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INFINITE SEQUENCES OF MUTUALLY NON-CONJUGATE

SURFACE BRAIDS REPRESENTING SAME SURFACE-LINKS
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(Communicated by Daniel Ruberman)

Abstract. We give an infinite sequence of mutually non-conjugate surface
braids with same degree representing the trivial surface-link with at least two
components and a pair of non-conjugate surface braids with same degree repre-
senting a spun (2, t)-torus knot for t ≥ 3. To give these examples, we introduce
new invariants of conjugacy classes of surface braids via colorings by Alexander

quandles or core quandles of groups.

1. Introduction

In 1-dimensional knot theory, links and braids are closely related by Alexander’s
theorem and Markov’s theorem; i.e., any link type in R3 can be represented as the
closure of a braid, and two braids represent the same link type if and only if they
are related by conjugations, stabilizations and destabilizations. A stabilization or
a destabilization changes the number of strands, although a conjugation keeps it.
There is a natural question: Can two braids of n strands representing the same link
types be related by conjugations? The answer is negative. The first counterexample
was given by H. R. Morton [11], who showed that there exists an infinite sequence
of mutually non-conjugate braids of 4 strands representing the trivial knot (cf. [2]).
This result was generalized in [3, 12, 13, 14, 15]. In this paper, we would like to
study a similar problem for surface-links and surface braids.

In 2-dimensional knot theory, there are similar theorems to Alexander’s theorem
and Markov’s theorem; i.e., any surface-link type in R4 is represented as the closure
of a surface braid, and two surface braids represent the same surface-link type if
and only if they are related by braid ambient isotopies, conjugations, stabilizations
and destabilizations. Alexander’s theorem in dimension four was announced by
O. Viro [17] and proved by S. Kamada [7], and Markov’s theorem in dimension
four was proved by S. Kamada [8, 10]. I. Hasegawa [4] gave the first examples of
a pair of non-conjugate surface braids with degree 5 representing a 4-component
surface-link. Here, degree is the number of 2-dimensional “strands”. (See §2 for the
concrete definition.) We prove the following theorems in this paper.

Theorem 1.1. There is an infinite sequence of mutually non-conjugate surface
braids with degree 2s representing the trivial s-component surface-link for any s ≥ 2
and any genus.

Received by the editors July 16, 2010 and, in revised form, November 11, 2010 and Novem-
ber 12, 2010.

2010 Mathematics Subject Classification. Primary 57Q45.

c©2011 American Mathematical Society
Reverts to public domain 28 years from publication

357



358 M. IWAKIRI

Theorem 1.2. There is a pair of non-conjugate surface braids with degree 4 rep-
resenting a spun (2, t)-torus knot for t ≥ 3.

To prove these theorems, we introduce new invariants of conjugacy classes of
surface braids via colorings by Alexander quandles or core quandles of groups.
These invariants are very simple and useful.

This paper consists of four sections. We review surface braids and their chart
descriptions in §2. In §3, we define invariants of conjugacy classes of surface braids.
In §4, we prove our theorems.

2. Preliminaries

A surface-link F is a closed oriented surface embedded in Euclidean 4-space
R4 locally flatly. If F is connected, then it is called a surface-knot. A 2-link is
a surface-link consisting of 2-spheres. A surface-knot F is trivial if F bounds a
handlebody in R4, and a surface-link F is trivial if F is a split union of trivial
surface-knots. Two surface-links F and F ′ are equivalent if there is an orientation-
preserving homeomorphism f : R4 −→ R4 such that f(F ) = F ′.

A surface braid S of degree m is an oriented surface embedded in D1 × D2

locally flatly and properly such that the restriction map π|S of the projection map
π : D1 × D2 −→ D2 is an m-fold branched covering map and ∂S = Xm × ∂D2,
where D1 and D2 are 2-disks and Xm is a fixed set of m interior points of D1. If
the branched covering map is simple, then S is called simple.

