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ON SPACES OF COMPACT OPERATORS ON C(K,X) SPACES

ELÓI MEDINA GALEGO

(Communicated by Nigel J. Kalton)

Abstract. This paper concerns the spaces of compact operators K(E, F ),
where E and F are Banach spaces C([1, ξ], X) of all continuous X-valued
functions defined on the interval of ordinals [1, ξ] and equipped with the supre-
mun norm. We provide sufficient conditions on X, Y , α, β, ξ and η, with
ω ≤ α ≤ β < ω1 for the following equivalence:
(a) K(C([1, ξ], X), C([1, α], Y )) is isomorphic to K(C([1, η],X), C([1, β], Y )),
(b) β < αω.

In this way, we unify and extend results due to Bessaga and Pe�lczyński (1960)
and C. Samuel (2009). Our result covers the case of the classical spaces X = lp
and Y = lq , with 1 < p, q < ∞.

1. Introduction

We use standard Banach space theory terminology and notions as can be found
in [12] and [13]. Let X be a Banach space and K a compact Hausdorff space. By
C(K,X) we denote the Banach space of all continuous X-valued functions defined
on K and equipped with the supremum norm. This space will be denoted by C(K)
in the case X = R. Given Banach spaces X and Y , K(X,Y ) denotes the Banach
space of compact operators from X to Y . We write X ∼ Y when the Banach spaces
X and Y are isomorphic and X ↪→ Y when Y has a subspace isomorphic to X. Let
α be an ordinal number. By [1, α] we denote the interval of ordinals {ξ : 1 ≤ ξ ≤ α}
endowed with the order topology.

The present paper is devoted to the isomorphic classifications of spaces of com-
pact operators from C([1, ξ], X) to C([1, η], Y ) spaces, with η < ω1. A fundamental
result along these lines is the classical Bessaga-Pe�lczyński 1960 isomorphic classifi-
cation of C([1, α]) spaces, with α < ω1 [1, Theorem 4.1], that is:

Theorem 1.1. Suppose that ω ≤ α ≤ β < ω1. Then we have

C([1, α]) ∼ C([1, β]) ⇐⇒ β < αω.

Very recently C. Samuel classified the K(C([1, α]), C([1, α])) spaces, with α < ω1

[15, Theorem 3.3] by proving:

Theorem 1.2. Suppose that ω ≤ α ≤ β < ω1. Then we have

K(C([1, α]), C([1, α])) ∼ K(C([1, β]), C([1, β])) ⇐⇒ β < αω.
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The main aim of this short work is to unify and extend these results as follows.

Theorem 1.3. Let α, β, ξ and η be ordinals with ω ≤ α ≤ β < ω1, ξη < ω or
else ξ and η of the same cardinality, X a Banach space such that X∗ is weakly
sequentially complete and has the approximation property and Y a Banach space
which has an unconditional basis and contains no subspace isomorphic to l1. Then

K(C([1, ξ], X), C([1, α], Y )) ∼ K(C([1, η], X), C([1, β], Y )) ⇐⇒ β < αω.

Observe that Theorem 1.1 is the case ξ = η = 1 and X = Y = R of Theorem 1.3.
Moreover, Theorem 1.2 is the case α = ξ, β = η and X = Y = R of Theorem 1.3.
Notice also that as an immediate consequence of Theorem 1.3 and Theorem 1.1 we
get the following cancellation law:

Corollary 1.4. Let α, β, ξ and η be ordinals with ω ≤ α ≤ β < ω1, ξη < ω or else
ξ and η of the same cardinality. Then for every 1 < p, q < ∞ we have

K(C([1, ξ], lp), C([1, α], lq)) ∼ K(C([1, η], lp), C([1, β], lq)) ⇐⇒ C([1, α]) ∼ C([1, β]).

This corollary gives a partial answer to [8, Problem 4.2.3]. We stress that the
statement of Corollary 1.4 is also true for 1 < p < ∞ and q = 1; see [8, Remark 4.1.3]
for ξ < ω and [9, Remark 1.7] for ξ ≥ ω. Nevertheless the isomorphic classification
of the K(l1, l

α
q ) spaces, with ω ≤ α < ω1 and 1 ≤ q < ∞, remains an open question;

see [8, Problem 4.2.2]. In order to prove Theorem 1.3 we need some preliminary
results.

