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YOUNG MEASURES AS PROBABILITY DISTRIBUTIONS

OF LOEB SPACES

BANG-HE LI AND TIAN-HONG LI

(Communicated by Richard C. Bradley)

Abstract. First we give a simple proof for a folklore result, which we call
the Fundamental Theorem of Young Measures in a general framework. In the
second part, we deal with the explicit representation of Young measures on
Euclidean spaces. Young measure is an abstract concept in the sense that when
it is described, it needs all continuous functions φ(y) and all L1 functions f(x)
in the realm of standard analysis. However, we found that in the framework
of nonstandard analysis, Young measures at almost all points are proved to
be probability distributions for some random variables on some Loeb spaces
defined in the monads of those points. This means that we can describe this
Young measure without using f(x) and φ(y). This also leads to the concrete
computation of Young measures.

1. Fundamental theorem of Young measures

Young measures were introduced by Young as generalized curves and surfaces in
[25, 26, 27] and followed by McShane in [15, 16] in the 1930s and 1940s in studying
variational problems. Some analogous approaches were presented by Warga in
[22, 23, 24] in the 1960s. In [24], X and Y are assumed to be metric and compact
spaces such that there is a positive complete measure dx on X. Let B be the space
of functions φ on X × Y , continuous on Y for every x ∈ X, measurable on X for
every y ∈ Y and with supy∈Y |φ(x, y)| integrable on X. Then a Young measure
is regarded as an element ν in the dual space of the Banach space B with norm

|φ| =
∫
X

sup
y∈Y

|φ(x, y)|dx with the properties 〈ν, φ〉 ≥ 0 for every nonnegative φ in

B and 〈ν, φ̄〉 =
∫
E

dx if φ̄(x, y) = 1 on E × Y and φ̄(x, y) = 0 on (X − E)× Y for

Received by the editors June 14, 2010 and, in revised form, November 3, 2010.
2010 Mathematics Subject Classification. Primary 28E05, 28A20, 26E35; Secondary 03H10,

49J45.
Key words and phrases. Young measure, representation, nonstandard analysis, weak-star con-

vergence, Loeb measure.
The first author is partially supported by the National Natural Science Foundation of China

(NSFC) under Grant No. 10771206 and partially by 973 project (2004CB318000) of the People’s
Republic of China.

The second author is supported by the Youth Foundation by Chinese NSF 10701073 and
Chinese NSF 10931007, and is partially supported by the National Center for Theoretical Sciences
and the National Tsing Hua University in Taiwan. Both authors thank the referee for many helpful
comments.

c©2011 American Mathematical Society
Reverts to public domain 28 years from publication

207



208 BANG-HE LI AND TIAN-HONG LI

every measurable E ⊂ X. ν can also be regarded as a measurable function from X
to the space of regular Borel probability measures on Y with weak topology, such

that 〈ν, φ〉 =
∫
X

dx

∫
Y

φ(x, y)dνx(y).

Denote the set of Young measures by M(dx, Y ). Let ρ be a measurable function
from X to Y , viewed as an element of M(dx, Y ) by mapping φ into the number∫
X

φ(x, ρ(x))dx. Denote by F (dx, Y ) the set of all such ρ. Assuming that the mea-

sure dx is finite, regular, complete and nonatomic, Warga proved in [24] that with
respect to the weak star topology, M(dx, Y ) is sequentially compact and F (dx, Y )
is dense in M(dx, Y ).

Berliocchi and Lasry in [5] (1973) studied the case of X and Y being locally
compact, separable and metrizable topological spaces such that dx is a positive
complete Radon measure on X. Then a Young measure, also called a parameterized
measure in [5], is a Radon measure on X × Y with dx as its projection on X.
Equivalently, a Young measure is a measurable function from X to the space of
Radon probability measures on Y with the weak topology. Here, the weak topology
on the space of measures on Y is given by the family of semi-norms relevant to
Cc(Y ), the space of continuous functions on Y with compact support. Denote by
M(dx, y) the space of Young measures with the weak topology given by Cc(X×Y ),
and F (dx, Y ) is the subset of M(dx, Y ) given by all measurable functions X −→ Y .
It is proved in [5] that if Y is compact, then M(dx, y) is a metrizable compact space,
and if dx is nonatomic, then F (dx, Y ) is dense in M(dx, y).

