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STAR CONFIGURATION POINTS

AND GENERIC PLANE CURVES

ENRICO CARLINI AND ADAM VAN TUYL

(Communicated by Irena Peeva)

Abstract. Let �1, . . . , �l be l lines in P2 such that no three lines meet in a
point. Let X(l) be the set of points {�i ∩ �j | 1 ≤ i < j ≤ l} ⊆ P2. We call X(l)
a star configuration. We describe all pairs (d, l) such that the generic degree d
curve in P2 contains an X(l). Our proof strategy uses both a theoretical and
an explicit algorithmic approach. We also describe how one may extend our
algorithmic approach to similar problems.

1. Introduction

The problem of studying subvarieties of algebraic varieties is a crucial one in
algebraic geometry. Consider, for example, the crucial case of divisors. The study of
subvarieties of hypersurfaces in P

n has a particularly rich history. For example, one
can look for the existence of m-dimensional linear spaces on generic hypersurfaces
of degree d leading to the theory of Fano varieties and to the well-known formula
relating n,m and d (e.g., see [10, Theorem 12.8]).

Because linear spaces are complete intersections, it is natural to look for the
existence of complete intersection subvarieties on a generic hypersurface. The case
of codimension two complete intersections was first studied by Severi [15], and later
generalized and extended to higher codimensions by Noether, Lefschetz [11] and
Groethendieck [9]. Recently, in [3], secant varieties were used to give a complete
solution for the existence of complete intersections of codimension r on generic
hypersurfaces in Pn when 2r ≤ n+ 2. Fewer results are known if the codimension
of the complete intersection is large, i.e., the codimension is close to the dimension
of the ambient space. In [16] the case of complete intersection curves is studied
and completely solved. The case of complete intersection points on generic surfaces
in P3 is considered in [4] where some asymptotic results are presented. The case
of complete intersection points in P2 is a special case of [3], and it is completely
solved.

Taking our inspiration from [3, 4], we examine the problem of determining when
special configurations of points lie on a generic degree d plane curve in P2. We shall
focus on star configurations of points. Consider l lines in the plane �1, . . . , �l ⊂ P2

such that �i ∩ �j ∩ �k = ∅. The set of points X(l) consisting of the
(
l
2

)
pairwise
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intersections of the lines �i is called a star configuration. In this paper, we address
the following question:

Question 1.1. For what pairs (d, l) does the generic degree d plane curve contain
a star configuration X(l) ⊆ P2?

The name star configuration was suggested by A. V. Geramita, since X(5) is
the ten points of intersections when drawing a star using five lines (see Figure
4.2.4 in [6]). The configurations X(l) appeared in the work of Geramita, Migliore,
and Sabourin [8] as the support of a set of double points whose Hilbert function
exhibited an extremal behaviour. More recently, Cooper, Harbourne, and Teitler
[6] computed the Hilbert function of any homogeneous set of fat points supported
on X(l). Bocci and Harbourne [1] used star configurations (and their generaliza-
tions) to compare the symbolic and regular powers of an ideal. Further properties
of star configurations continue to be uncovered, e.g., ongoing work of Geramita,
Harbourne, Migliore [7].

We can answer Question 1.1 because we can exploit the rich algebraic structure
of star configurations. In particular, we will require the fact that one can easily
write down a list of generators for IX(l), the defining ideal of X(l), as well as the fact

that the Hilbert function of X(l) is the same as the Hilbert function of
(
l
2

)
generic

points in P2. Using these properties, among others, we give the following solution
to Question 1.1, repeating Theorem 6.3 from Section 6:

Theorem 6.3. Let l ≥ 2. Then the generic degree d plane curve contains a star
configuration X(l) if and only if

(i) l = 2 and d ≥ 1 or
(ii) l = 3 and d ≥ 2 or
(iii) l = 4 and d ≥ 3 or
(iv) l = 5 and d ≥ 5.

Our proof is broken down into a number of cases. It will follow directly from
the generators of IX(l) that Question 1.1 can have no solution for d < l − 1. Using
a simple dimension-counting argument, Theorem 3.1 shows that for l ≥ 6, there is
no solution to Question 1.1. The cases l = 2 and l = 3 are trivial cases, so the bulk
of the paper will be devoted to the cases l = 4 and l = 5.