2. Preliminary results

From now on following [1] the C([1, α], X) spaces will be denoted by Xα. One of
the key steps in proving Theorem 1.3 is the following proposition. We will denote

by X ˆ̂⊗Y the injective tensor product of the Banach spaces X and Y .

Proposition 2.1. Let X be a weakly sequentially complete Banach space and Y a
Banach space which has an unconditional basis and contains no subspace isomorphic
to l1. Then for every set Γ we have

R
ωω 
↪→ l1(Γ, X) ˆ̂⊗Y ω.

Proof. Suppose for contradiction that l1(Γ, X) ˆ̂⊗Y ω has a subspace isomorphic to
R

ωω

. Since R
ωω

is separable, it is easily seen that

(1) R
ωω

↪→ l1(N, X) ˆ̂⊗Y ω.

Assume that Y has an unconditional basis and contains no subspace isomorphic
to l1. Then Y ω does not contain a subspace isomorphic to l1 (see for instance
[7, Theorem 2.3]) and has an unconditional basis. So by a well known result of
James [12, Theorem 1.c.9] Y ω has a shrinking unconditional basis. Moreover, by
[5, Corollary 1] l1(N, X) is weakly sequentially complete. Therefore according to

[5, Theorem 3] l1(N, X) ˆ̂⊗Y ω has the property (u) introduced by Pe�lczyński in [14,
Definition 1]. Since this property is inherited by closed subspaces ([14, page 252] or
[13, Proposition 1.c.3]), we would conclude by (1) that R

ωω

has the property (u),
which is absurd by an unpublished result of Pe�lczyński; see [10, pages 210-211] and
[11, Proposition 5.3]. �

The next proposition is inspired by [15, Theorem 3.2].
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Proposition 2.2. Let ωω ≤ ξ ≤ η < ω1 be two ordinals and X a Banach space such
that Xω contains no subspace isomorphic to R

ωω

. If Rη ↪→ Xξ, then R
η ↪→ R

ξ.

Proof. We introduce two sets of ordinals:

I1 = {θ : ωω ≤ θ < ω1, R
θ 
↪→ R

γ , ∀γ < θ},
I2 = {θ : ωω ≤ θ < ω1, R

θ 
↪→ Xγ , ∀γ < θ}.
First of all we will prove that I1 = I2. Clearly I2 ⊂ I1. Observe that by Theorem 1.1
and our hypothesis, we deduce that ωω ∈ I2. Now, assume that I2 is a proper subset
of I1. Let α1 be the least element of I1\I2. We have ωω < α1. Since α1 
∈ I2, there
exists an ordinal γ1 < α1 such that Rα1 ↪→ Xγ1 .

Let α2 = min{γ, ωω ≤ γ < α1 : Rα1 ↪→ Xγ}. We have α2 ≤ γ1. Now, we will
show that α2 ∈ I1. If this is not the case, there exists an ordinal γ2 < α2 such
that R

α2 ↪→ R
γ2 . Therefore Xα2 ↪→ Xγ2 . Consequently, Rα1 ↪→ Xγ2 . This is a

contradiction to the definition of α2.
So α2 ∈ I1 and since α2 < α1, it follows from the definition of α1 that α2 ∈ I2.

That is, Rα2 
↪→ Xγ , ∀γ < α2. Thus by [6, Lemma 3.3], we conclude that Rαω
2 
↪→

Xα2 .
On the other hand, note that if α1 < α2

ω, then by Theorem 1.1, Rα1 ∼ R
α2 ,

which is absurd by the definition of α1. Consequently α2
ω ≤ α1 and R

αω
2 ↪→ R

α1 .
Furthermore, by the definition of α2, R

α1 ↪→ Xα2 . Therefore R
αω

2 ↪→ Xα2 , in
contradiction to what we have proved above. Hence I1 = I2.