Two surface braids S and S′ with same degree are equivalent if they are ambient
isotopic by a fiber-preserving isotopy {hu}0≤u≤1 of D1 ×D2, as a D1-bundle over
D2, rel D1 × ∂D2. Two surface braids S and S′ are braid ambient isotopic if they
are ambient isotopic by an isotopy {hu}0≤u≤1 of D1 ×D2 rel D1 × ∂D2 such that
hu(S) is a surface braid and hu|D1×∂D2

= id for ∀u ∈ [0, 1]. If two surface braids S
and S′ are equivalent, then they are braid ambient isotopic. There is an example
of a pair of surface braids that are braid ambient isotopic but not equivalent (cf.
[10]).

For a surface braid S of degree m, we have a surface-link obtained from S by
attaching m parallel 2-disks onto the boundary of S in R4\D1 ×D2. We call the
surface the closure of S.

S. Kamada introduced charts to represent surface braids. An m-chart Γ is a
(possibly empty) finite graph in an oriented 2-disk D2, which may have hoops (that
are closed edges without vertices), satisfying the following conditions:

(i) Every vertex has degree one, four or six.
(ii) Every edge is directed and labeled by an integer in {1, 2, . . . ,m− 1}.
(iii) For each vertex of degree six, three consecutive edges are directed inward

and the other three are directed outward; these six edges are labeled by i
and i+ 1 alternately for some i.

(iv) For each vertex of degree four, two consecutive edges are directed inward
and the other two are directed outward; these four edges are labeled by i
and j alternately with |i− j| > 1.

An example of a 4-chart is given in Figure 1. A vertex of degree one or six is
called a black vertex or a white vertex, respectively. An edge attached to a white
vertex is called a middle edge if it is the middle of the three consecutive edges which
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Figure 1. Example of a 4-chart

Figure 2

Figure 3. C-moves

are oriented in the same direction; otherwise it is called a non-middle edge. A free
edge is an edge in a chart whose endpoints are black vertices. See Figure 2.

Operations listed below (and their inverses) are called a CI -, CII - and CIII-
move, respectively. See Figure 3. These moves are called C-moves. Two m-charts
are C-move equivalent if they are related by a finite sequence of such C-moves and
ambient isotopies.

(CI) For a 2-disk E on D2 such that Γ ∩E has no black vertices, replace Γ ∩E
with an arbitrary chart that has no black vertices.

(CII) Suppose that there is an edge α attached to a black vertex B and a 4-valent
vertex v. Remove α and v, attach B to the diagonal edge of α and connect
the other two edges in a natural way.

(CIII) Let a black vertex B and a white vertex W be connected by a non-middle
edge α of W . Remove α and W , attach B to the edge of W opposite to α,
and connect other four edges in a natural way.

In [10], S. Kamada proved that there is a one-to-one correspondence between
equivalence classes of simple surface braids of degree m and C-move equivalence
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Figure 4. Conjugations, stabilizations and destabilizations

classes of m-charts. For a chart Γ, we denote by S(Γ) the closure of a simple surface
braid corresponding to Γ. We call S(Γ) a surface-link represented by Γ.

A conjugation for a chart is an operation inserting some boundary parallel hoops.
For an m-chart Γ, an m+1-chart is obtained from Γ by inserting a free edge labeled
by m. This operation is called a stabilization, and the inverse operation is called
a destabilization. See Figure 4. A conjugation, stabilization and destabilization for
a surface braid are operations corresponding to a conjugation, stabilization and
destabilization for a chart, respectively. We have the following lemma.

Lemma 2.1 ([9, 10]). If Γ and Γ′ are related to each other by C-moves, conjuga-
tions, stabilizations and destabilizations, then S(Γ) and S(Γ′) are equivalent.

3. Invariants

In this section, we review quandle colorings of a chart [4, 6] and introduce in-
variants of conjugacy classes of surface braids.

