ ∂Gj) is uniformly bounded for j > j0. The proof is complete. �

3. Toeplitz operators with symbol in M0(Ω)

In this section, we show that on certain admissible domain Ω, Toeplitz operators
with symbol in M0(Ω) must have rank 0 or 1. Moreover, we give examples of
concrete domains and symbols for which the ranks of the corresponding Toeplitz
operators are exactly one.

Fix a nonnegative function φ ∈ C∞(C) with compact support in the unit disk
D such that

∫
C
φ dA = 1. Such a function φ is called a mollifier. Given a locally

integrable function f on C which vanishes identically outside a domain Ω and ρ > 0,
we define a mollification Mρ[f ] of f with respect to the mollifier φ by

Mρ[f ](z) =
1

ρ2

∫
C

f(w)φ

(
z − w

ρ

)
dA(w), z ∈ C.

Then, it turns out that each Mρ[f ] ∈ C∞(Ω). Moreover, if G is a domain in Ω
with Ḡ ⊂ Ω and f ∈ W 1,2(Ω), then

∂Mρ[f ]

∂z
= Mρ

[
∂f

∂z

]
→ ∂f

∂z
as ρ → 0

in L2(G). Here and in what follows, Lp(F ) = Lp(F, dA) is the usual Lebesgue space
on a measurable subset F ⊂ C. See [1, Lemma 2.18] or [8, Section 1.1.5] for details
and related facts.

The admissibility of a domain gives us a simple behavior of Toeplitz operators
with symbol in M0(Ω) as shown in the next lemma.

Lemma 5. Let Ω be an admissible domain satisfying the cone property and 0 ∈ Ω.
For ϕ ∈ M0(Ω), we have

〈Tϕf, g〉 =
∫
Ω

ϕf dA

∫
Ω

g dA

for every f, g ∈ D(Ω) with f, g′ ∈ L∞(Ω).

Proof. Let f, g ∈ D(Ω) be such that f, g′ ∈ L∞(Ω). Recall that

〈Tϕf, g〉 =
∫
Ω

ϕf dA

∫
Ω

g dA+

∫
Ω

∂(ϕf)

∂z
g′ dA.

Thus, to prove the result, it suffices to show that∫
Ω

∂(ϕf)

∂z
g′ dA = 0.(3)

Since Ω is admissible, we can choose a sequence {Gj}j≥1 of connected open subsets

Gj of Ω satisfying three conditions in Definition 3. Note that ∂(ϕf)
∂z g′ ∈ L2(Ω). By
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an application of the dominated convergence theorem, we have∫
Ω

∂(ϕf)

∂z
g′ dA = lim

j→∞

∫
Gj

∂(ϕf)

∂z
g′ dA.(4)

Fix j ≥ 1. For each ρ > 0, consider the mollification Mρ[ϕf ] of ϕf with respect to
a fixed mollifier φ. Note that

Mρ[ϕf ](z) =
1

ρ2

∫
|w|≤ρ

[ϕf ](z − w)φ

(
w

ρ

)
dA(w)

for points z ∈ Ω with dist(z, ∂Ω) > ρ. Then, for ρ small enough, Mρ[ϕf ] is smooth

on a neighborhood of Gj . Since
∫
C
φ dA = 1, we have for 0 < ρ < dist(∂Gj , ∂Ω)

sup
z∈∂Gj

|Mρ[ϕf ](z)| ≤ ||ϕ||L∞(Ω\Gj) sup
z∈Ω

|f(z)|.(5)

Furthermore, since ∂(ϕf)
∂z ∈ L2(Ω), we note that

∂Mρ[ϕf ]

∂z
→ ∂(ϕf)

∂z
as ρ → 0

in L2(Gj). It follows from Stoke’s theorem that∫
Gj

∂(ϕf)

∂z
g′dA = lim

ρ→0

∫
Gj

∂Mρ[ϕf ]

∂z
g′ dA

= lim
ρ→0

i

2

∫
Gj

∂(Mρ[ϕf ]g′)

∂z
dz ∧ dz̄

= lim
ρ→0

i

2

∫
∂Gj

Mρ[ϕf ]g′dz.