The last section of [5] is devoted to comments on the generalization of their
results to the case of X being only a set with a σ-algebra, and dx is a complete
σ-finite measure without a proof, indicated to them by Castaing.

For a quite long period since then, several authors studying Young measures seem
still to have been unaware of this generalization, as Balder showed in the review
(MR 1036070 (91c: 49021)) of the paper of Ball [4] in 1989. Balder in a series of
papers (cf. [3]) studied Young measures in this general setting; also Castaing et al.
published a book [7] in 2004.

Here we give a simple proof for this generalization and call it the Fundamental
Theorem of Young Measures, so that this section of our paper can be regarded as a
self-contained introduction to the general approach to Young measures. Since the
one-point compactification of locally compact, separable and metrizable spaces is
compact and metrizable, we may assume that Y is a compact metric space without
loss of generality.

Fundamental Theorem of Young Measures. Let X be any set with a σ-finite
complete measure dx, Y a compact metric space. Then

1) The space of Young measures M(dx, Y ) is compact with the weak star topol-
ogy given by L1(dx,CY ). Furthermore, if L1(dx) is separable, then M(dx, Y ) is
metrizable.

2) For every ν ∈ M(dx, Y ), for almost all x, νx is a probability measure. For
any φ ∈ CY , the map from M(dx, Y ) to L∞(dx) given by ν −→ νφ with νφ(x) =∫
Y

φ(y)dνx(y) is continuous with respect to the weak star topology of L∞(dx) as the

dual of L1(dx).
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3) If dx is nonatomic, then the set F (dx, Y ) given by measurable functions:
X −→ Y is dense in M(dx, Y ) with respect to the weak star topology.

Proof. Let B be the space of Carathéodory functions φ(x, y) on X × Y ; that is,
φ(x, ·) is continuous for almost all x, and φ(·, y) is measurable for every y, such that
supy |φ(x, y)| = |φ(x, ·)|CY

is integrable, where | · |CY
stands for norm of the Banach

space CY formed by all continuous functions on Y . Then by Theorem 11, p. 149,
and Theorem 22, p. 117, in [11], we have that B = L1(dx,CY ), the Banach space

of integrable functions f from X to CY with norm |f |B =

∫
X

|f(x)|CY
dx. Denote

by L1(dx) the space of integrable functions. Then the linear space generated by
f(x)φ(y), f ∈ L1(dx), φ ∈ CY , is dense in B according to [17], §6.5, p. 96.

Let B∗ denote the dual space of B. For any ν ∈ B∗, f ∈ L1(dx), φ ∈ CY , we have
|〈ν, fφ〉| ≤ |ν||f ||φ|, where |·| is understood in an obvious way. Then for fixed ν and
φ, 〈ν, fφ〉 defines a bounded linear functional on L1(dx). Thus, there is an element

in L∞(dx) denoted by νφ such that 〈ν, fφ〉 =
∫
X

f(x)νφ(x)dx by Theorem 7.4-B,

p. 383, in [20]. Denote by L̄∞(dx) the space of bounded measurable functions b
on X with norm |b|L̄∞ = supx |b(x)|. Since CY is separable, and for a fixed ν,
φ −→ νφ is bounded linear from CY to L∞(dx), {νφ|φ ∈ CY } is a separable subset
of L∞(dx). By the Dunford-Pitts lemma (cf. [18], Exposé no. 4, pp. 1-2), there is
a linear functional: {νφ|φ ∈ CY } −→ L̄∞ preserving the norms, so we may choose
a representation ν̄φ of νφ for any φ ∈ CY such that |ν̄φ|L̄∞ = |νφ|L∞ . Therefore

φ −→ ν̄φ is bounded linear from CY −→ L
∞
(dx). Now, for any x ∈ X, φ −→ ν̄φ(x)

is a bounded linear functional on CY , hence corresponds to a Radon measure νx

on Y such that ν̄φ(x) =

∫
Y

φ(y)dνx(y) by the Riesz representation theorem.