A quandle is a set X with a binary operation ∗ : X × X −→ X satisfying the
following properties:

(a) For any x ∈ X, x ∗ x = x.
(b) For any x1, x2 ∈ X, there is a unique x3 ∈ X such that x1 = x3 ∗ x2.
(c) For any x1, x2, x3 ∈ X, (x1 ∗ x2) ∗ x3 = (x1 ∗ x3) ∗ (x2 ∗ x3).

Example 3.1. (i) The set Zn(∼= Z/nZ) becomes a quandle under the binary op-
eration a ∗ b = 2b − a (mod n), which is called the dihedral quandle Rn of order
n.

(ii) Set Λ := Z[t, t−1]. A Λ-module M becomes a quandle under the binary
operation a ∗ b = ta + (1 − t)b, which is called an Alexander quandle. If M =
Λ/(n, t+ 1), then M is isomorphic to Rn.

(iii) A group G becomes a quandle under the binary operation a ∗ b = ba−1b,
which is called the core quandle of G. The core quandle of Zn is isomorphic to Rn.

Let Γ be an m-chart, and the set of regions of D2\Γ be denoted by Σ(Γ). A
map C : Σ(Γ) −→ Xm is an X-coloring of Γ if it is such that C(λ1) = (y1, . . . , ym)
and C(λ2) = (y1, . . . , yi−1, yi+1, yi ∗ yi+1, yi+2, · · · , ym) for each edge e with label
i, where λ1 and λ2 are regions separated by e and λ1 is on the left side of e. See
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Figure 5. Coloring condition

Figure 6. Example of an R3-coloring

Figure 5. The set of X-colorings of Γ is denoted by ColX(Γ). An example of an
R3-coloring of a 4-chart is given in Figure 6. If C(λ) = (y, . . . , y) for λ ∈ Σ(Γ) and
for some y ∈ X, then we call C by a trivial X-coloring.

Remark 3.2. The above definition of a quandle coloring of a chart is a natural
interpretation of a quandle coloring of a surface-link represented by the chart. It
is known that the number of quandle colorings are invariants of surface-links. Fur-
thermore, it is also known that if two m-charts Γ and Γ′ are related by a C-move
or a conjugation, then there is one-to-one correspondence between ColX(Γ) and
ColX(Γ′) for any quandle X. This can be proved only in terms of charts by check-
ing for a conjugation, a CII -move, a CIII -move or generators of CI -moves given in
[1, 16]. It is noted that the one-to-one equivalence does not change colors of regions
that are fixed by a C-move or a conjugation for any X-coloring.

Let Γ be an m-chart and X be an Alexander quandle or the core quandle of a
group. We define a map κ : ColX(Γ)× Σ(Γ) −→ X by

(1) κ(C, λ) =
m∑
i=1

tm−iyi

when X is an Alexander quandle and by

(2) κ(C, λ) =

m∏
i=1

y
(−1)m−i

i
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when X is the core quandle of a group, where C(λ) = (y1, y2, . . . , ym) for λ ∈ Σ(Γ).
Suppose that X = Rn. Then by Equation (1),

κ(C, λ) =
m∑
i=1

tm−iyi =
m∑
i=1

(−1)m−iyi.

On the other hand, by Equation (2),

κ(C, λ) =
m∏
i=1

y
(−1)m−i

i =
m∑
i=1

(−1)m−iyi.

Thus, the two definitions in Equations (1) and (2) coincide. If X is an Alexander
quandle and the core quandle of a group, then X is a dihedral quandle. Thus,
κ(C, λ) is well-defined.

Lemma 3.3. The map κ(C, λ) is independent of the choice of λ.

Proof. Let λ1 (or λ2) be a region that is the left side (or right side) of an edge labeled
by i ∈ {1, . . . ,m − 1}. It is sufficient to prove that κ(C, λ1) = κ(C, λ2) for an X-
coloring C. Set C(λ1) = (y1, y2, . . . , ym). Then C(λ2) = (y1, . . . , yi−1, yi+1, yi ∗
yi+1, yi+2, . . . , ym). If X is an Alexander quandle, then

κ(C, λ1)− κ(C, λ2) = (tm−iyi + tm−i−1yi+1)− (tm−iyi+1 + tm−i−1(yi ∗ yi+1))

= (tm−i − tm−i−1t)yi + (tm−i−1 − tm−i − tm−i−1(1− t))yi+1

= 0.