To prove these cases, we rephrase Question 1.1 into a purely ideal theoretic ques-
tion (see Lemma 4.3). Precisely, we construct a new ideal I from the generators
of IX(l) and the linear forms defining the lines �1, . . . , �l. We then show that Ques-
tion 1.1 is equivalent to determining whether Id = (C[x, y, z])d. We then answer
this new algebraic reformulation. We wish to stress that this reformulation is par-
ticularly interesting in that it allows for explicit computations using a computer
algebra system (see Remark 4.4 and Example 4.5). In Section 7 we reformulate
our approach into a general principle which allows for an algorithmic approach to
similar problems.

The proofs for the cases (d, l) = (3, 4) and (4, 5) are, we believe, especially
interesting. To prove that Question 1.1 is true for (3, 4), we exploit the natural
group structure of the plane cubic curve to find an X(4) on the curve. To show
the non-existence of a solution for (4, 5), we require the classical theory of Lüroth
quartics. Lüroth quartics are the plane quartics that pass through an X(5). Lüroth
quartics have the property of forming a hypersurface in the space of plane quartics.
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The existence of this hypersurface is the obstruction for the existence of a solution
when (d, l) = (4, 5).

Our paper is structured as follows. In Section 2, we describe the needed algebraic
properties of star configurations. In Section 3, we give some asymptotic results. In
Section 4, in preparation for the last two sections, we rephrase Question 1.1 into an
equivalent algebraic problem. Sections 5 and 6 deal with the cases l = 4 and l = 5,
respectively. The final section concludes with additional remarks, among which is
an alternative proof strategy using geometry.

2. Star configurations

Throughout this paper, we set S = C[x, y, z] and we denote its dth homogeneous
piece with Sd. Moreover, we fix standard monomial bases in each Sd in such a way
that PSd will be identified with PNd where Nd =

(
d+2
2

)
− 1. We recall the relevant

definitions concerning star configurations of points in P2.
Let l ≥ 2 be an integer. The scheme X(l) ⊂ P2 is said to be a star configuration

if it consists of
(
l
2

)
distinct points which are the pairwise intersections of l distinct

lines, say �1, . . . , �l, where no three lines pass through the same point. We will also
call X(l) a star configuration set of points.

Note that when l = 2, then X(2) consists of a single point. When l = 3, then
X(3) is any set of three points in P2, provided the three points do not lie on the same
line. It is clear that any degree d ≥ 1 plane curve contains a point. Furthermore,
when d ≥ 2, the generic degree d plane curve will contain three points not lying
on a line. These remarks take care of the trivial cases of Theorem 6.3, which we
summarize as a lemma:

Lemma 2.1. The generic degree d plane curve contains a star configuration X(l)
with l = 2, respectively l = 3, if and only if d ≥ 1, respectively d ≥ 2.

Given an X(l), for each i = 1, . . . , l, we let Li denote a linear form in S1 defining
the line �i. The defining ideal of IX(l) is then given by

IX(l) =
⋂
i �=j

(Li, Lj).

We will sometimes write a point of X(l) as pi,j , where pi,j is the point defined
by the ideal (Li, Lj); i.e., pi,j is the point of intersection of the lines �i and �j .
The following lemma describes the generators of IX(l); we will exploit this fact
throughout the paper.

Lemma 2.2. Let l ≥ 2, and let X(l) denote the star configuration constructed from
the lines �1, . . . , �l. If Li is a linear form defining �i for i = 1, . . . , l, then

IX(l) = (L̂1, . . . , L̂l) where L̂i =
∏
j �=i

Lj .

For a proof of this fact, see [2, Claim in Proposition 3.4]. From this description
of the generators, we see that IX(l) is generated in degree l− 1. Thus, for d < l− 1,
there are no plane curves of degree d that contain an X(l) since (IX(l))d = (0).
Hence, as a corollary, we get some partial information about Question 1.1.
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Corollary 2.3. If d < l − 1, then the generic degree d curve does not contain an
X(l).

It is useful to recall that star configuration points have the same Hilbert function
as generic points. More precisely, by [8, Lemma 7.8], we have

Lemma 2.4. Let HF (X(l), t) = dimC(S/IX(l))t denote the Hilbert function of
S/IX(l). Then

HF (X(l), t) = min

{(
t+ 2

2

)
,

(
l

2

)}
for all t ≥ 0.