Let M(dx, Y ) be the space of Young measures ν. By the definition of Young
measures and the separability of CY , νx can be regarded as a probability measure
for almost all x. Thus we have proved 2). It is easy to prove that M(dx, Y ) is a
closed subset of the unit ball of B∗ with the weak star topology, hence a compact
space by the Banach-Alaoglu theorem. Letting F (dx, Y ) be the subset of M(dx, Y )
given by all measurable functions: X −→ Y , the density result is deduced from
the Lyapunov convexity theorem for nonatomic finite measures. The proof is thus
complete. �

Remark 1.1. For X being a locally compact, separable and metrizable space, the
equivalence of M(dx, Y ) viewed as subsets of the dual of B and Cc(X × Y ) can be
proved by the following fact: the set consisting of φϕ, φ ∈ Cc(X), ϕ ∈ Cc(Y ) = CY ,
is dense both in B and Cc(X × Y ). The density in B follows from the density of
Cc(X) in L1(dx). To prove the density in Cc(X × Y ), one might appeal to the
partitions of unity on X.

Near the end of the 1970s, in the study of the compensated compactness method
to conservation laws, Tartar reproved the fundamental theorem of the Young mea-
sure in the following special case: X is a bounded open set in Rm with dx the
Lebesgue measure, and Y is the closure of a bounded open set in Rn (cf. [21], [10]
and [6]). By applying the compensated compactness method to more general cases,
P. Lin [13] re-proved 1) and 2) of the fundamental theorem in a slightly weaker form
for the following case: X is a measurable subset of Rm, and Y = Rn ∪ {∞} = Sn.
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Remark 1.2. There is a gap in the proof of Lin’s Theorem 2.1 concerning Young
measures. That is, on p. 382 in [13], it says that “we suppose, without loss of
generality, that every x ∈ Ω is a Lebesgue point of each α(f).” Actually α(f) as
an element of L∞ is defined as an equivalence class of L̄∞, while for a point that
is a Lebesgue point, it depends on choosing a representative ᾱ(f) of α(f) in L̄∞.
Therefore, a use of the Dunford-Pitts Lemma is needed to guarantee almost all
x ∈ Ω being Lebesgue points for all ᾱ(f) ∈ L̄∞ with f ∈ Cc(R

n).

2. Representation of Young measures

Hereafter, we turn to represent Young measures by internal measurable functions
in the framework of nonstandard analysis, which gives a local picture for Young
measures. We refer the reader to [19] for an introduction to nonstandard analysis.

To guarantee the nonstandard model having the properties we need, we simply
assume that the model here is multi-saturated.

Notice that the pioneer work on representing Young measures by internal hy-
perfinite functions is due to Cutland [8]. See also Arkeryd [2] for a relevant work
on Loeb solutions for Boltzmann equations. Here, we represent Young measure
in a different way in the case of X being a measurable subset of Rm with dx the
Lebesgue measure, and Y a compact subset of Sn = Rn ∪ {∞}.

In Theorem 2.1 below, the following will be obtained: for any internal measur-
able function u : ∗X −→ ∗Y, u ∈ ∗F (dx, Y ), it follows from the compactness of
M(dx, Y ) and the nonstandard criterion of compactness due to Robinson that there
is a ν ∈ M(dx, Y ) such that u is in the monad of ν in ∗M(dx, Y ).

There we will also give a formula for νx directly by u and Loeb measures. For
any x ∈ Rm, and any internal measurable subset A of the monad of x with positive
measure, let dLx be the Loeb measures of A induced from the internal Lebesgue
measure on A and normalized to a probability measure (see [14] or [9]). Using oa
or st(a) to represent the standard part of a nonstandard object a, then x −→ ou(x)
defines a Loeb measurable function A −→ Y (see [1] or [9]). We will prove that for
certain A, νx is just the probability distribution of the function ou(x) with respect
to the Loeb probability measure on A . More precisely, it is

Theorem 2.1. Let u : ∗Rm −→ ∗Y be an internal Lebesgue measurable function
with Y a compact subset of Sn = Rn ∪ {∞}. Then