If X is the core quandle of a group, then we have

xy−1 = yy−1xy−1 = y(x ∗ y)−1,

for any x, y ∈ X. Thus,

κ(C, λ1) =

m∏
i=1

y
(−1)m−i

i

= (

j−1∏
i=1

y
(−1)m−i

i )y
(−1)m−j

j y
(−1)m−j−1

j+1 (

m∏
i=j+2

y
(−1)m−i

i )

= (

j−1∏
i=1

y
(−1)m−i

i )y
(−1)m−j

j+1 (yj ∗ yj+1)
(−1)m−j−1

(

m∏
i=j+2

y
(−1)m−i

i )

= κ(C, λ2).

Therefore we have κ(C, λ1) = κ(C, λ2). �
By Lemma 3.3, we denote κ(C, λ) by κ(C). We define a multi-set

KX(Γ) := {κ(C) |C ∈ ColX(Γ)}.
Theorem 3.4. A multi-set KX(Γ) is an invariant under C-moves and conjugations
of charts, and hence KX(Γ) is also an invariant of conjugacy classes of surface
braids.

Proof. Let Γ and Γ′ be m-charts such that Γ′ is obtained from Γ by a C-move or a
conjugation. By Remark 3.2, there is one-to-one equivalence between ColX(Γ) and
ColX(Γ′). Let C be anX-coloring of Γ and C ′ be theX-coloring of Γ′ corresponding
to C. By Remark 3.2 and Lemma 3.3, κ(C) = κ(C ′). Thus, we prove this theorem.

�
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Figure 7. Al
s

An oval nest is a free edge together with some concentric hoops. A chart is
ribbon if it is C-move equivalent to a chart consisting of some oval nests.

Remark 3.5. In [4], I. Hasegawa defined another invariant of conjugacy classes of
surface braids. Hasegawa’s invariant requires that any surface braid corresponding
to a ribbon chart has a specific value. By Hasegawa’s invariant, we have the first
example of a non-ribbon chart representing a ribbon surface-link and a pair of non-
conjugate surface braids. The invariants KX do not help us to study whether a
chart is ribbon or not, but they are useful in studying whether two ribbon charts
are conjugate or not, as in §4.

4. Proofs

Let Al
s be a 2s-chart depicted in Figure 7 for natural numbers s and l with s ≥ 2.

Lemma 4.1. A 2s-chart Al
s represents an s-component trivial 2-link.

Proof. By a destabilization and CI -moves, Al
s can be deformed into a 2s− 1-chart

consisting of free edges labeled by 1, 3, . . . , 2s− 5 and 2s− 2. This chart represents
an s-component trivial 2-link. �

Let λ be the region of Σ(Al
s) with ∂λ ⊃ ∂D2 and λ′ be the region with a free edge

labeled by 2s−1 in ∂λ. We define integers j1, . . . , js by ji = 2i−1 for 1 ≤ i ≤ s−2
and i = s, js−1 = 2s − 2. For non-negative integers g1, . . . , gs, let Bl

s,g1,...,gs be a

2s-chart obtained from Al
s by inserting gi free edges in λ labeled by ji for every

1 ≤ i ≤ s− 1 and gs free edges in λ′ labeled by js. Then Bl
s,0,...,0 = Al

s.

Lemma 4.2. A 2s-chart Bl
s,g1,...,gs represents an s-component trivial surface-link

whose components have genera g1, . . . , gs.