Therefore, by (5) we obtain∣∣∣
∫
Gj

∂(ϕf)

∂z
g′ dA

∣∣∣ ≤ length(∂Gj)

2
||ϕ||L∞(Ω\Gj) sup

z∈Ω
|f(z)| sup

z∈Ω
|g′(z)|.

Since ϕ ∈ M0(Ω) by the assumption and supj≥1 length(∂Gj) < ∞, we have

lim
j→∞

∫
Gj

∂(ϕf)

∂z
g′ dA = 0.

Now, combining the above with (4), we have (3), as desired. The proof is complete.
�

Now we are ready to prove the main result in this section asserting that Toeplitz
operators with symbol in M0(Ω) must have rank at most 1 on certain admissible
domains.

Theorem 6. Let Ω be an admissible domain satisfying the cone property and 0 ∈ Ω.
Assume there exists a dense sequence {gk} in D(Ω) for which gk, g

′
k are bounded

for every k ≥ 1. Then, for a symbol ϕ ∈ M0(Ω), the rank of Tϕ is at most 1.
Moreover, the rank of Tϕ is equal to 1 if and only if∫

Ω

ϕgdA

∫
Ω

hdA �= 0(6)

for some h, g ∈ D(Ω).
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Proof. There are two cases: Either (6) does not hold or it does hold. First suppose
(6) does not hold for all g, h ∈ D(Ω). Then, in particular,∫

Ω

ϕgjdA

∫
Ω

gkdA = 0

for all j, k. Since ϕ ∈ M0(Ω), we have by Lemma 5 that

〈Tϕgj , gk〉 =
∫
Ω

ϕgjdA

∫
Ω

gkdA = 0, j, k ≥ 1,

which implies Tϕ = 0 because {gk} is dense. Hence the rank of Tϕ is 0.
Now, suppose (6) holds for some g, h ∈ D(Ω). Then, using the density of {gk},

one can choose j0, k0 such that∫
Ω

ϕgj0dA

∫
Ω

gk0
dA �= 0.

By Lemma 5, we have 〈Tϕgj0 , gk0
〉 �= 0, and hence in particular Tϕgj0 �= 0. For

each j = 1, 2, · · · , put

αj :=

∫
Ω

ϕgjdA

(∫
Ω

ϕgj0dA

)−1

and τj = gj − αjgj0 . Note that τj , τ
′
j are bounded. Since ϕ ∈ M0(Ω), we have by

Lemma 5 and a choice of αj that

〈Tϕτj , gk〉 =
∫
Ω

ϕτj dA

∫
D

gk dA = 0

for each k, j, and hence

Tϕgj − αjTϕgj0 = Tϕτj = 0

for each j. Thus Tϕgj = αjTϕgj0 for each j. Since {gj} is dense and Tϕgj0 �= 0, we
see that the rank of Tϕ must be 1. The proof is complete. �
Remark. Let Ω be a bounded simply connected domain containing 0 with real
analytic boundary. Then, we can choose a conformal map h from Ω onto the
unit disk D such that h(0) = 0, and h extends to a biholomorphic map from a
neighborhood of Ω onto a neighborhood of D̄. Using the fact that the set {zn : n =
1, 2, · · · } spans a dense subset of D(D), we can easily see that the set {hn : n =
1, 2, · · · } spans a dense subset of D(Ω). Moreover, hn and (hn)′ are all bounded for
each n. Recall that a bounded domain with C1 boundary has the cone property; see
Chapter 1 of [8] for details. So, every bounded simply connected domain containing
0 with real analytic boundary satisfies assumptions of Theorem 6.

Next, we construct examples of simply connected domains and symbols for which
the ranks of the corresponding Toeplitz operators are exactly one.

Corollary 7. There are Toeplitz operators whose ranks are exactly one.