3. An asymptotic result

In [3] it is shown that the generic degree d plane curve contains a 0-dimensional
complete intersection scheme of type (a, b) whenever a, b ≤ d (actually the result
holds for any degree d plane curve). Thus, arbitrarily large complete intersections
can be found on generic plane curves of degree high enough. But the same does
not hold for star configurations as shown by Theorem 3.1.

Using the previous description of IX(l) we introduce a quasi-projective variety
parametrizing star configurations. Namely, we consider

Dl ⊂ P̌
2 × · · · × P̌

2︸ ︷︷ ︸
l

such that (�1, . . . , �l) ∈ Dl if and only if no three of the lines �i pass through the
same point; here, P̌2 denotes the dual projective space.

Theorem 3.1. If l > 5 is an integer, then the generic degree d plane curve does
not contain any star configuration X(l).

Proof. It is enough to consider the case d ≥ l − 1 (see Corollary 2.3). Let PSd be
the space parametrizing degree d plane curves and define the following incidence
correspondence:

Σd,l = {(C,X(l)) : C ⊃ X(l)} ⊂ PSd ×Dl.

We also consider the natural projection maps

ψd,l : Σd,l −→ Dl and φd,l : Σd,l −→ PSd.

Clearly we have that φd,l is dominant if and only if Question 1.1 has an affirmative
answer.

Since the fiber ψ−1
d,l (X(l)) is non-empty, the map ψd,l is surjective. Hence, using

a standard fibre dimension argument, we see that

dimΣd,l = dimDl + dimψ−1
d,l (X(l))

for a generic star configuration X(l), where dimDl = 2l and by Lemma 2.4

dimψ−1
d,l (X(l)) = dimC

(
IX(l)

)
d
− 1 =

(
d+ 2

2

)
−
(
l

2

)
− 1.

Hence the map φd,l is dominant only if dimΣd,l − dimPSd ≥ 0, and this is
equivalent to

2l −
(
l

2

)
=

l(5− l)

2
≥ 0.

Thus the result is proved. �
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By Lemma 2.1 and the above result, we only need to treat the cases l = 4 and 5.
We postpone these cases to first rephrase Question 1.1 into an equivalent algebraic
question.

4. Restatement of Question 1.1

We derive some technical results, moving our Question 1.1 back and forth be-
tween questions in algebra and questions in geometry. First, we notice the following
trivial fact:

Lemma 4.1. Let {F = 0} be an equation of the degree d curve C ⊂ P
2. Then C

contains a star configuration X(l) only if

F =
l∑

i=1

MiL̂i

where the forms Mi have degree d − l + 1 and the forms L̂i are defined as L̂i =∏
j �=i Li for some linear forms L1, . . . , Ll.

Hence, it is natural to perform the following geometric construction. We define
a map of affine varieties

Φd,l : S1 × · · · × S1︸ ︷︷ ︸
l

×Sd−l+1 × · · · × Sd−l+1︸ ︷︷ ︸
l

−→ Sd

such that

Φd,l (L1, . . . , Ll,M1, . . . ,Ml) =
l∑

i=1

MiL̂i.

We then rephrase our problem in terms of the map Φd,l:

Lemma 4.2. Let d, l be nonnegative integers with d ≥ l − 1. Then the following
are equivalent:

(i) Question 1.1 has an affirmative answer for d and l.
(ii) The map Φd,l is a dominant map.

Proof. Lemma 4.1 proves that (i) implies (ii). To prove the other direction, it is
enough to show that for a generic form F , the fibre Φ−1

d,l (F ) contains a set of l
linear forms defining a star configuration. More precisely, define Δ ⊂ S1 × · · · ×
S1 × Sd−l+1 × · · · × Sd−l+1 as follows:

Δ =

{
(L1, . . . , Ll,M1, . . . ,Ml)

∣∣∣∣ there exists a �= b �= c such that
La, Lb, Lc are linearly dependent

}
.

Then we want to show that Φ−1
d,l (F ) �⊂ Δ.