Proof. A free edge for a chart Γ corresponds to a 1-handle attached to S(Γ). Let
hi be a 1-handle for the free edge labeled by ji in Al

s for any 1 ≤ i ≤ s. Insertion
of a free edge labeled by ji for some 1 ≤ i ≤ s means the surgery along a 1-handle
h parallel to hi. Sliding h along hi for some i ∈ {1, . . . , s}, we see that h is a trivial
1-handle in the sense of [5]. Since Al

s represents an s-component trivial 2-link by
Lemma 4.1, the resultant surface-link is also trivial. Repeating this, we see that
Bl

s,g1,...,gs represents an s-component trivial surface-link whose components have
genera g1, . . . , gs. �
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Figure 8

Lemma 4.3. Let p, q be odd prime integers. Then

KRp
(Bq

s,g1,...,gs) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

{0, . . . , 0︸ ︷︷ ︸
ps

}, p = q,

{0, . . . , 0︸ ︷︷ ︸
ps−1

, 1, . . . , 1︸ ︷︷ ︸
ps−1

, . . . , p− 1, . . . , p− 1︸ ︷︷ ︸
ps−1

}, p �= q.

Proof. By Lemma 4.2, there are ps Rp-colorings of B
q
s,g1,...,gs . Let λ be the region

with ∂λ ⊃ ∂D2. We see that ColRp
(Bq

s,g1,...,gs) = {Ca1,a2,...,as
}a1,a2,...,as∈Rp

, where
Ca1,a2,...,as

is an Rp-coloring such that

Ca1,a2,...,as
(λ) = (a1, a1, a2, a2, . . . , as−2, as−2, as−1, as, as, (q − 1)(as − as−1) + as)

for any a1, a2, . . . , as ∈ Rp. See Figure 8 for Bq
2,0,0. Then

κ(Ca1,a2,...,as
) = −a1 + a1 − · · · − as−1 + as − as + (q − 1)(as − as−1) + as)

= q(as − as−1).

Since both p and q are prime, we prove this lemma. �

Proof of Theorem 1.1. By Theorem 3.4 and Lemmas 4.2 and 4.3, we have Theo-
rem 1.1. �

If anm-chart Γ cannot be deformed into anm−1-chart Γ′ with a free edge labeled
by m− 1 by C-moves and conjugations, then we say that Γ is weakly irreducible. If
an m-chart Γ cannot be deformed into an m − 1-chart Γ′ with a free edge labeled
by m− 1 by C-moves, conjugations and braid ambient isotopies, then we say that
Γ is strongly irreducible.

Remark 4.4. Suppose that g1, . . . , gs are positive integers. Then the braid index of
a surface-link represented by Bq

s,g1,...,gs is at least 2s, and hence we cannot apply
a destabilization to Bq

s,g1,...,gs . Thus, Bq
s,g1,...,gs is strongly irreducible. We do not

know the difference between strong and weak irreducibility.

Proof of Theorem 1.2. It is known that a spun (2, t)-torus knot is represented by
a 3-chart Ct depicted in Figure 9 ([10]). Let Dt and Et be 4-charts depicted in
Figure 10 for odd t. By a similar argument to the proof of Lemma 4.1, both Dt and
Et can be deformed into Ct by a destabilization and CI -moves. Let λD (or λE)
be the region with ∂λD (or ∂λE) ⊃ ∂D2. We see that ColRt

(Dt) = {CD
a,b}a,b∈Rt
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Figure 9. Ct

Figure 10. Dt|Et

and ColRt
(Et) = {CE

a,b}a,b∈Rt
, where CD

a,b (or C
E
a,b) is an Rt-coloring of Dt (or Et)

such that

CD
a,b(λD) = (a, b, b, 2b− a),

CD
a,b(λE) = (a, b, b, a)

for any a, b ∈ Rt. Thus, we have

KRt
(Dt) = {0, . . . , 0︸ ︷︷ ︸

t

, 1, . . . , 1︸ ︷︷ ︸
t

, . . . , t− 1, . . . , t− 1︸ ︷︷ ︸
t

},

KRt
(Et) = {0, . . . , 0︸ ︷︷ ︸

t2

}.

By Theorem 3.4, Dt and Et are non-conjugate. �
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