Proof. For 0 < ε < 1, consider the domain Ωε given by

Ωε = {reiθ ∈ C : 0 ≤ r < 1 + ε sin θ, 0 ≤ θ ≤ 2π}.
Observe that each Ωε has a real analytic boundary and can be viewed as a small
deformation of the unit disk D. By the remark above, Ωε satisfies assumptions in
Theorem 6. Define a function ϕε on Ωε by

ϕε(z) = r4 − r2(1 + ε sin θ)2
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for z = reiθ ∈ Ωε. Then ϕε ∈ M0(Ωε). Moreover, by direct computations using
polar coordinates, we can see that∫

Ωε

zdA = iπ(ε+
1

4
ε3)

and ∫
Ωε

zϕε dA = −iπ(
2

5
ε+

3

2
ε3 +

3

4
ε5 +

1

32
ε7),

and hence ∫
Ωε

zϕεdA

∫
Ωε

zdA = π2ε2(a0 + a1ε
2 + a2ε

4 + a3ε
6 + a4ε

8)

for some positive constants a0, a1, a2, a3 and a4. Thus we can choose infinitely many
ε0 ∈ (0, 1) such that ∫

Ωε0

zϕε0dA

∫
Ωε0

z dA �= 0.

Now, using Theorem 6, we see that each Tε0 has rank 1. �

4. Compact Toeplitz operators

In this section, we characterize compact Toeplitz operators on simply connected
domains. In the proof, we will use a known result on compactness of Toeplitz
operators on the Bergman space. Given a bounded domain Ω in C, we recall that
L2(Ω) = L2(Ω, dA) is the usual Lebesgue space on Ω. For f ∈ L2(Ω), we let

||f ||2 =

(∫
Ω

|f |2 dA
)1/2

.

The Bergman space A2(Ω) is the closed subspace of L2(Ω) consisting of all holo-
morphic functions on Ω. We let Q be the orthogonal projection from L2(Ω) onto
A2(Ω). Given ϕ ∈ L∞(Ω), the Bergman space Toeplitz operator T a

ϕ with symbol u

is the linear operator on A2(Ω) defined by

T a
ϕf = Q(ϕf)

for functions f ∈ A2(Ω). Clearly, T a
ϕ is bounded on A2(Ω). Let K(z, w) = KΩ(z, w)

be the Bergman kernel on Ω. Recall that K(z, z) > 0 for z ∈ Ω; see Proposi-
tion 1.4.13 of [6]. For ϕ ∈ L∞(Ω), the Berezin transform ϕ̃ is a function on Ω
defined by

ϕ̃(z) = K(z, z)−1

∫
Ω

ψ(w)|K(z, w)|2 dA(w), z ∈ Ω.

The compactness of Bergman space Toeplitz operators is characterized by the
boundary vanishing property of the Berezin transform as in the next lemma, where
Englis [5] worked on bounded symmetric domains in Cn for operators which are
finite sums of products of several Toeplitz operators. In the following, the notation
C0(Ω) denotes the set of all continuous functions ϕ on Ω for which ϕ(z) → 0 as
z → ∂Ω.

Lemma 8 (Englis [5]). Let Ω be a simply connected domain and ϕ ∈ L∞(Ω). Then
T a
u is compact on A2(Ω) if and only if ϕ̃ ∈ C0(Ω).
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In our characterization of the compactness, the following lemma will be useful.
The disk version of the following was proved in Lemma 12 of [7] with a different
argument.

Lemma 9. Let Ω be a bounded domain satisfying the cone property and 0 ∈ Ω.
The identity operator I : D(Ω) → A2(Ω) is compact.

Proof. By Proposition 1, we see that I is bounded. If a sequence of functions in
D(Ω) is bounded in D(Ω)-norm, then it is bounded in A2(Ω)-norm by Proposition
1 again. So, it is locally bounded and then constitutes a normal family by Montel’s
theorem. Hence the sequence has a subsequence converging locally uniformly in Ω
to a function in A2(Ω). So I is compact, as desired. �

Now, we are ready to characterize compact Toeplitz operators in terms of the
boundary vanishing property of the Berezin transform of the symbol.

Theorem 10. Let Ω be a simply connected domain satisfying the cone property
and 0 ∈ Ω. Let ϕ ∈ M (Ω). Then Tϕ is compact on D(Ω) if and only if ϕ̃ ∈ C0(Ω).