We proceed by contradiction, assuming that the generic fibre of Φd,l is contained
in Δ. Then Δ would be a component of the domain of Φd,l, thus a contradiction
as the latter is an irreducible variety being the product of irreducible varieties. �

Using the map Φd,l we can now translate Question 1.1 into an ideal theoretic
question.
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Lemma 4.3. Let d, l be non-negative integers. Consider generic forms L1, . . . , Ll ∈
S1 and M1, . . . ,Ml ∈ Sd−l+1. Set

L̂i =
∏
j �=i

Lj and L̂i,j =
∏

h �=i,h �=j

Lh, for i �= j.

Also set

Q1 = M2L̂1,2 + · · ·+MlL̂1,l =
∑
i �=1

MiL̂1,i,

...

Ql = M1L̂l,1 + · · ·+Ml−1L̂l,l−1 =
∑
i �=l

MiL̂l,i.

With this notation, form the ideal

I = (L̂1, . . . , L̂l, Q1, . . . , Ql) ⊂ S.

Then the following are equivalent:

(i) Question 1.1 has an affirmative answer for d and l.
(ii) Id = Sd.

Proof. Using Lemma 4.2 we just have to show that Φd,l is a dominant map. In
order to do this we will determine the tangent space to the image of Φd,l in a
generic point q = Φd,l(p), where p = (L1, . . . , Ll,M1, . . . ,Ml) and we denote by Tq

this affine tangent space.
The elements of the tangent space Tq are obtained as

d

dt

∣∣∣∣
t=0

Φd,l (L1 + tL′
1, . . . , Ll + tL′

l,M1 + tM ′
1, . . . ,Ml + tM ′

l )

when we vary the forms L′
i ∈ S1 and M ′

i ∈ Sd−l+1. By a direct computation we see
that the elements of Tq have the form

M ′
1L̂1 + · · ·+M ′

l L̂l + L′
1(M2L̂1,2 + · · ·+MlL̂1,l)

+ · · ·+ L′
j(M1L̂1,j + · · ·+MlL̂j,l) + · · ·+ L′

l(M1L̂1,2 + · · ·+Ml−1L̂1,l−1),

where L̂i =
∏

j �=i Li and L̂i,j =
∏

h �=i,h �=j Lh, for i �= j.

Since the L′
i ∈ S1 and M ′

i ∈ Sd−l+1 can be chosen freely, we obtain that Id =
Tq. �

Remark 4.4. Lemma 4.3 is an effective tool for giving a positive answer to each
special issue of Question 1.1. Given d and l, we construct the ideal I as described
by choosing forms Li and Mi. Then we compute dimC Id using a computer algebra
system, e.g., CoCoA. If dimC Id = dimC Sd, by upper-semi-continuity of the dimen-
sion, we have proved that our question has an affirmative answer for these given
d and l. In fact, the dimension can decrease only on a proper closed subset. On
the contrary, if dimC Id < dimC Sd, we do not have any proof. Question 1.1 can
both have a negative (for any choice of forms the inequality holds) or an affirmative
answer (our choice of forms is too special and another choice will give an equality).
But, if we choose our forms generic enough, we do have a strong indication that
the answer to Question 1.1 should be negative.
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Example 4.5. We use CoCoA [5] to consider the example (d, l) = (4, 4).

--we define the ring we want to use Use S::=QQ[x,y,z]; --we choose

our forms L1:=x; L2:=y; L3:=z; L4:=x+y+z; M1:=x+y-z; M2:=-x+2y+2z;

M3:=2x-y-z; M4:=x+y+2z; --we build the forms Qi

Q1:=M2*L3*L4+M3*L2*L4+M4*L2*L3; Q2:=M1*L3*L4+M3*L1*L4+M4*L1*L3;

Q3:=M1*L3*L4+M2*L1*L4+M4*L1*L2; Q4:=M1*L2*L3+M2*L1*L3+M3*L1*L2;

--we define the ideal I

I:=Ideal(L2*L3*L4,L1*L3*L4,L1*L2*L4,L1*L2*L3,Q1,Q2,Q3,Q4);

--we compute the Hilbert function of S/I in degree 4

Hilbert(S/I,4);

Evaluating the code above we get

Hilbert(S/I,4); 0

-------------------------------

and this means that dimC S4 − dimC I4 = 0. Hence we showed that the generic
plane quartic contains an X(4).