(1) there is a Young measure ν such that∫
Rm

f(x)dx

∫
Y

φ(y)dνx(y) = st(

∫
∗Rm

∗φ(u(x))∗f(x)dx)

for any f ∈ L1(dx) and φ ∈ CY .
(2) For almost all points x0 in Rm and any bounded measurable set B ⊂ Rm

with positive Lebesgue measure, there exists a positive infinitesimal ρ0 such
that if ρ ≥ ρ0 is an infinitesimal, then νx0

is the probability distribution of
ou(x) defined on x0 + ρ ∗B = {x ∈ ∗Rm | x = x0 + ρb, b ∈ ∗B} with the
natural Loeb probability measure, and for any φ ∈ CY ,

(2.1) νφ(x0) =

∫
Y

φ(y)dνx0
(y) =

∫
ρ ∗B

φ(ou(x0 + b))o(
db

ρm|B| ),

where |B| is the Lebesgue measure of B.
(3) Conversely, every Young measure is obtained by some such u.



YOUNG MEASURES AS PROBABILITY DISTRIBUTIONS 211

Remark 2.2. If u(x) ∈ ∗Sn \O(Rn), then ou(x) = ∞.

If uj(x) : Rm → Y are measurable functions, then by the Fundamental Theorem
of Young Measures 1), there exists a subsequence (still denoted by) uj(x) and a
family of probability measures νx ∈ Prob(Rm), x ∈ Rm, with supp νx ⊂ Y , such
that for any continuous function φ : Y → R and any function f(x) ∈ L1(dx), it
follows that

(2.2) lim
j→∞

∫
Rm

f(x)φ(uj(x))dx =

∫
Rm

(
f(x)

∫
Y

φ(y)dνx(y)

)
dx.

We say that the Young measure ν is the limit of this sequence of measurable func-
tions {uj}∞j=1 or that this Young measure ν corresponds to this sequence {uj}∞j=1

if equation (2.2) holds.
A direct and simple application of Theorem 2.1 to the function sequences is the

following:

Corollary 2.3. Suppose Y is a compact subset of Sn = Rn ∪ {∞}. Let {uj}∞j=1 :
Rm → Y be a sequence of measurable functions, and let a Young measure ν be the
limit of {uj}∞j=1. Then for any ω ∈∗ N \N, we have∫

Rm

f(x)dx

∫
Y

φ(y)dνx(y) = st(

∫
∗Rm

∗φ(uω(x))∗f(x)dx)

for any f ∈ L1(dx) and φ ∈ CY . For almost all points x0 in Rm and any bounded
measurable set B ⊂ Rm with positive Lebesgue measure, there exists a positive
infinitesimal ρ0 such that if ρ ≥ ρ0 is an infinitesimal, then the Young measure νx0

is the probability distribution of ouω(x) defined on x0 + ρ∗B = {x ∈ ∗Rm | x =
x0 + ρb, b ∈ ∗B} with the natural Loeb probability measure, and for any φ ∈ CY ,

(2.3) weak*-limφ(uj)(x0) =

∫
Y

φ(y)dνx0
(y) =

∫
ρ∗B

φ(ouω(x0 + b))o(
db

ρm|B| ),

where |B| is the Lebesgue measure of B.

We can apply this corollary to compute Young measures for some simple exam-
ples. Firstly, let I(x) be a periodic function with period 1 such that I(x) = 1−|4x|
when x ∈ [−1/2, 1/2]. Then for any x, the corresponding Young measure νx for
{I(jx)}∞j=1 is the uniform distribution on [−1, 1]. Next, for any x, the density of the

Young measures νx for {sin(jx)}∞j=1 is
1
π (arcsin y)

′ = 1
π

1√
1−y2

supported on [−1, 1].

More generally, let f(x) be an L1
loc function. Then for any Lebesgue point x of f ,

the corresponding Young measure νx for {f(x)I(jx)}∞j=1 is the uniform distribution
on [−|f(x)|, |f(x)|]. Similarly, for any Lebesgue point x of f , if f(x) �= 0, then the
density of the Young measures νx for {f(x) sin(jx)}∞j=1 is 1

π
1√

|f(x)|2−y2
supported

on [−|f(x)|, |f(x)|]. If f(x) = 0, then the Young measure ν0 is the Dirac measure
at 0. Finally, consider X = [0, 1] with Lebesgue measure, and

uj(x) =

{
j, if x ∈ [0, 1/j],
0, otherwise.