Proof. Let U be the differential operator given by Uf = f ′. By Proposition 1,
we see that U : D(Ω) → A2(Ω) is bounded. Moreover, U is one-to-one and onto
because Ω is simply connected with 0. Also, by simple calculations, we obtain

〈Tϕg, b〉 =
∫
Ω

ϕg dA

∫
Ω

b dA+ 〈U∗T a
∂ϕ
∂z

Ig, b〉+ 〈U∗T a
ϕUg, b〉(7)

for every g, b ∈ D(Ω). By Proposition 1, there exists a constant C1 depending only
on Ω such that ∣∣∣∣

∫
Ω

ϕg dA

∫
Ω

b dA

∣∣∣∣ ≤ C1||ϕ||∞||g||2||b||(8)

for every g, b ∈ D(Ω).
First suppose Tϕ is compact on D(Ω). To show ϕ̃ ∈ C0(Ω), it suffices to show

the compactness of T a
ϕ on A2(Ω) by Lemma 8. Let {fn} be a sequence in A2(Ω)

converging weakly to 0. We will prove that ||T a
ϕfn||2 → 0 as n → ∞. Put fn = Ugn

for some gn ∈ D(Ω). Then clearly gn converges weakly to 0 in D(Ω). Let a ∈ A2(Ω)
be ||a||2 ≤ 1 and choose b ∈ D(Ω) such that Ub = a. Then, by an application of
the open mapping theorem, we have ||b|| ≤ C2 for some constant C2 independent
of a. It follows from (7) that

〈T a
ϕfn, a〉2 = 〈T a

ϕUgn, Ub〉2
= 〈U∗T a

ϕUgn, b〉

= 〈Tϕgn, b〉 −
∫
Ω

ϕgn dA

∫
Ω

b dA− 〈U∗T a
∂ϕ
∂z

Ign, b〉

for each n. By (8), we have∣∣∣∣
∫
Ω

ϕgn dA

∫
Ω

b dA

∣∣∣∣ ≤ C1||ϕ||∞||gn||2||b|| ≤ C1C2||ϕ||∞||gn||2

for some constant C2 independent on a and n. Also, note that

|〈Tϕgn, b〉| ≤ ||Tϕgn||||b|| ≤ C2||Tϕgn||,
|〈U∗T a

∂ϕ
∂z

Ign, b〉| ≤ ||U∗T a
∂ϕ
∂z

Ign||||b|| ≤ C2||U∗T a
∂ϕ
∂z

Ign||
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for each n. Combining the above together, we obtain

||T a
ϕfn||2 = sup

||a||2≤1

|〈T a
ϕfn, a〉2| ≤ C{||Tϕgn||+ ||gn||2 + ||U∗T a

∂ϕ
∂z

Ign||}

for some constant C independent on n. Since Tϕ is compact on D(Ω) and gn → 0
weakly in D(Ω), we have ||Tϕgn|| → 0 as n → ∞. Also, since I is compact by
Lemma 9, we see that ||gn||2 and ||U∗T a

∂ϕ
∂z

Ign|| converge to 0 as n → ∞. It follows

that ||T a
ϕfn||2 → 0 as n → ∞, as desired.

Now, suppose ϕ̃ ∈ C0(Ω) and let {hn} be a sequence in D(Ω) converging weakly
to 0. Using (7) and (8), one can see that

||Tϕhn|| = sup
||b||≤1

|〈Tϕhn, b〉| ≤ C{||hn||2 + ||U∗T a
∂ϕ
∂z

Ihn||+ ||U∗T a
ϕUhn||}(9)

for each n. Since T a
ϕ is compact on A2(Ω) by Lemma 8, we have ||U∗T a

ϕUhn|| → 0 as
n → ∞. Also, since I is compact by Lemma 9, we see that ||hn||2 and ||U∗T a

∂ϕ
∂z

Ihn||
converge to 0 as n → ∞. Now, by (9), we have ||Tϕhn|| → 0 as n → ∞, and hence
Tϕ is compact on D(Ω), as desired. The proof is complete. �

Recall that the Bergman kernel KD(z, w) for the unit disk D is given by

KD(z, w) =
1

π(1− zw̄)2
, z, w ∈ D,

and hence the Berezin transform on D can be given by

ϕ̃(z) =
(1− |z|2)2

π

∫
D

ϕ(w)

|1− zw̄|4 dA(w), z, w ∈ D,(10)

for ϕ ∈ L∞(D). For ϕ ∈ C(D̄), it turns out that ϕ̃ ∈ C(D̄) and ϕ − ϕ̃ ∈ C0(D).
See Chapter 6 of [9] for details.