5. The l = 4 case

In this section we consider Question 1.1 when l = 4. We begin with a special
instance of Question 1.1, that is, when d = 3, since it has a nice geometric proof
which takes advantage of the group structure on the curve.

Lemma 5.1. Let C ⊂ P
2 be a smooth cubic curve. Then there exists a star config-

uration X(4) ⊂ C.

Proof. We will produce an explicit geometric proof. However, a computational
proof along the lines of Example 4.5 is possible. We will use the group law on C
and hence we fix a point p0 ∈ C serving as identity. Then we choose a point p2 ∈ C
such that 2p2 = p0 and a generic point p1 ∈ C. Consider the line joining p1 and p2
and let p3 be the third intersection point with C. Joining p3 and p0 and taking the
third intersection we get the point p1 + p2. Now join p1 + p2 and p2 and let p4 be
the third intersection point. Then joining p4 and p0 we get p1 + 2p2 = p1. Hence,
the points p0, p1, p2, p1 + p2, p3, p4 ∈ C are a star configuration. �

We now consider the general situation:

Theorem 5.2. Let C ⊂ P2 be a generic degree d ≥ 3 plane curve. Then there exists
a star configuration X(4) ⊂ C.

Proof. The case d = 3 is treated in Lemma 5.1, while for d > 3 we will use
Lemma 4.3 and the notation introduced therein. For d = 4, we produced an
explicit example in Example 4.5 where I4 = S4, and this is enough to conclude by
semi-continuity.

To deal with the general case d ≥ 5, we use the structure of the coordinate ring
of a star configuration. Given four generic linear forms L1, L2, L3, L4, we consider
the star configuration they define, say X = {pi,j : 1 ≤ i < j ≤ 4} . The coordinate
ring of X is

A =
S(

L̂1, . . . , L̂4

) .
When d ≥ 2, dimC Ad = 6. To prove that Id = Sd, we want to find linear

forms N1, . . . , N6 such that the six forms NiQi are linearly independent in A4. To
check whether elements in A are linearly independent it is enough to consider their
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evaluations at the points pi,j . We now use the notation of Lemma 4.3, where the
forms Mi will be fixed later on in the proof. Consider the evaluation matrix

(5.1)

Q1 Q2 Q3 Q4

p1,2 M2L3L4 M1L3L4 0 0
p1,3 M3L2L4 0 M1L2L4 0
p1,4 M4L2L3 0 0 M1L2L3

p2,3 0 M3L1L4 M2L1L4 0
p2,4 0 M4L1L3 0 M2L1L3

p3,4 0 0 M4L1L2 M3L1L2

obtained by evaluating each Qi at the points of the configuration where we denote,
by abuse of notation, MhLiLj(pm,n) with MhLiLj . For example, since Q2 =
M1L3L4 + M3L1L4 + M4L1L3, Q2(p2,3) = M3L1L4(p2,3) because L3 vanishes at
p2,3, while Q2(p1,4) = 0 since L4 and L1 vanish at p1,4. Now choose the forms Mi

with degMi = d− 3 ≥ 2 so that

M2(p2,3) = M3(p3,4) = M4(P2,4) = 0

and no other vanishing occurs at the points of the star configuration. Notice that
this is possible as dimC Ad = 6 for d ≥ 2. The matrix (5.1) can be represented as

(5.2)

Q1 Q2 Q3 Q4

p1,2 ∗ ∗ 0 0
p1,3 ∗ 0 ∗ 0
p1,4 ∗ 0 0 ∗
p2,3 0 ∗ 0 0
p2,4 0 0 0 ∗
p3,4 0 0 ∗ 0

where ∗ denotes a non-zero scalar. As this matrix has rank four, then the forms Qi

are linearly independent in A.
To represent NiQi in A it is enough to multiply the j-th element of the i-th

column of (5.1) by the evaluation of Ni at pj,i. Hence, if we choose the forms
Ni such that they do not vanish at any point of X, the evaluation matrix of the
NiQi has the same non-zero pattern as (5.2). Thus the forms N1Q1, . . . , N4Q4 are
linearly independent in A.