Next, to complete the proof of the proposition, suppose that R
η 
↪→ R

ξ and let
ξ1 = min{θ : R

η ↪→ R
θ}. Hence ξ < ξ1 ≤ η and R

ξ1 
↪→ R
γ , ∀γ < ξ1. In particular,

ξ1 ∈ I1 = I2, which is absurd, because R
ξ1 ↪→ R

η ↪→ Xξ. �

3. Proof of Theorem 1.3

Initially notice that if γ and θ are ordinals with γ < ω and ω ≤ θ < ω1, then by
Theorem 1.1, Rθγ ∼ R

θ. Therefore by [3, Proposition 5.3] we deduce that

(2) K(Xγ , Y θ) ∼ (X∗)γ ˆ̂⊗Y θ ∼ X∗ ˆ̂⊗Y ˆ̂⊗R
γ ˆ̂⊗R

θ ∼ X∗ ˆ̂⊗Y ˆ̂⊗R
θγ ∼ X∗ ˆ̂⊗Y θ.

On the other hand, if ω ≤ γ, since l1([1, γ], X
∗) has the approximation property

(see for instance [2, page 285]), it follows from [3, Proposition 5.3] that

(3) K(Xγ , Y θ) ∼ l1([1, γ], X
∗) ˆ̂⊗Y θ.

Now suppose that β < αω. We have by Theorem 1.1 that R
α ∼ R

β and thus
Y α ∼ Y β. Hence according to (2) and (3) and our hypothesis on the cardinalities
of ξ and η, we conclude that K(Xξ, Y α) ∼ K(Xη, Y β).

Conversely, assume that ω ≤ α ≤ β < ω1 and K(Xξ, Y α) ∼ K(Xη, Y β). Then
bearing in mind (2) and (3) we conclude that

(4) R
β ↪→ Y β ↪→ l1([1, η], X

∗) ˆ̂⊗Y β ↪→ l1([1, ξ], X
∗) ˆ̂⊗Y α ∼ (l1([1, ξ], X

∗) ˆ̂⊗Y )α.

Next we distinguish two cases: α < ωω and ωω ≤ α.

Case 1. α < ωω. We thus obtain from Theorem 1.1 that Rα ∼ R
ω. So, by (4) we

infer that

R
β ↪→ (l1([1, ξ], X

∗) ˆ̂⊗Y )α ∼ (l1([1, ξ], X
∗) ˆ̂⊗Y )ω ∼ l1([1, ξ], X

∗) ˆ̂⊗Y ω.

Then, it follows from Proposition 2.2 that β < ωω. Again, an appeal to Theorem 1.1
tells us that Rβ ∼ R

ω and β < αω.
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Case 2. ωω ≤ α. In this case, by Proposition 2.1, l1([1, ξ], X
∗) ˆ̂⊗Y contains no

subspace isomorphic to R
ωω

. Consequently, by (3) and Proposition 2.2, Rβ ↪→ R
α.

Once again by Theorem 1.1, we get that β < αω. Thus the theorem is established.
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plets, Colloq. Math. 36 (1976), 2, 255-267. MR0438153 (55:11072)

6. E. M. Galego, Banach spaces of continuous vector-valued functions of ordinals, Proc. Edinb.
Math. Soc. (2) 44 (2001), 1, 49-62. MR1879208 (2002k:46064)

7. E. M. Galego, On subspaces and quotients of Banach spaces C(K,X), Monatsh. Math. 136
(2002), 2, 87-97. MR1914222 (2003g:46038)

8. E. M. Galego, On isomorphic classifications of space of compact operators, Proc. Amer. Math.
Soc. 137 (2009), 10, 3335-3342. MR2515403 (2010d:46010)

9. E. M. Galego, Complete isomorphic classifications of some spaces of compact operators, Proc.
Amer. Math. Soc. 138 (2010), 2, 725-736. MR2557189

10. P. Harmand, D. Werner, W. Werner, M-ideals in Banach spaces and Banach algebras, Lecture
Notes in Math, 1547, Springer (1993). MR1238713 (94k:46022)

11. R. Haydon, E. Odell, H. Rosenthal, On certain classes of Baire-1 functions with applications
to Banach space theory, Functional Analysis, Lecture Notes in Math., 1470, Springer (1991),

1-35. MR1126734 (92h:46018)
12. J. Lindenstrauss, L. Tzafriri, Classical Banach spaces. I. Sequence spaces, Springer-Verlag,

Berlin-New York (1977). MR0500056 (58:17766)
13. J. Lindenstrauss, L. Tzafriri, Classical Banach spaces. II. Function spaces, Springer-Verlag,

Berlin-New York (1979). MR540367 (81c:46001)
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