In addition, if ∂Ω is a Jordan curve and a symbol is continuous up to the bound-
ary, our next application says that the compactness of Toeplitz operators implies
the boundary vanishing property of the symbol.

Corollary 11. Let Ω be a simply connected domain satisfying the cone property,
0 ∈ Ω and ∂Ω be a Jordan curve. Suppose ϕ ∈ M (Ω) ∩C(Ω̄). If Tϕ is compact on
D(D), then ϕ = 0 on ∂Ω.

Proof. By Theorem 10, we have ϕ̃ ∈ C0(Ω). Since Ω is simply connected with
Jordan curve boundary ∂Ω, we can find a conformal map h from Ω onto D such that
h continues to be a homeomorphism from Ω̄ onto D̄. By the conformal invariance
of the Bergman kernel (see [3, Theorem 1, p. 12] for example), we have

KΩ(z, w) =
1

π

h′(z)h′(w)

(1− h(z)h(w))2
, z, w ∈ Ω,

and thus

ϕ̃(z) =
(1− |h(z)|2)2

π

∫
Ω

ϕ(w)|h′(w)|2

|1− h(z)h(w)|4
dA(w).

By the change of variable ξ = h(w), we get by (10)

ϕ̃(z) =
(1− |h(z)|2)2

π

∫
D

ϕ ◦ h−1(ξ)

|1− h(z)ξ|4
dA(ξ) = ϕ̃ ◦ h−1(h(z))
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for z ∈ Ω. Since ϕ ∈ C(Ω̄), we have ϕ ◦ h−1 ∈ C(D̄), and hence ϕ ◦ h−1(ξ) −
ϕ̃ ◦ h−1(ξ) → 0 as |ξ| → 1. Observe that z → ∂Ω if and only if |h(z)| → 1. Since
ϕ̃ ∈ C0(Ω), it follows that

lim
z→∂Ω

ϕ(z) = lim
z→∂Ω

[ϕ(z)− ϕ̃(z)]

= lim
z→∂Ω

[ϕ ◦ h−1(h(z))− ϕ̃ ◦ h−1(h(z))]

= 0,

so ϕ = 0 on ∂Ω, as desired. The proof is complete. �

In addition, the boundary of the domain is real analytic, and we have the fol-
lowing equivalence.

Corollary 12. Let Ω be a simply connected domain with real analytic boundary
and 0 ∈ Ω. For ϕ ∈ M (Ω) ∩ C(Ω̄), the following conditions are equivalent:

(a) ϕ = 0 on ∂Ω.
(b) The rank of Tϕ is 0 or 1.
(c) Tϕ is compact on D(Ω).

Proof. By Theorem 6 and the remark that follows, we have (a) ⇒ (b). Clearly
(b) ⇒ (c) is trivial and (c) ⇒ (a) follows from Corollary 11. �

In Corollaries 11 and 12 we do not know whether the boundary continuity condi-
tion is essential. But, on the unit disk, by a standard argument using mollification,
we see that for ϕ ∈ M (D) ∩ C(D),

|ϕ(z)− ϕ(w)| ≤ C|z − w|, z, w ∈ D,

for some constant C independent on z, w. Thus each ϕ ∈ M (D) can be extended to
a continuous function ϕ (using the same notation) on D̄. Also, by an application of
the mean value property for holomorphic functions, we have

∫
D
h dA = 0 for every

h ∈ D(D). So, by Theorem 6 and Corollary 12, we obtain the following result,
which extends the result of Cao on the unit disk mentioned in the introduction.

Corollary 13. Let ϕ ∈ M (D) ∩ C(D). Then the following conditions are equiva-
lent:

(a) ϕ = 0 on ∂D.
(b) Tϕ = 0 on D(D).
(c) Tϕ is compact on D(D).
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