To complete the proof we need two more forms, and we choose L1Q3 and L1Q2

whose evaluation matrix at the points pi,j is

(5.3)

p1,2 p1,3 p1,4 p2,3 p2,4 p3,4

L1Q3 0 0 0 0 0 ∗
L1Q2 0 0 0 ∗ 0 0

These rows are linearly independent with the columns of (5.2), completing the
proof. �

6. The l = 5 case

It remains to consider the case l = 5. The case l = 5 and d = 4 was classically
studied, a quartic containing a star configuration of ten points, that is, an X(5).
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For more details, see [12, 13], and for a modern treatment we refer to [14]. In
particular, we require the following property of Lüroth quartics:

Theorem (Theorem 11.4 of [14]). Lüroth quartics form a hypersurface of degree
54 in the space of plane quartics.

Corollary 6.1. Question 1.1 has a negative answer for (d, l) = (4, 5).

Proof. We notice that the previous theorem is enough to give a negative answer to
our question for l = 5 and d = 4. In fact, a generic plane quartic is not a Lüroth
quartic, and hence, no star configuration X(5) can be found on it. �

For the remaining values d > 4, we give an affirmative answer to Question 1.1:

Theorem 6.2. The generic degree d > 4 plane curve contains a star configuration
X(5).

Proof. For the case d = 5 we produce an explicit example and then we conclude by
semi-continuity. For the general case, we produce a proof similar to Theorem 5.2.

For the d = 5 case, let our linear forms be given by

L1 = x, L2 = y, L3 = z, L4 = x+ y + z, and L5 = 2x− 3y + 5z.

To construct the polynomials Q1, . . . , Q5, we make use of the following forms:

M1 = x+ y − z, M2 = −x+ 2y + 2z, M3 = 2x− y − z,

M4 = 3x+ y − z, and M5 = 4x− 4y + 3z.

Form the ideal I as in Lemma 4.3. Using CoCoA [5] to compute I5, we find that
I5 = S5.

For the d ≥ 6 case, we use the notation of Lemma 4.3 and fix linear forms
L1, . . . , L5 and use pi,j to denote the ten points of X(5) defined by the linear forms
Li. We construct the evaluation table

(6.1)

Q1 Q2 Q3 Q4 Q5

p1,2 M2L3L4L5 M1L3L4L5 0 0 0
p1,3 M3L2L4L5 0 M1L2L4L5 0 0
p1,4 M4L2L3L5 0 0 M1L2L3L5 0
p1,5 M5L2L3L4 0 0 0 M1L2L3L4

p2,3 0 M3L1L4L5 M2L1L4L5 0 0
p2,4 0 M4L1L3L5 0 M2L1L3L5 0
p2,5 0 M5L1L3L4 0 0 M2L1L3L4

p3,4 0 0 M4L1L2L5 M3L1L2L5 0
p3,5 0 0 M5L1L2L4 0 M3L1L2L4

p4,5 0 0 0 M5L1L2L3 M4L1L2L3

obtained by evaluating each Qi at the points of the configuration where we denote,
by abuse of notation, MhLiLjLr(pm,n) with MhLiLjLr.

We work in the coordinate ring of the star configuration A = S

(L̂1,...,L̂5)
. Now

consider

(6.2) L5Q1, L2Q1, L1Q2, L3Q2, L2Q3, L4Q3, L3Q4, L5Q4, L4Q5, L1Q5.
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We want to show that they are linearly independent in A for a generic choice of the
forms Mi, degMi = d − 4. Again, it is enough to show this for a special choice of
forms. We choose the forms Mi in such a way that

M1(p1,5) = M4(p3,4) = M5(p4,5) = 0,

M2(p1,2) = M2(p2,5) = M3(p1,3) = M3(p2,3) = 0,

and the following are non-zero:

M1(p1,2),M1(p1,3),M1(p1,4), M2(p2,3),M2(p2,4), M3(p3,4),M1(p3,5),

M4(p1,4),M4(p2,4),M4(p4,5), M5(p1,5),M5(p2,5),M5(p3,5).