Then νx = δ0 for each x ∈ [0, 1].
Since we have described Young measures in the nonstandard space in a rather

beautiful way, we hope to describe them in the standard space in the same spirit.
However, we have only the following:
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Corollary 2.4. Suppose Y is a compact subset of Sn = Rn ∪ {∞}. Let {uj}∞j=1 :
Ω → Y be a sequence of measurable functions converging to a Young measure ν.
Then for almost all points x0 in Ω and any bounded measurable set B ⊂ Rm with
positive Lebesgue measure, ∀ε > 0, ∀δ > 0, ∀φ ∈ CY , ∃j0 ∈ N, ∀j ∈ N and j ≥ j0,
∃δ0, δ1 such that δ0 < δ1 ≤ δ, for any δ̃ ∈ [δ0, δ1], we have∣∣∣∣

∫
Y

φ(y)dνx0
(y)− 1

|δ̃B|

∫
δ̃B

φ(uj(x0 + b))db

∣∣∣∣ < ε.

Remark 2.5. Notice that in this standard version, the estimates depend on φ. For
different φ, we may have different sets x0 + δ̃B with δ̃ depending on φ. So we see
that the standard version is not as beautiful as the nonstandard one.

3. Proof of Theorem 2.1

By a similar argument as in the proof of the Fundamental Theorem of Young
Measures, the setM(dx, Y ) of Young measures ν can be identified with the bounded
linear operators: CY −→ L∞(dx) between the two Banach spaces given by φ −→ νφ
such that φ ≥ 0 implies νφ ≥ 0 and φ ≡ 1 implies νφ ≡ 1. If h : X −→ Y is a
measurable function, the corresponding νφ is given by νφ(x) = φ(h(x)).

Now let u be an internal measurable function: ∗Rm −→ ∗Y . Then ∗φ(u(x)) is
an element in ∗L∞(dx) with finite norm. We will need the following nonstandard
criterion of compactness of Robinson (see [8] or [19]):
Let Z be a Hausdorff space. Z is compact if and only if any element a in ∗Z is a
near standard point, i.e., ∃ a unique element x ∈ Z such that a ≈ x.
The compactness of the unit ball of L∞(dx) with the weak star topology (Banach-
Alaoglu theorem), and the nonstandard criterion of compactness of Robinson imply
that there is a unique νφ ∈ L∞(dx) such that

(3.1)

∫
Rm

νφ(x)f(x)dx ≈
∫

∗Rm

∗φ(u(x))∗f(x)dx

for any f ∈ L1(dx). Therefore there is a bounded linear operator given by φ −→ νφ
such that φ ≥ 0 implies νφ ≥ 0 and φ ≡ 1 implies νφ ≡ 1. So there is a Young
measure ν. By the Fundamental Theorem of Young Measures, νx is a probability
measure for almost all x with

νφ(x) =

∫
Y

φ(y)dνx(y), a.e.x.

Thus part 1 is proved.
Since CY is separable, take a countable dense subset {φk} of CY . Then there

is a subset E of Rm such that Rm − E has measure zero and any x0 ∈ E is a
Lebesgue point for any νφk

. We claim that for any φ ∈ CY , x0 is also a Lebesgue
point of νφ; i.e.,

lim
h−→0

1

hm

∫
Qh

|νφ(x+ x0)− νφ(x0)|dx = 0,

where Qh = {x ∈ Rm| |xi| < h/2, i = 1, 2, . . . ,m}. For any ε > 0, take a φk such
that |φ(y) − φk(y)| < ε for any y ∈ Y . Then |νφ(x) − νφk

(x)| < ε for any x ∈ X.
Now

|νφ(x+ x0)− νφ(x0)| ≤ |νφ(x+ x0)− νφk
(x+ x0)|+ |νφ(x0)− νφk

(x0)|
+|νφk

(x+ x0)− νφk
(x0)|.
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Hence

limh−→0
1

hm

∫
Qh

|νφ(x+ x0)− νφ(x0)|dx < 2ε.

The claim is proved.
We need the following definition and lemma (Theorem 2 in [12]):

Definition 3.1. Let g be an internal Lebesgue integrable function on ∗Rm. We
say that g is a nonstandard representation of a distribution g̃ on Rm if for any
φ ∈ D(Rm), ∫

∗Rm

g ∗φ dx ≈ 〈g̃, φ〉.

Lemma 3.2. Let g̃ ∈ L1
loc(R

m), x0 be a Lebesgue point of g̃, and B be any bounded
standard measurable set in Rm with Lebesgue measure |B| > 0, where g is a non-
standard representation of g̃. Then there is an infinitesimal ρ0 such that for any
infinitesimal ρ ≥ ρ0,

1

ρm|B|

∫
ρ∗B

g(x0 + b)db ≈ g̃(x0).

From (3.1), we can see that ∗φ(u(x)) is a nonstandard representation of νφ(x).
By Lemma 3.2, for any x0 ∈ E and bounded measurable set B in Rm with positive
Lebesgue measure, there is a positive infinitesimal ρ0,k such that for any infinitesi-
mal ρ ≥ ρ0,k,

νφk
(x0) ≈

1

ρm|B|

∫
ρ∗B

∗φk(u(x0 + b))db.

By Robinson’s lemma, there is an infinitesimal ρ0 ≥ ρ0,k for any k. Then it is easy
to see that for any φ ∈ CY and infinitesimal ρ ≥ ρ0,

νφ(x0) ≈
1

ρm|B|

∫
ρ∗B

∗φ(u(x0 + b))db.

Therefore

νφ(x0) =

∫
ρ∗B

φ(ou(x0 + b))dLb =

∫
Y

φ(y)dνx0
(y),

where dLb = o( db
ρm|B| ). This shows that νx0

is the probability distribution of the

function ou(x) defined on the Loeb probability space x0 + ρ∗B, and the proof of
part 2 is complete. Part 3 is obtained by the density of F (dx, Y ) in M(dx, Y ).

Remark 3.3. The referee points out that the proof of Theorem 2.1 could be modified
to yield a generalization with the finite-dimensional Euclidean spaceRm substituted
by a hyperfinite version (taking m ∈ ∗N \ N together with the appropriate Loeb
measure) and ω1-saturation is sufficient for applying Robinson’s characterization in
the proof of Theorem 2.1 as Y is a subset of a finite-dimensional Euclidean space.

Proof of Corollary 2.3: ν is the Young measure corresponding to {uj(x)}∞j=1; that

is, for any f ∈ L1(dx) and φ ∈ CY ,∫
Rm

f(x)dx

∫
Y

φ(y)dνx(y) = lim
j→∞

∫
φ(uj(x))f(x)dx.

Then for any ω ∈∗ N \N, we have∫
Rm

f(x)dx

∫
Y

φ(y)dνx(y) ≈
∫

∗Rm

∗φ(uω(x))∗f(x)dx.

We can apply Theorem 2.1 where the internal function u = uω.
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Proof of Corollary 2.4: From Corollary 2.3, we know that for almost all x0 ∈ Rm,
∀φ ∈ CY , ∀ ε ∈ R+, ∀ δ ∈ R+, we have the following sentence:

∃ω0 ∈ ∗N, ∀ω ∈ ∗N and ω ≥ ω0, ∃ ρ0, ρ1 ∈ ∗R such that ρ0 < ρ1 < δ, and
∀ ρ ∈ ∗R, ρ ∈ [ρ0, ρ1] implies

|
∫
Y

φ(y)dνx0
(y)− 1

ρm|B|

∫
ρ∗B

∗φ(uω(x0 + b))db| < ε.

Now by using the Transfer Principle in nonstandard analysis, we obtain
∃j0 ∈ N, ∀j ∈ N and j ≥ j0, ∃δ0, δ1 ∈ R such that δ0 < δ1 < δ, and ∀ δ̃ ∈ R,

δ̃ ∈ [δ0, δ1] implies

|
∫
Y

φ(y)dνx0
(y)− 1

δ̃m|B|

∫
δ̃B

φ(uj(x0 + b))db| < ε.

The proof is complete. �
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