Notice that these conditions can be satisfied because degMi ≥ 2 and dimC A2 =
6, dimC Ae = 10 for e ≥ 3. Then, evaluating the forms in (6.2) at the points pi,j ,
we obtain the matrix

(6.3)
L5Q1 L2Q1 L1Q2 L3Q2 L2Q3 L4Q3 L3Q4 L5Q4 L4Q5 L1Q5

p1,2 0 0 0 ∗ 0 0 0 0 0 0
p1,3 0 0 0 0 ∗ ∗ 0 0 0 0
p1,4 ∗ ∗ 0 0 0 0 ∗ ∗ 0 0
p1,5 0 ∗ 0 0 0 0 0 0 0 0
p2,3 0 0 0 0 0 ∗ 0 0 0 0
p2,4 0 0 ∗ ∗ 0 0 ∗ ∗ 0 0
p2,5 0 0 ∗ ∗ 0 0 0 0 0 0
p3,4 0 0 0 0 0 0 0 ∗ 0 0
p3,5 0 0 0 0 ∗ ∗ 0 0 ∗ ∗
p4,5 0 0 0 0 0 0 0 0 0 ∗

where ∗ denotes a non-zero scalar. One can verify that (6.3) has rank ten and hence
the forms in (6.2) are linearly independent in A and the thesis follows. �

We can now prove our main theorem.

Theorem 6.3. Let l ≥ 2. Then the generic degree d plane curve contains a star
configuration X(l) if and only if

(i) l = 2 and d ≥ 1 or
(ii) l = 3 and d ≥ 2 or
(iii) l = 4 and d ≥ 3 or
(iv) l = 5 and d ≥ 5.

Proof. Combine Lemmas 2.1 and 5.1, Corollaries 2.3 and 6.1, and Theorems 3.1,
5.2, and 6.2. �

7. Final remarks

We conclude this paper with some additional comments.

7.1. A general algorithmic approach. Consider a family F of algebraic sub-
schemes of Pn and ask the following question: does the generic hypersurface of
degree d in Pn contain an element of F?
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In this generality, this question is probably infeasible. But, if the family F is
well behaved enough, there is quite a lot that we can do. In fact, we can produce an
algorithm yielding an answer. Of course, this is not saying that the answer will be
obtained in a feasible amount of time. We sketch out the basics of this approach.

Suppose that for each element in F we know the structure of its defining ideal.
Furthermore, suppose that we can describe a variety XF whose general point cor-
responds to such an ideal. Then we can consider the product with a suitable affine
space XF ×An and construct a map Φ : XF ×An → PSd. The map Φ is such that
Im(Φ) is the variety of degree d forms lying in an ideal of an element of F .

The answer to our question is then affirmative if and only if Φ is a dominant
map. Thus, we determine the tangent space to Im(Φ) at a generic point p ob-
taining a linear space Tp ⊆ PSd. Finally, computing the dimension of Tp is just
a rank computation. If dimTp = dimPSd, we are done by upper-semi-continuity.
Otherwise, there are two possibilities: either we picked a point p that is too special
or the answer to the question is negative and we need to find an explanation.

7.2. An inductive approach. We sketch out an alternative approach to prove
Theorem 6.3 to deal with the cases l = 4, d ≥ 3 and l = 5, d ≥ 5. The idea is
to proceed by induction on d using as bases the case (l, d) = (4, 3) (e.g., proved
using the group law) and the case (l, d) = (5, 5) (e.g., proved using our explicit
approach). Then, knowing the case (l, d), one proves the case (l, d+ 1) by showing
that the map φd,l has at least a fibre having its smallest component of the expected
dimension (see the notation in the proof of Theorem 3.1). The crucial remark is

that the expected dimension does not depend on d and is actually 2l −
(
l
2

)
. Let F

be a degree d polynomial and consider φ−1
d,l (FL) where L is a general linear form.

Then FL has degree d + 1. By induction one knows the dimension of the fibre of
the map over F , which is the expected one, and then one has to show that this
fibre is a component of the fibre over FL.

7.3. Further investigations. We think the kind of question we considered in
this paper could be asked in a more general situation, and we see at least two
promising generalizations. The first such natural generalization is to consider star
configurations of sets of points in Pn. In this context, one takes a family of l ≥ n
general hyperplanes (instead of lines). Any n such planes meet at a single point.
The set of all such points is the generalized star configuration. Alternatively, one can
consider star configurations of positive dimension. For example, take l ≥ 2 general
planes in P3 and consider the family of lines formed by the pairwise intersection of
any two such planes. In ongoing work with E. Guardo, we are considering the first
case.
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